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SIR ASUTOSH MOOKERJEE 
By 
В. М. SEN, Calcutta 
(Received—October 6, 1964) 





I. LIFE SKETCH 


Sir Asutosh Mookerjee was born in Calcutta on June 29, 1864. His father Dr. 
Gangaprasad Mookerjee was an eminent physician who had built up a good practice in 
his profession. In his boyhood Asutosh showed unmistakable signs of promise for the 
future and he grew up under the direct care and supervision of his father. In the formative 
period of life, he imbibed a keen desire for learning and inherited the strength of character 
from his parents. After finishing a preliminary course of study in a vernacular school, 
Asutosh was admitted in 1875 into the South Subarban School. In 1879 he matriculated 
at the age of fifteen, standing second in order of merit among the successful candidates, 
and took admission in the Presidency College, Calcutta. Early in his undergraduate 
course in this college he attracted the attention of his teachers and fellow students as a young 
prodigy, and his academic career was one of uniform brilliance. In 1884 he topped the 
list of successful candidates in the B. A. examination winning the Harischandra Prize, 
and continued his post-graduate study in the same college. The same year he joined the law 
classes in the City College, and won Tagore Law gold medal for three Successive years, 
1884-1886. In 1885 he took the M.A. degree in Mathematics securing first position in 
first class. In 1886 he took M.A. again in Natural Science and in the same year he was 
awarded Premchand Roychand Studentship in Mathematics and Science on the result of 
а competitive examination. In 1888 ‘he took the B.L. degree and enrolled himself as a 
Vakil of the Calcutta High Court. In 1894 he was awarded the degree of Doctorate 
of Laws onathesis. In 1897 he was elected as the Tagore Professor of Law and in 1908 
the degree of Doctor of Science, Honoris Causa, was conferred on him. 

In 1889 he became a Fellow of the Calcutta University and henceforth he remained 
intimately associated with the University all through his life. The first three Universities in 
India, those of Calcutta, Bombay and Madras, came into existence by an Act in 1857 and 
they were run entirely under the control of Government of India. In 1899 he entered 
Bengal Legislative Council as a representative of the Calcutta University and was re-elected 
there for two more terms, the last term from the Calcutta Corporation. In 1903 the 
Bengal Council sent him to the Imperial Legislative Council as its representative. In the 
same year the Government of India introduced a Bill in this Council which ultimately 
emerged out as the Indian Universities" Act of 1904 replacing the Act of 1857. By this Act, 
members from the public came to be associated with the administration of the Universities. 
But the Government wanted to retain control over the Universities, as most of these mem- 
bers and the Vice-Chancellors were nominated by the Government and there was no provi- 
sion in the Act for statutory financial grant. However, the debate on the Bill in the Council 
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which was presided over by the then Viceroy and Governor General of India, Lord 
Curzon, revealed Sir Asutosh’s personality : independent, courageous, well-equipped in 
sound educational principles and constructive with mastery over details. 

In 1904 Sir Asutosh was appointed a Judge of the Calcutta High Court ; the various 
law reports of the time proclaim his erudition, legal acumen and understanding. In 1906 
he was invited by Lord Minto to take up the office of the Vice-Chancellor of the Calcutta 
University. Here began the towering career dedicated to the service to his alma mater. 
The work that he did in the University disclosed that he had in combination with his wide 
and deep intellectual interests a rare administrative ability and statesmanship. Inspite 
of many handicaps inherent in the Act of 1904 and against heavy odds, he carried the Senate 
with him to make plans, schemes and Regulations for stimulating and spreading educa- 
tion in the country. He was instrumental in establishing in 1909 the University Law 
College and in 1914 the University College of Science and Technology. His crowning 
achievement was the creation in 1917 of the Post-Graduate Departments of Teaching in 
Arts and Science in the University which provided opportunity and incentive for higher 
study and research. To achieve all these objectives he was able to raise generous and 
princely donations and to attract the most learned and talented persons in science, -humani- 
ties and letters from all over India to run the Post-Graduate Departments. The University 
was transformed from being merely an affiliating and examining institution into an organiza- 
tion with the added responsibility of disseminating and unfolding of knowledge with the 
motto “advancement of learning.” The creation of the Post-Graduate Departments, by 
which higher study and research were centralised, was a step of far reaching significance 
and a period of Renaissance followed. Indeed, Sir Asutosh was undoubtedly one of the 
makers of modern India. 

Sir Asutosh remained Vice-Chancellor of the Calcutta University for four consecutive 
terms, from 1906 to 1914, and again he was appointed Vice-Chancellor in 1921 for a fresh 
term. Аза matter of fact, from the time of his first association with the University as a 
Fellow till his death he gradually rose to become the dominating personality in the affairs 
of the University, occupying positions such as President of the Councils of Post-Graduate 
Teaching, of the various Boards of Studies etc. He raised the status of Indian Vernaculars, 
Indian History and Indian Philosophy. His domain of knowledge was vast and his memory 
astounding. He was a source of encouragement and inspiration to academic institutions 
and to individuals engaged in the pursuit of knowledge. In his time many secondary schools 
and undergraduate colleges sprang up in different parts of the province under private initia- 
tive and benevolence which became affiliated to the University. In short, he gave dynamic 
impetus to education. The then: Government of Bengal under Lord Lytton could not 
reconcile with the educational policy pursued in the University by Sir Asutosh and there 
was constant rift between the University and the Government. Аз a creative visionary 
and a man of independent spirit, Sir Asutosh stood firmly against governmental interfer- 
ence, and maintained the freedom of the University even under most trying circumstances. 
In connection with this tussle, his words “freedom first, freedom second, freedom always" 
have since become well-known. 
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The annual convocation addresses which Sir Asutosh delivered as the Vice-Chancellor 
of the Calcutta University reveal his vision and judgment, his devotion and determination, 
his courage and independence. A few excerpts from these addressess may be quoted 
here to illustrate the ideals set by him. In a passage of his address of 1908 he said “that 
European knowledge should be brought home to our students through the medium of 
English—that western light should reach us through the western gates and not through 
lattice work tn eastern windows." Jn his address of 1922 he said “То my mind the Univer- 
sity is a great store house of learning, a great bureau of standards, a great workshop of 
knowledge, a great laboratory for the training as well of men of thought as men of action. 
The University is thus the instrument of the state for the conservation of knowledge, for 
the discovery of knowledge, for the distribution of knowledge, for the applications of 
knowledge, and above all, for the creation of knowledge-makers." In his address of, 
1923 he said “We stand unreservedly by the doctrine that if education is to be our policy 
as a nation, it must not be our politics; freedom is its very life-blood, the condition of its 
growth, the secret of its success...... there stands forth unshaken the conviction that our 
insistent claim for the freedom of the University is a fight for the most sacred and impalpable 
of national privileges.” 

Sir Asutosh was a versatile genius, but his main interest lay in the field of Mathe- 
matics. During the ten years from 1880 to 1890, that is, during the years when he was 
preparing for and taking his B.A., M.A. and other examinations, he published nearly 
twenty original mathematical papers of high quality and merit. This is an accomplishment 
which has few parallels in the history of the mathematical world. These papers were publi- 
shed in the Messenger of Mathematics, the Quarterly Journal of Pure and Applied Mathe- 
matics and the Journal of the Asiatic Society of Bengal ; and he was elected a Fellow of 
the Royal Society of Edinburgh, of the Royal Astronomical Society, a member of the 
Royal Irish Academy, of the Mathematical Societies of London, Edinburgh, Paris, Palermo 
and New York. When he was only a first year student of the Presidency College, 
Asutosh published his first paper in which he gave an elegant new proof of the 25th 
proposition of the first book of Euclid. While still an undergraduate student, he pub- 
lished his second paper in which he gave some extensions of a theorem enunciated by 
Salmon. Whilst yet a student of the fifth year class he wrote his third paper ‘A note on 
elliptic functions" which was of outstanding merit. In this paper he established a certain 
addition theorem in the theory of elliptic functions by a new method based on the proper- 
ties of the ellipse. With regard to this paper Prof. Cayley observed that it was remarkable 
how a real result was obtained’ by consideration of an imaginary point. This paper has 
been referred to in Enneper’s "Elliptische Funktionen”. Immediately after taking his 
M.A. degree, Asutosh published a paper “On the differential equation of a trajectory.” 
In this paper he took into consideration the solution given by the Italian mathematician 
Mainardi of the differential equation of oblique trajectory of confocal ellipses. This 
solution was so complicated, and inelegant that it was impossible for any one to trace the 
curve from it. Asutosh showed by an ingenious process that Mainardi’s solution could 
be replaced by a pair of remarkably simple equations which admitted an interesting geo- 
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metrical interpretation. These equations have been quoted by Prof. Forsyth in his book 
on Differential Equations in later editions. This paper on a particular trajectory led him to 
publish another paper on general trajectory which showed his power of generalisation and 
elegant expression. In this connection the following account may be'mentioned : Asutosh 
read Mathematics with Prof. W. Booth in the Presidency College. Booth mentioned to 
Asutosh that Prof. M. Roberts in his lectures on differential equations at the University 
of Dublin used elliptic coordinates to solve Mainardi’s problem. Asutosh had по oppor- 
tunity to examine the solution, if any, arrived at by Roberts and it was believed that the 
solution had never been published. Booth’s mention of it set Asutosh working and he soon 
found out the result by the help of elliptic coordinates. Again, during the years 1887-1889 
Asutosh took up, in a series of three papers, the study of the differential equation of the 
general conic which was obtained by the French mathematician Monge. "These papers 
roused a good deal of interest among a section of mathematicians.- With regard to Monge's 
equation, Prof. Boole in his book on Differential Equations remarked that the geometrical 
interpretation of the equation had not so far been obtained. Later two geometric inter- 
pretations of the Mongian were proposed, one by Prof. Sylvester and the other by Lieut. 
Col. Cunningham.  Asutosh in his papers critically examined these interpretations and 
showed that none of them could be accepted as a true interpretation as contemplated 
by Boole. Finally he gave his own geometrical interpretation of the Mongian which was 
accepted on all hands. This interpretation has been quoted by Edwards in his book on 
Differential Calculus. Inaletter to Asutosh from Cambridge, dated the 14th September, 
1887, Cayley remarked about his criticism of Sylvester's interpretation that “it is of course 
all perfectly right". Cunningham wrote “Professor Asutosh Mukhopadhyay has proposed 
a really excellent mode of geometric interpretation of differential equations in general, 
viz., writing the equation in the form F=0, the geometric meaning of the symbol F consi- 
dered as a magnitude (angle, length, area etc.) in any curve whatever (wherein F is of course 
not zero) is, if possible, to be formed ; then the geometric meaning of that equation ob- 
viously is that the quantity F vanishes right round every curve of the family represented by 
the differential equation. This is the most direct geometric interpretation yet proposed." 
(Nature, Vol. 38, pp. 318-19). A list of Sir Asutosh's papers and summaries of them are 
appended at the end. It may finally be mentioned that in 1893 he published a text book 
on Geometrical Conics, meant for the beginners of the subject. The book was highly 
reviewed and it ran into many editions. 

Thus as a mathematical investigator, Sir Asutosh's keen insight and power of original 
thinking revealed themselves very early in his life. Truly Prof. Ganesh Prasad wrote 
“Sir Asutosh's contributions to mathematical knowledge were due to his unaided efforts 
while he was only a college student. After Bhaskara, he was the first Indian to enter into 
the field of mathematical researches, as distinguished from astronomical researches, and ' 
did much which was truly original.” It can be said without the least hesitation that if . 
Sir Asutosh had chosen to devote himself entirely to the study of Mathematics, he could 
have secured for himself a place in the front rank of world mathematicians. But fate 
ordained otherwise, In his convocation address of 1914 Sir Asutosh said in a pensive mood 
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“For years now, every hour, every minute I could spare from other unavoidable duties— 
foremost among them the duties of my judicial office—has been devoted by me to Univer- 
sity work. Plans and schemes to heighten the efficiency of the University have been the 
subject of my day dreams, they have haunted me in the hours of nightly rest. To University 
concerns 1 have sacrificed all chances of study and research, possibly, to some extent, 
the interests of family and friends, and certainly, I regret to say, a good part of my health 
and vitality. Do not imagine, however, that I repine at the sacrifices made. I have had 
my reward in many ways." 

Apart from his connection with the University of Calcutta, Sir Asutosh was asso- 
ciated with a number of scientific, humanistic and literary institutions. In 1907 he was 
elected President of the Asiatic Society of Bengal to which office he was repeatedly elected. 
In 1909 he became the Chairman of the Board of Trustees of the Indian Museum. In 1913 
the Indian Science Congress Association came into existence and he was its first President. 
He brought into existence the Calcutta Mathematical Society for encouragement 
and promotion of mathematical researches and developed it under his fostering care as 
described below : 

In 1908 Sir Asutosh founded the Calcutta Mathematical Society and guided, as 
President, the activities of the Society from its inception till his death. The inaugural 
meeting of the Society was held on the 6th September, 1908, at the Senate House of the 
Calcutta University at which 27 members were present and over which he presided. At 
the next two meetings, Constitution and Rules of the Society were adopted and the first 
Council was formed with Sir Asutosh Mookerjee as President, Sir Gurudas Banerjee, 
Prof. C. E. Cullis and Prof. G. S. De as Vice-Presidents, Rai Bahadur A. C. Bose as Trea- 
surer and P. L. Ganguli as Secretary. The first publication of the Bulletin of the Society 
came out in 1909 and later, at the initiative of Sir Asutosh, -the Calcuttta University Press 
undertook to print the Bulletin from its second volume. Society’s meetings continued to 
be held at the Senate House until the meeting which was held at the Science College on the 
8th October, 1915. All subsequent meetings of the Society were held in the Society’s 
room at the Science College. During Sir Asutosh’s life time 83 meetings of the Society 
(other than Council meetings) were held, the last meeting being held on the Ist March, 
1924 ; and at every one of these meetings Sir Asutosh presided. The number of ordinary 
members of the Society (resident and non-resident) at the close of 1912 rose to 195, and by 
this time quite a good number of eminent foreign mathematicians were made honorary 
members of the Society. Not a few of the members of the Society, ordinary and honorary, 
presented mathematical books to the library of the Society, and monetary donations were 
received from benevolent persons from time to time. A large number of mathematical 
journals from all parts of the world were received on exchange basis with the Bulletin. 
In 1909 Prof. Ganesh Prasad, in 1913 Prof. A. R. Forsyth and in 1915 Prof. W. H. Young 
delivered addresses on their researches before the Society. Under Sir Asutosh's personal 
initiative, encouragement and inspiration, research workers, some of them very brilliant, 
began to gather round him whose contributions were published in the pages of the Bulletin. 
Papers were read at the Society for the first time by Profs. С. E. Cullis, Ganesh Prasad, S. D, 
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Mooketjee, P. L. Ganguli and S. C. Bagchi in 1909, A. C. Bose and М. М. Roy in 1910, 
L. Narayan and J. C. Narayan in 1912, J. M. Bose in 1913, B. B. Datta in 1914, Sir C. V. 
Raman, Е. R. S., М. L., M. М. Saha, Е. R. S., М. К. Majumdar and S. К. Banerjee in 1915, 
S. N. Bose, F. R. S. and N. M. Basu in 1916, D. N. Mallik, N. R. Sen, S. M. Ganguli, 
H. P. Banerjee, S. C. Dhar and H. N. Datta in 1917, Sir B. N. Seal, S. C. Kar, B. N. Pal 
and P. C. Sen Gupta in 1918, S. K. Mitra, F. R. S., B. M. Sen, A. B. Batta and N. N. Sen 
in 1919, N. N. Ghosh and J. Ghosh in 1920, B. B. Roy, G. Bhar, O. Upadhyay, Hanu- 
manta Rao and S. C. Mitra in 1922, M. Ghosh and B. B. Sen in 1923. | 

Sri Asutosh retired from the post of High Court Judge in 1923 and he died at Patna 
on May 25, 1924. His dead body was brought to Calcutta, the place of his activities, for 
cremation. Innumerable meetings were held to condole his death. Excerpts from the wri- 
tings of two of the distinguished persons who paid their homages to the departed soul may 
be quoted here. Poet Rabiridranath Tagore, N. L. wrote “Men are always rare in all 
countries through whom the aspiration of their people can hope to find. its fulfilment, who 
have the thundering voice to say that what is needed shall be done ; Asutosh had the magic 
voice of assurance. He had the courage to dream because he had the power to fight and 
the confidence to win,—his will itself was the path to the goal,” Sir Michael Sadler, who 
was the Chairman of the Calcutta University Commission (1917-19) of which Sir Asutosh 
was a member wrote “In Sir Asutosh Mookerjee India has lost one of her greatest men : 
the world one of its commanding personalities. He was mighty in battle. He could 
have ruled an empire. But he gave the best of his powers to Education because he believed 
that in Education rightly interpreted lies the secret of human welfare and the key to every 
empire's moral strength." 


II. MATHEMATICAL PAPERS BY SIR ASUTOSH MOOKERJEE 


1.- Proof of Euclid I, 25, 
— Messenger of Mathematics, Vol. 10 (1880-81), pp. 122-123. 

2. Extension of a theorem of Salmon's, 

- — Messenger of Mathematics, Vol. 13 (1883-84), рр. 157-160. 

3. А note on elliptic functions, 
—Quart. Jour. of Pure and Appld. Maths., Vol. 21 (1886), pp. 212-217. 

4. On the differential equation of a trajectory, 
—Jour. Asiatic Soc. Beng., Vol. 56, Pt. П, No. 1 (1887), pp 117-120. 

5. On Monge's differential equation to all conics, 
—Jour. Asiatic Soc. Beng., Vol. 56, Pt. II, No. 2 (1887), pp 134-145. 

6. А memoir on plane analytical geometry, 
—Journ. Asiatic Soc. Beng., Vol. 56, Pt. П, No. 3 (1887), pp 288-349. 

7. А general theorem on the differential equations of trajectories, 
—Journ. Asiatic Soc. Beng., Vol. 57, Pt. II, No. 1 (1888), pp 72-99. 

8. On Poisson's integral, 
—Jour. Asiatic Soc. Beng., Vol. 57, Pt. П, No. 1 (1888), pp. 100-106. 

9. On the differential equation of all parabolas, 
—Jour. Asiatic Soc. Beng., Vol. 57, Pt. If, No. 4 (1888), рр 316-332. - 

10. Remarks on Monge's differential equation to all conics, 
—Proc. Asiatic Soc. Beng., February 1888. 

11, The geometric interpretation of Monge's differential equation to all conics, 
—Jour, Asiatic Soc. Beng., Vol. 58, Pt. II, No. 2 (1889), рр. 181-185, 
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12,13. Some applications of elliptic functions to problems of mean values, First and Second Papers. 
—Jour. Asiatic Soc. Beng , Vol. 58, Pt. II, No. 2 (1889), pp. 199-213, 213-231. 

14. On Clebsch’s transformation of the hydrokinetic equations, 
—Journ. Asiatic Soc Beng., Vol. 59, Pt. IL No. 1 (1890), pp. 56-59. 

15. Note on Stoke’s theorem and hydrokinetic circulation, 
—Jour. Asiatic Soc. Beng., Vol. 59, Pt. II, No. 1 (1890), pp. 59-61. 

16. Onacurve of aberrancy, 
—Jour. Asiatic Soc. Beng. Vol. 59, Pt. И, No. 1 (1890), pp. 61-63. 

17. Mathematical Notes (Questions and Solutions), 

| —Educational Times, Гопа., (1890-92), Vols. 43 (рр. 125-151), 44 (рр. 144-182), 
45 (рр. 146-168), 


Ш. SUMMARIES OF SIR ASUTOSH MOOKERJEE’S MATHEMATICAL PAPERS 


1. Proof of Euclid I, 25. 

In this paper Mookerjee has given a new proof of the 25th proposition of the first 
book of Euclid (which states that if in any two triangles АВС and DEF, AB=DE, AC=DF 
and ВС> EF then <BAC> EDF) by the method of superposition, namely E is taken to 
coincide with B, EF to fall on BC and BD to be coterminous with AB. ‘This new proof 
is short and it replaces a lengthy proof (that of Euc. I, 24 on which it used to depend). 
The author says that this direct proof was discovered by him nearly five years ago, and 
that it is an instance of how powerful the method of superposition is which has already been 
exemplified in the new proof of Бис. I, 8 which dispenses with the clumsy proposition 
Euc. I, 7. 


2. Extension of a theorem of Salmon's. 

In his book on Conics, Salmon gave the following theorem : “If A, B, C, D be any 
four points on a circle and O is any fifth point taken arbitrarily, and if we denote by BCD 
the area of the triangle BCD, etc., then 

OA*.BCD -OC*. ABD—OB*.ACD--OD*. ABC." 

Mookerjee has, in this paper, given first an extension of the above theorem by taking 2n 
points, instead of 4 points, on a circle. To arrive at the extended theorem, he considers 
initially the particular case when n=3, i.e., the case of a hexagon 4,4,...... A, inscribed in 
а circle. This hexagon is divided into the following 6 quadrilaterals : 

А4434. ААА, AzAjAsAs, 

А4544), AsAgAy42, ААА Аа, 
Now taking any point Oin the plane and applying Salmon’s theorem to these quadrilaterals, 
6 equations of the type 

OAi.As45A44--O A3.41454,—O 41.444544 ОАЗА АА 

are obtained. Adding these equations, an equation of the type 


OA. A, +ОАЗ. Лз ОА. A0 43. Л, -O A3. A EO A3. Л, 
is obtained. It is then seen that each of the coefficients A,,....., Ag can be expressed as 
a difference of two triangles, Eg., ^1—434,4,—454,4,. The author then gives a rule 
by which these differences can be written down. 


56 R. N. SEN 


In the general case of a 2n-gon, (n>3), inscribed in a circle, the coefficients of OA}, 
043.0 are seen to be differences of two (2n—3)-gons. А general rule is finally obtained 
by the author by means of which these differences can be written down. 

The space analogue of Salmon's theorem is then obtained by Mookerjee, which is 
that if two tetrahedra О,АВС and O,ABC standing on the opposite sides of the same base 
ABC are inscribed in the same sphere and if O is any arbitrary point in space, then 


ОА. BCO,0,+0C?. АВО,0,--003. ABCO; 
—OB*. ACO,0,+00%. АВСО,, 
where BCO,0; etc. represent volumes of the tetrahedra BCO,O, etc. 


3. А note on elliptic functions. 

In this paper Mookerjee gives a new proof of the addition-equation of the elliptic 
integrals of the first kind. Although various proofs of this equation existed, the one given 
here depends on the properties of the ellipse which, according to tbe author, it was natural 
to seek for. The proof briefly is this : 

x? y? 
Be atge 
be a given ellipse and P be a point on any tangent 

y = тха +m) 
to the ellipse. Now two conics, one an ellipse and the other a hyperbola, can be drawn 
through P which are confocal with the given ellipse, namely the conics 


1 


2 x? 
Stat 1 and aca =1, where A-acp. 


Then the Cartesian coordinates of P satisfy 
ха = мыл, yt = - Qa eu ene. | 
From all these equations the following equation is deduced in a remarkable manner : 
dà > i " dp ‚= 0. 
(Q&—c2)(335—a9)]* (42—07) (2—1?) 
This is the differential equation satisfied by the elliptic coordinates of any point on any 
tangent of the given ellipse. Taking the + sign and writing 





А = сіп ф, p —csiny, К = c/a, 
the above equation is reduced to the following standard form (in the theory of elliptic 
integrals of the first kind) : 
ар ; 

ча + LT = 0. (1) 

(1—k* sin*f)®  (1—K? sin*j) 
And further, taking m? = k? sinta—1, the equation of tangent is transformed into 

cos ф cos = sing sin y (1—К® 5084) --cos а. (2) 
Therefore (2) is the canonical form of the integral equation corresponding to the differential 
equation (1). (The addition-equation). Geometrical meaning of the symbols involved 
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are assigned and discussed (ф is imaginary while y is real). The paper ends with an imagi- 
nary transformation suggested by this investigation. 
4. On the differential equation of a trajectory. 
7. А general theorem on the differential equations of trajectories. 
The problem of determining the trajectory of a system of confocal ellipses was solved 
by the Italian mathematician Mainardi. Representing half the distance between the foci 
by h and the tangent of the angle of intersection by п, he gave the equation of the trajectory as 


E р I-41—M]x _ 
—2tan (2) Hes ури = © (А) 


where С is the constant of integration and М is given by the quadratic 
(Q3 -Ey3-HA?)M = x(M?+ h3). 
Remarking that this form of the equation is so complicated that it would be a hopeless 
task to have to trace the curve from it, Mookerjee obtains in paper No. 4 a pair of remark- 
ably simple equations which are equivalent to (A) and which, besides, admit an interesting 
geometrical interpretation. Writing 
xM = № cos? $, C=2nd, 
where À is a new constant, and substituting in (A) he gets after clever manipulations the pair 
of equations in question as 
x = h cos $. cosh n (44-4), (B) 
y = h sin $. sinh n(A+¢). 
That is to say, the required trajectory is the locus of the point (x, y) defined by (B). 
Regarding the geometrical interpretation of (B), let А, А’, be the foci and О the middle 
point of AA’, so that OA4—h. Оп AA’ as diameter describe а circle, draw a radius OB 
of the circle making angle AOB=¢ and draw BC perpendicular to OA. Now construct 
ahyperbola CP having its centre at O and its transverse and conjugate axes equal to OC 
| and ВС respectively. Take the point P on the hyperbola so that the area of the hyperbolic 
| sector OCP is n(A-+¢) times the area of the triangle OCB. Then the author shows that P is 
a point on the required trajectory, i.e., a point having the coordinates (B). Thus the point 
P can be determined geometrically corresponding to any point В on the circle. 
In paper No. 7 Mookerjee takes into consideration the method by which Mainardi 
obtained equation (А). This method, which is reproduced in Boole's Differential Equations, 
consists in first eliminating a and b between the equations 


2 3 
аи” ан Z = (ng-a) (л) 

and then integrating the resulting equation. Remarking that this process is by no means 
less complicated than the equation (A), Mookerjee undertakes to enquire whether the 
process may be materially simplified. This leads him to formulate а general theorem on 
the differential equations of trajectories. This general theorem is however a bit too lengthy 
to be reproduced here. It may however be roughly stated as follows : 

Whenever the coordinates of any point on a curve can be expressed by means of a 
single variable parameter, that is, when the curve is unicursal, the coordinates of the 


corresponding point on the trajectory may be similarly expressed. 
—2 
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Applications of this theorem, including Mainardi’s problem, are then given. 


5. Om Monge's differential equation to all conics. 
10. Remarks on Monge’s differential equation to all conics. 
11. The geometric interpretation of Monge’s differential equation to all conics. 

French mathematician G. Monge was the first to have obtained in 1810 the differential 
equation to all conics, i.e., to curves represented by the general equation of the second 

` degreein х, у. Denoting the differential coefficients of y with respect to x of the first, second, 
third, fourth and fifth orders by р, q, г, s and t, respectively, the differential equation in 
question is : 7 
9412—4545 407° = 0. (С) 
С. Boole in his book on Differential Equations (first editien, 1859) quoted the result (С) 
and made the following remark about it : “But here our powers of geometrical interpreta- 
tion fail, and results such as this can scarcely be otherwise useful than as a registry of inte- 
grable forms.” 

Subsequently two attempts were made to interpret geometrically the equation (С). 
The first attempt was made in 1877 by Lieut. Col. Cunningham whose interpretation was 
that the “eccentricity of the osculating conic of a given curve is constant all around the 
latter.” The second attempt was made in 1886 by Prof. Sylvester whose interpretation 
was that the equation (C) “‘is satisfied at the sextactic points of any given curve.” 

In paper No. 5 Mookerjee discusses in detail the questions of derivation of the differ- 
ential equation (C) from the integral equation of the conic and the geometrical interpreta- 
tion of (C) with reference to Boole's remark and Sylvester's interpretation, as mentioned 
above. As regards derivation, the author himself gives a method which can be applied with 
ease to any equation of the second degree in x, y. It consists of first expressing y as an 
explicit function of x and then proceeding to differentiation. As a matter of fact, heobtains 
by his method the following equation equivalent to (C) 


GOME 


He also suggests methods of integrating equation (C). With regard to geometric interpreta- 
tion, he carefully examines the one given by Sylvester and concludes that ıt cannot be the 
interpretation as contemplated by Boole. 

The paper No. 10 was published in consequence of a letter written by Cunningham 
to the Asiatic Society of Bengal referring to paper No. 5 of Mookerjee and drawing atten- 
tion to the fact that he had already given a geometric interpretation of (C). In paper 
No. 10 Mookerjee critically examines Cunningham’s interpretation and rejects it on the 
ground that it does not satisfy the tests of a true geometrical interpretation of a differential 
equation. In fact he shows by actual calculation that Cunningham’s interpretation was 
not the interpretation of the Mongian but of one of its first five independent first integrals. 
Later Cunningham acknowledged substantially the correctness of this criticism. 

Finally ın paper No. 11 Mookerjee gives his own interpretation of the Mongian (C) 
which depends on the following consideration : Consider the conic of closest contact at 
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any point P of а given curve If O be the centre of the conic, О is called the centre of aber- 
rancy, the length OP is called the radius of aberrancy and its reciprocal is called the index 
of aberrancy of the given curve at P. These notions are analogous to what are known as the 
centre of curvature, the radius of curvature and the curvature of a curve. Also the locus 
of O as P moves along the given curve is called the aberrancy curve of the given curve. It 
is seen that if (x, y) be the coordinates of the point P and (a, B) those of the point O, then 


m Заг — »_.34(pr—3q*) р 
ш С 345—518 › Bex 3gs—5r? ^ (D) 


where, as already said, р, q, г, s are the successive differential coefficients. (An account of 
the theory of aberrancy was given by Transon in Liouville’s J ournal) | 

With reference to the above ideas, Mookerjee finds out by ingenious process that 
the radius of curvature p of the aberrancy curve is given by | 








3 
2 = Qo 
05 (9@#— 45415407). 


Thus his geometrical interpretation of (C) is that “the radius of curvature of the aberrancy 
curve vanishes at every point of every conic.” : 
9. On the differential equation of all parabolas. 5 

In paper No. 5 Mookerjee gets also, by his own method, the differential equation 


of all parabolas in the form 
d 2 d*y —# 0 
dx dx? p^ 


which when developed may be written in the then known form 
3qs—Sr2 —0, : (B) 
where, as already stated in paper No. 5, p, q, г, s are the successive differential coefficients 
of y with respect to x. 
In this paper No. 9 Mookerjee gives the geometrical interpretation of (Б). To do 
this he uses the theory of aberrancy as stated in paper No. 11 and finds out by an ingeni- 
ous process that the index of aberrancy I for a parabola is given by 





3qs—5r*® 


3g(r*--(pr —39y* 
Thus his geometrical interpretation of (E) is that “the index of aberrancy vanishes at every 
point of every parabola." 





I — 


16. On a curve of aberrancy. 
In this paper Mookerjee investigates the aberrancy curve of the plane cubic 
of Newton's fourth class 
: y = ax*-3bx3--3ex -Ed (1) 
in which the diametral conic degenerates into the line at in finity. Using formula (D) in the 
theory of aberrancy as stated in paper No. 11 he shows that the aberrancy curve of 

(1) is another plane cubic of the same class 

Е : y = AxV-E3Bx**--3Cx - D, (2) 
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where А, B, С, D are such that if 
Н = ас G = a?*d—3abc-F2b? 
are the invariants of (1) and 
H'=AC—B*, G'—A4*D—3ABC—2B* 
are the corresponding invariants of (2), then 
Н' = —kH, С = kG 
where k is a numerical constant (=125/64). Therefore H?/G is an invariant for both the 


cubics (1) and (2). It is also shown that the two cubics have only one point of intersection 
which is a point of inflexion for both. 


6. A memoir on plane analytical geometry. 

This memoir is a big one at the beginning of which there is a table of contents show- 
ing the principal topics considered in the memoir. Regarding the object and scope of the 
paper Mookerjee says “It is my object in the present paper to bring together a number of 
theorems in the plane analytical geometry which have accumulated in my hands during 
my study of the subject......... I believe that either the theorems themselves or the methods 
of establishing them are original ; " 


The different sections of the paper are to a great extent practically independent of 
each other and there are 32 of them. We shall merely quote here a theorem given by the 
author towards the end of the paper with his remark thereon : 

“Tf from any point P tangents are drawn to the conic Szsx?/a* --y*[b* —1—0 and P is 


constrained to move on the curve F(x, y)—0, the locus of the middle point of the polar 
chord of P with respect to S is 


Ae Z \=0” 
Pies | rs) = 
This result “is an immediate consequence of a new method which I propose to call Method 
of Elliptic Inversion.” 


8. On Poisson’s integral 


In this paper Mookerjee re-establishes Poisson’s remarkable relation of the definite 
integrals 





[ sin?x dx 1o f sin?” x dx (Е) 
(1—2a cosx--a?)" (1 =". (1—2a cosx 4-a£) +Р-" 


0 
by an interesting method and gives a geometrical interpretation to it. (The result holds 
when а<1 but if a1, 1—4? is to be replaced by its negative). 


Denoting the left-hand side of (Е) by y, Poisson first obtained the differential 
equation 





dy, spt dy = 
(1—a?) dati Ы a(4n-+1—-p)S”—2n(2n—p)y = 0 


and then he used this equation to demonstrate (Е). His proof is however very abstruse. 
Mookerjee on the other hand bases his proof on the indefinite integral obtained from the 
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left-hand side of (F) by omitting the limits. This method has the advantage, he points 
out, of showing how the indefinite integral may be evaluated. 

Regarding the geometrical interpretation of (F), let APA’ beasemi-ellipse on which 
P is any point and of which AA’ is the major axis, C the centre and S a focus ; also let 
AQA' bea semi-circle on the same side of the axis as Р. Join PS, draw PM at right angles 
to AA’ meeting the semi-circle in О and join QC. Further, let the angles ASP and ACQ 
be denoted by @ and и respectively. The author then takes the relation (as in the case of 
elliptic motion). 


cosu—e 


cosh = — 
1—есоѕи 





from which he derives іп a remarkable manner the transformation 


sinP0d0 _ 1 sinPu du 
[а cos» ^ (A/T—e3y"-»^! J (1—e cos uy-ntic 


Finally taking e— —2a/(1--a3), he obtains a relation equivalent to (F). 





12, 13. Some applications of elliptic functions to problems of mean values. First and Second 
papers. 
In the first of these two papers, Mookerjee establishes the following theorems : 
1. The average area common to an ellipse and a concentric circle of variable radius 
which always intersects it is 


r Ы z { w(3a*—b*)—al} 


where a, b are the semi axes and / is the perimeter of the ellipse. Неге 





a[2 
l= f (1—e sin*£)d£ 
о 
is the complete elliptic integral of the second kind with eccentricity е for modulus. 
IL The average value of the angle of intersection of an ellipse and a concentric 
circle of variable radius which always intersects it is 


14-33 2X 
Xi» i 
where А is the ratio of the axes (—b/a) and Е, P denote complete elliptic integrals of the first 
and third kind respectively, the modulus being (1— А?) and the parameter (1—?*)/A*. 
There are two other theorems of similar nature. In all these theorems the method 


of proof is that if A is the average value and P a particular value, then 





(a—b)A— | P dr, 


where a, b are the semi-axes of the ellipse and r the variable radius of the circle. 
The second paper with the same title is devoted to a discussion of the corresponding 
space analogue by taking ellipsoid and sphere in place of ellipse and circle, 
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14. Gn Clebsch’s transformation of the hydrokinetic equations. 
15. Note on Stoke’s theorem and hydrokinetic circulation. 
In paper No. 14 Mookerjee considers the hydrokinetic equations in the three cases : 
(1) Irrotational motion, (2) steady rotational motion and (3) general rotational motion. 
He shows how the method of Clebsch’s transformation to the third case may be materially 
simplified. 
In paper No. 15 Mookerjee gives a new proof of Stoke’s formula for hydrokinetic 
circulation by the application of Clebsch’s transformation. 


17. Mathematical Notes in London Educational Times. 

In these notes, mathematical questions were proposed and their solutions were given. 
A large number of mathematicians, including Profs. Clifford, Cayley, Sylvester, Knowles, 
Neuberg, Schoute, and also some Indians used to contribute in these notes. Some of the 
questions remained unsolved for many years. Asutosh contributed about a dozen questions 
and solutions. Insome of them he solved questions proposed by others and in the remaining 
he proposed questions which were or were to be solved by others. Illustrations are given 
below. 

The following is a question proposed by Asutosh and solved by others : 

Two imperfectly elastic particles, whose coefficient of elasticity is А are projected 
with equal velocities in opposite directions, at right angles to the line of force at the point 
of projection ; assuming the force to vary inversely as the square of the distance, and the 
second impact to take place midway between the point of projection and the centre of 
forces, show that 

€, = 4(2—3АЗ)/А, eg = + (3—4)3), 
where e, is the eccentricity of the first orbit and e4 that of the orbit between the first and 
the second impacts. 
The following is a question proposed by some one and solved by Asutosh : 

Prove that the four points of intersection of the opposite sides of an octagon 
inscribed in a conic are collinear. 


CONTRIBUTION ТО THE THEORY OF 
GENERAL GEOMETRODYNAMICS ПС) : 


Ву 
V. HLAVATY, Bloomington, U.S.A 


( Receivcd—January 28, 1965 ) 


1. Prerequisites 


Let us consider the Einstein-Maxwell equations 
y y y* 
(1.1)а Ку — 388) = p? 
where the momentum energy tensor Р) is defined by 
D y v у 
(1.1)5 Р, =pu u tF, tPS. 
Here р 15 the rest mass, u, is the relativistic velocity unit vector, p is the pres- 


sure (which must not be confused with a hydrodynamical pressure). F; is the momentum 


energy tensor of the electromagnetic field. Its Weierstrass characteristic is [(11) (11)]. If we 


2 2 
denote by + апа ME its eigenvalue then 


2 
y M? 1 2 3 
(1.1)с = [—“, и — uu +u и Hun | 
v y n 1 4 . 
Here и ,...., И are eigenvectors and Ну, ++ . Uy Constitute the dual system 
1 4 
y а y 
(1.2) ipu 8, 


If one considers in (1.1) the tensor P. as given, then its geometric properties 


enable us to express the ten unknown components of the metric tensor g, іп terms of N 


àp 
scalars **) 


10 > N>3 


The system (1.1) represents then ten diferential equations for N unknowns. This 
system can be solved by Cauchy problem provided that certain conditions are satisfied. 





. (*) This paper was prepared with the support of the Aeronautical Research Laboratory, Wright 
Air Development center. | 


*) Lower case Greek (Latin) indices have the range Tos 
otherwise. 


**) Gf. [6] [7], [8], [9] 


<œ IV (1,.. ., 4) unless stated explicitly 
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If on the other hand we consider the metric tensor g № аз known, then we know also 


its contracted curvature tensor Ку and R= R so that the left hand side of (1.1)a is 


known. In this case the elements of Р) i.e., 


(1.3) № шу, м, u, р М? 
а 


may be expressed as algebraic concomitants of ЕК), (e. as differential concomitants of 


Ey, of second order). *), **) 


If we limit ourselves to real eigenvalues and to the first two classes of the electro- 
magnetic field then Ri ( as well as P) can acquire only the following Weierstrass 
characteristics | 
(1.4) пи, [112], (09) 11), [@11) H. 

In all these cases the elements (1.3), the electromagnetic field as well as the electric 


* 
charge may be explicitly expressed as concomitants of К" 9 Іп the sequel we shall deal 


only with the characteristic [1111]. Denoting by py, р, р’, р" the eigenvalues of К, and putting 


(1.5) (а) т=р—Рь т'==р'—ру‚ T =P —Р1 


(b) санаса > 0 


we get (а) т=М* 


Q9 — o r = Ey (GE) —мъг 


(© т" = EE A (C79) м 














it сы ыз ы eS See 
ж) Cf. [1], [2] for the case of the second and first class of the electromagnetic field, [3] for the 
case of the third class. These three papers deal with real eigenvalues of Ry only. The case 
of complex eigenvalues is considered in [4], [6]. 


ы) As а matter of fact the electromagnetic field itself as well as the electric charge are concomit- | 
tants of EX, Cf. for different classes [1], [2], [3], [5]. 


„2 Cf. [1 [2], [5] 
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so that 
(1.6) © Финам © r = Max? 
and 
(1.6) O к=т—(-ҥ/). - 
Moreover if we denote Бу О’ and О” the expressions 

, def т’ Г, м , 
(1.7) (а) О’ = e рир (т—т') (7' —7) 

" T ж Ур 

(b 0” = =a (тт) (7' —47) 


у 


v" 


it turns out that the eigenvector 1 i 


belonging to the eigenvalue { * ‚ is timelike if and only if 


Af 2’ <0 Q' so 
(1.8) | 


01 о" <0 a so 
The pressure p is given by 
(1.6) (Л) 2p=—(p’+p") 


(so that p, does not appear in this expression). it is possible also to express 
и, и, и in terms of the eigenvalues and eigenvectors. However we shall not need in the 
3 4 


sequel these expressions and therefore we do not introduce them. 


2. Problem to be solved 
Let us assume that к is known and its characteristic is [1111]. Then its eigenvalues 
P1: Ps p^, р’ and the corresponding eigenvectors v, v, v', и” are also known. Therefore we 
may apply the results of the previous section ай obtain all elements (1.3) as concomitants 
of RY . Itis a priori evident that one of the most important problems of this method is to 


decide which eigenvalue should be designed by ру, p, p' or р". In [5] where we were concer- 
ned with such problems we displayed a method which indicates how to decide which one of 
the eigenvalues is p,, p, p' or р“. The decision was relatively a simple one, because we 
considered only the tensor (1.1). 


In this paper we shall generalize this method for the case of the momentum energy 


tensor ` 
def 
(2.1) P (є1, є», єз) = «шиш? Р, + ep 8, 
€1€5€4— +1 


admitting even negative mass, i.e., «,=—1 and negative pressure e,— —1. In contradistinc- 


tion to the situation in [5] where we admitted only one possibility for the momentum 
—3 
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energy tensor, namely (1.1)6 we have here eight possibilities according to the values e, €g 
e, It turns out that one has to refine the method used in [5]. We shall display here in 
detail this refinement. 


Problem to be solved. Assume that the metric tensor £i is given. Construct its 


corresponding contracted curvature tensor Ry and its four different real eigenvalues *) 


py P, p's pP. Denote by p, ће eigenvalue which is not given by (1.6), by p4 the eigenvalue 
which leads to the time-like eigenvector and by р», ps the remaining eigenvalues. The 
problem consists of 

(1) Finding one-to-one correspondence between pa and ру, р, р’, р” which appear 
in (1.6) **) 

(2) Finding in terms of ра necessary and sufficient condition that the field equations 


y y y 
(2.2) R ERS =P ev є» Єз) 
be satisfied, where R is the contracted curvature tensor of g T 


3) Expressing the elements (1.3) as algebraic concomitants of В” (i.e., differential 
A 


concomitants of order two of 83) 

(4) Investigating the influence of p, on the partial problems (1), (2), (3). 

This problem has been solved for «;=e,=«,=1 in [5]. The results (which depend 
on the choice of the ¢’s) are introduced in the first section, equations (1.6), (1.8) where either 


(2.4)a P> P1> Ps> Pa 

or 

(2.4)b Pa> Pa > 377 p 

and 

(2.4)с T-—pa—pi T'—py—pi T =P Pr 


The remaining elements (2.1) are independent of the choice of єү, e», e, and therefore 
are the same as for e,—«,—«,—1. Because we shall not need them in the sequel we do not 
introduce them here, keeping in mind that their analytic expressions in terms of ру, рг. ps; 
pa as displayed in [5] is always the same. 

Once we identified the p’s in the general case of єз, єг, єз We can use always the for- 
mulae (1.6) and (1.8) with the proviso that p, М?, р are replaced by вл, ва М?, взр. 

From the above statement about the.elements (1.3) it follows easily, that after having 
satisfied the requirements (1) and (2) we may omit the elaboration of 3) because for the 


*) We are limiting ourselves to a real characteristic [1111]. 
**) As far as the identification of р, P P's р” is concerned we know only that they satisfy (1.6) where 
p», М, р are not known. 
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elements eju, e,M?, взр it is described by (1.6) and (1.8) while for the remaining elements it 
is the same for any choice of e}, єг, є. Therefore we shall skip in the sequel the require- 


ment 3). 
From now on we shall assume 
(D that u, М?, p are always positive and 
(2) that in (1.6) we replaced 
p, М?, р by ep, e4M?, зр. 
Then it follows from (1.5)b and (1.6) that for all e's 





2 a ran? 
(2.5) (eme — вех (7 2 - | 20 a 
while (1.7) and (1.8) yield 
(2.6)a О'О'——т'т'(т—т')(т—т")(т'—т”)%(т—т'—т”)-%<0 so that 
(2.6)b t't (tr—r)(r—r")>0 | 


We shall very often use these inequalities. 


3. Positive mass, Necessary and sufficient conditions 


Our problem is purely an algebraic one. This will be stressed by the following. 
Agreement (3.1). Whenever we consider equations (2.2) we tacitly assume that there 


15 а metric tensor g Àp satisfying these equations with К, as its contracted curvature tensor. 


The importance of this Agreement will be seen later. 
Theorem (3.1). In order that 
(1) the contracted curvature tensor Roof g m be of characteristic [1111], 


(2) the tensor R — E RB satisfy (2.2) where Pes €g, єз) is given by (2.1) for 


(3.1) (а) єү=є,=1 (b ш<м? 
it is necessary and sufficient that the following conditions are satisfied 
(3.2) (а) (p'—p4** psc p P3 pi 


<0 1 
(p) Pip pp 0 for aL; 


(с) рз-Ер:>2р\. 


D 





*) Comparing (2.5) with (1.6) 5) c) we see that 4/ in the latter equations must be taken positively. This 
remark is important for later purposes. 
**) This eqation is in parentheses because it is not needed for the computation of the elements (1.3) 


of Py. One needs it only if by some reasons one wants to express (1.6) 5), с), in terms of ру, ру, py. 
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Proof. Assume that conditions (1), (2) are satisfied. Then we obtain from (2.5). 


4 +) 
2 2 E] 2— 
(T) м) TEES onem. 


Hence 
(3.3) (a) т =М?—ш—о, (b) т"=о, (c) т —rt=M?—u—2o, 
(d) r—7'—u-4-c 
and consequently 
(3.4) (a) т'>0, (b) 4-0 (с) т-г>0, (d) т-т>0 (е) c—7 0*7). 
The inequalities (3.4)cde require 
(3.5)a T»T'»T. 


Because of e,—1 and (1.6)а we have т>0.*.). 
and this inequality together with (3.4)ab leads to 
(3.5)b ppp 

From the method displayed in [5] we know that cither p' or p' but not p is the eigen- 
value of the time-like eigenvector so that we must have 


(3.6)a р=рз. 
An easy inspection shows that (1.8)a is satisfied for (3.6)а and 
(3.6)b p'—pi 


while (1.8)b is not satisfied by (3 6)a and р”=р,. The equations (3.6) and the 
inequalities (3.5)b lead to (3.2)a. The first inequality (3.2)b is a consequence of e, —1, and 
(1.6)é. The second inequality (3.2)b follows from (1.6)f while the last inequality is 
equivalent to (3.1)6 (Cfr(1.6)ae). 


И (3.2) hold the method displayed in [5] shows that not only р, М? and p (given by 
(1.6)aef) but also the remaining elements (1.3) may be found (if we know R) so that (2.2), 


(2.1) and (3.1) are satisfied. According to Agreement (3.1) К, is the contracted curvature 
tensor of a metric tensor. 


Theorem (3.2). In order that 


(1) the contracted curvature tensor R of g лире of characteristic [1111], 


(2) the tensor ЗАЗ satisfy (2.2) where P Ea, єз) is given by (2.1) for 





*) Itisirrelevant for our purposes whether we use this equation or 


M2—n\2 i —M? 
(rre e 
2 2 

Similar remark holds for combination of e, and e$ 
кж) (3.4)е follows from (2 6)b and (3.4)abd ; 
4*x) This follows also from (3.4)ad 
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(3.7) (а) a=e=l (b) p>M? 
it is nezessary and sufficient that the following conditions are satisfied 
(а) p'—p. p2>Pi>Ps>Pa 
1 
(3.8) ©) вара а for «= 1 


(c) pst+pi<2pi. 
Proof. Assume that conditions (1), (2) are satisfied. Then we obtain from (2.5) 








2. 4X2 a 
(6 J ang] = м. E| —0,0<20< | Мр |. 


Hence 
(3.9) (а) т=— 





2 

= +| M 7 ees 
(b) 7"=— | M@—p|to (c) т-т=+ | M?—p | —2e 
: (d) т—т = Мс 
and consequently 
(3.10) (а) т'<0, (b) <0, (c) т—т>0, (d) т>т, (е) тот" *) 

The inequalities (3.10) (c) (d) (e) require (3.5)a. Because of e,—1 and (1.6)a we have 
т>0 and this inequality in conjunction with (3.10)ab and (3.5) yields 


(3.11)a p>pi>p'>p". 
An easy inspection shows that (1.8)5 is satisfied by 
(3.11)b =p 


while (1.8)a is not satisfied by р’=ра. The equations (3.6)a, (3.11)b and the inequa- 
lities (3.11)a lead to (3.8)а. The remaining part of the proof follows the pattern of the pre- 
previous proof. 


Theorem (3.3). In order that 
(1) the contracted curvature tensor R? of £y be of characteristic [1111], 


(2) the tensor К) —$R8) satisfy (2.2) where Р, (єт, €g, єз) is given by (2.1) for 
(3.12) €y=—e,=1 
it is necessary and sufficient that the following conditions are satisfied 
(а) p"=py ps>pi>Pa> Pa 
<0 ( 1 
(3.13) (Б) Papi рз-Ер4 for «= | . 
>0 —1 
. Proof. Assume that conditions (1), (2) are satisfied. Then we have from (2.5) 


(=+ mse) = Mitte с>0. 








*) (3.10)е follows from (2.6)5 and (3.10)abd 
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Hence 


2 2 
Ci) сы re, а 





() "—т'=—(М*+ш)—2 (d) и (Ман) —0 + M? (а-о) 
and consequently 
(3.15) (а) т>0, (b) “<0, (с) т>т, (d) v7, (е) т<т'.*) 
The inequalities (3.15) (c) (d) (e) require 
(3.16) TT»T. 
Because of e,——1 and (1.6)a we have 7<0 and this inequality in conjunction with 
(3.15)ab yields 


(3.17) р> р> р> р". ` 
An easy inspection shows that (1.8)b is satisfied for p=p, and 
(3.18) p'—pa 


while (1.8)a is not satisfied by p'—p, In this way we obtain via (3.6)a (3.18) and 
(3.17) the conditions (3.13)а. The remaining part of the proof follows the pattern of previ- 
ous proofs. 


4. Negative mass. Necessary and sufficient conditions 


Theorem (4.1). In order that 


(1) the contracted curvature tensor R of £y, be of characteristic [1111], 


(2) the tensor Ry — $88) satisfy (2:2), where p (ey, є, єз) is given by (2.1) for 


(4.1) —e,-—eg—]l 
it is necessary and sufficient that the following conditions are satisfied 
(а) p'=ps Pa P2717 Ps 


<0 1 


(4.2) (Б) pstpi<pstPa | for e, = | 


>0 c 
Proof. Assume that conditions (1), (2) are satisfied. Then we have from (2.5) 


2 2 
(н) se) tna enn 





Hence 
(4.3) (а) t'=M?+u+o0, (b) т ——o, (c т' —т" =M?*+p+20 
(d) т-т=М*- в | 





*) (3.15)е follows from (3 15)abd and (2 6)b 
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and consequently 
(4.4) (а) т’>0, (b) «0, (c) t'>, (4) трт", (е) v». *) 
"The inequalities (4.4) require 
(4.5)a т';>т>т". 
Because of e4—1 and (1.6)а we'have т;>0 **) 
and this inequality in conjunction with (4.4)ab leads to 
(4.5)b p' pao pimp. 
An easy inspection shows that (1.8)a is satisfied by p' =p, while (1.8)5 is not satisfied 
by p'—p,. The equations 
(4.6) ©’ = ра 


and (3.6)a lead in conjunction with (4.5)6 to (4.2). The first inequality (4.2) is a conse- 
quence of e,— —1 and (1.6)e. The remaining part of the proof follows the pattern of 
previous Proofs. 


Theorem (4.2). In order that 

(1) the contracted curvature tensor Ry of £y be of characteristic [1111] 

(2) the tensor Ry — $88) satisfy (2.2) where P (eis єз, єз) is given by (2.1) for 
(4.7) €,—e5——1 р> М? | 
it is necessary and sufficient that the following conditions are satisfied 


(а) р'==р„ ps>ps>pi>Ppa 
<0 1 
for e= 


(4.8) (b) pstpi<ps-+pa | i 


>0 
(с) pstpa>2py. 
Proof. Assume that conditions (1), (2) are satisfied. Then we have from (2.5) 


M2—p\? , ее ш М? 
(( 3 мех =———0, О<о< z` 











Hence i P 
(4.9) (a им +85 —o=p—M?*—o, (Б) т" =о 








(с) т —т'=ш— М? —20, (d) т —т=о+ M? 


and consequently 





*) (4 4)е follows from (4 4) a) b) d) and (2.6)5. 
**) This follows also from (4 4) a) d). 
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(4.10) (а) 70, (Б) т>0, (с) т'>т", (0) >r, (e) v7.9) 
The inequalities (4.10) require | 
(4:11) (а) ттт. 


Because of е.=—1 and (1.6)a we have т<0 and this inequality in conjunction with 
(4.10) (a) (b) leads to 


(4.11) (b p’>p">pi>ps 
Ал easy inspection shows that (1.8)a is satisfied by 
(4.12) p'—p 


while (1.8)5 is not satisfied by p'—p,. The equations (4.12) and (3.6)a in conjunction 
with (4.11)5 lead to (4.8)a. The remaining part of the proof follows the pattern of previous 
proofs. ? 

Theorem (4.3). In order that 


(1) the contracted curvature tensor R of g ль be of characteristic [1111] 


(2) the tensor R\—-4R8, satisfy (2.2) where Р, (ey, є», єз) is given by (2.1) for 
(4.13) єү=є=—1 p<M? | 
it is necessary and sufficient that the following conditions are satisfied 
(a) p'—p4 P1>Ps>Pa> Ps 
<0 1 
(4.14) (0) pater < papas) for s 


(c) рз-Ера<2р1. 
Proof. Assume that the conditions (1), (2) are satisfied. Then we have from (2.5) 





дузу а i a 
(E м) Му) =, 02e « M?— и. 





2 
-Hence 
—M Мм? 

(4.15) (а) т' = zd + Кысу 

(b т=—[М?—и—о]. (с) 1'-7"=M?—-p—20 

(d) т" —т=и-о | 
and consequently 
(4.16) (a) т'<0, (b) T «0, (с) 7-7, (d) v7, (е) тт. +*) 

The inequalities (4.16) require 

(4.17)a TT T. 


Because of e, —1 and (1.6)а we must have т<0 and this inequality in conjunction 
with (4.17)a leads to 


(4.17)b py» ppp. . 
An easy inspection shows that (1.8)5 is satisfied by 
(4.18) р" —pa 





. .*) (4.10) follows from (4.10) (а) (b) (d) and (2.6)Ь. 
**) (4.16)е follows from (4.16) (а) (b) (d) and (2.66). | 
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while (1.8)a is not satisfied by р’=р.. The equations (4.18) and (3.6)4 lead in con- 
junction with (4.17)b to (4.14)a. The remaining part of the proof follows the pattern of 
previous proofs. 5 


5. Eigenvalue p, and its significance 
There is only one eigenvalue, namely p,, which leads to the time-like eigenvector of 
RÌ. Hence if к, is given (as it is in our case) we know without ambiguity which опе of 
its four eigenvalues ıs called py. In contradistinction to p, the correspondence between 
the remaining three eigenvalues and the symbols ру, р», рз is not defined by R alone. In 


our case we imposed some conditions on the eigenvalues and these conditions change the 
sıtuation, In the sequel we shall investigate the influence to the just mentioned correspon- 
dence between the three remaining eigenvalues and the symbols р}, ро, рз. То this effect 
we introduce first some definitions which will be needed later. 


Definition (5.1). The conditions 


(а) €;=e,=1, pM? S (Theorem (3.1)) 
(b) e,—e$—1, ш> М? (Theorem (3.2)) 
(5.1) (с) «= —є3=1 (Theorem (3.3)) 
(d) —в =, =1 (Theorem (4.1)) 
(e) —e,=—e,=!1 р> М? (Theorem (4.2)) 
(f) —є,=—є„=1 pM? (Theorm (4.3)) 
will be termed principal conditions. The inequalities 
(à ps>pa>ps> Pr (Theorem (3.1)) 
(5.2) (Б) ps>pi>ps>Pa (Theorem (3.2)) 
(c) рз2>р12рз2 ра (Theorem (3.3)) 
(d) ра>рз>Р1> рз (Theorem (4.1)) 
(е) ps>ps>pi> Pe (Theorem (4.2)) 
(f) e» P P ра (Theorem (4.3) 


will be termed principal inequalities, 


Definition (5.2). If the contracted curvature tensor R? of g m satisfies the conditions 


of one of the Theorems (3.1)—(4.3) then g, ji will be called a “physical tensor" admitting the 
corresponding principal condition. These definitions enable us to state ın a concise form 
. several Theorems. 

Theorem (5.1). A necessary and sufficient condition for a physical tensor 8, to satisfy 


the conditions of theorem (3.1) is : The eigenvalue p, of its contracted curvature tensor is the 


second largest of p,,. . . . py. 
—4 
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Proof. There is а one-to-one correspondence between Theorems (3.1)—(4.3) and 
the corresponding principal conditions (5.1) (a)—( f) as well as between the principal condi- 
tions (5.1) (a)—( f) and the corresponding principal inequalities. Hence there is a one-to- 
one correspondence between the Theorems (3.1)—(4.3) and the corresponding principal 
inequalities (5.2) (a)— f). 

Assume that the physical tensor £y satisfies the conditions of Theorem (3.1). Then 
it admits the principal condition (5.1)a and therefore also the principal inequality (5.2)a. 
Assume now that the given physical tensor has the property that the eigenvalue p, of its 
contracted curvature tensor is the second largest among ру, ....p4. This is possible only 
for the principal inequality (5.2)a. Because the tensor £y, is a physical one it must satisfy 


one of the Theorems (3.1)—(4.3) i.e., Theorem (3.1). 

Theorem (5.2). А necessary and sufficient condition for a physical tensor Sy to 
admit the conditions of one of the Theorems (3.2) and (3.3) is : The eigenvalue p, of its 
contracted curvature tensor is the smallest one of p4,. .. . pa 

The proof follows the pattern of the previous proof. 

Theorem (5.3). In the case of Theorem (5.2) it is impossible to decide without further data 
whether the physical tensor gy д satisfies the conditions of Theorem (3.2) or Theorem (3.3) 

Proof. Let us consider first the condition (3.8)c. Because in the case of Theorem (3.3) 
we have the principal condition (5.1)с it is irrelevant in this case whether p> M? or к< M*. 
Neither one of these inequalities has any influence on the conditions of Theorem (3.3). Hence 
if it is not known which one of the inequalities „< M? holds we do not have the counterpart 
of (3.8)с in Theorem (3.3). Consider now the first inequality (3.8) which is formally the 
same as the first inequality (3.13)b. Comparing (5.2)b and (5.2)с we see that in both 
cases the eigenvalue p, is the second largest of р1,....ра. Denote Бу а, В the remaining 
two eigenvalues and consider the inequality 
6.3) а-Ерү< £t pa 

It might be satisfied by 

(a) а= В. This case is excluded because of the characteristic [1111]. 
(b) a> В. According to (5.2)5, c this case leads to (5.2)5 
(c) а< В. According to (5.2)5, c this case leads to (5 2)c. : 

Consider now the remaining inequalities (3.8)5 (formally equivalent to the remaining 
inequalities (3.13)5)) which may be condensed into one 
(5.4) Ps - p, XO 

where the symbol x denotes either one of the inequality symbols. The relation 
(5.4) could indicate which one of the Theorems (3.2), (3.3) is defined by Theorem (5.2) if the 
following conditions are satisfied. The relations 

а 4х0 

B--p,x0 
are incompatible provided that in both cases the symbol x has the same interpretation. 
It is not difficult to see that these conditions are satisfied neither for a> В nor fora< В. In 
this way we exhausted all possibilities which could have been indicative for our purposes. 
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The following two theorems will be proved simultaneously. 

Theorem (5.4) A necessary and sufficient condition for a physical tensor gy, t0 admit the 
conditions of one of the Theorems (4.1) and (4.2) is: The eigenvalue ра of its contracted 
curvature tensor is the largest one of-p1,....p4 

Theorem (5.5). In the case of Theorem (5.3) it is impossible to decide without further 
informations whether the physical tensor 8 satisfies the conditions of Theorem (4.1) or 
Theorem (4.2). 

The proof of these two Theorems follows the pattern of the proofs of Theorems 
(5.2) and (5.3). 

Theorm (5.6) A necessary and sufficient condition that a physical tensor Eru satisfies 
the conditions of Theorem (4.3).is : The eigenvalue p, of its contracted curvature tensor is the 
third largest among рі... ., Ра: 

The proof follows the pattern of the proof of Theorm (5.1) 

Theorem (5.7) A necessary and sufficient condition for a physical tensor gy, 10 
the second largest 


admit a |, ie mass is: The eigenvalue p, is either the largest 
the smallest 
ap Of p... Ра. 


the third largest 


The proof follows by inspection of Theorems (5.1)—(5.6). 
Remark (5.1). This finishes our considerations concerning the characteristic [1111]. 
It is not difficult to extend the present result to the cases of all admissible characteristics. 


INDIANA UNIVERSITY 
BLOOMINGTON 
INDIANA U. S. A. 


BIBLIOGRAPHY 


[1] У. Hlavaty'—"Einstein-Maxwell fields in the presence of matter and pressure" (Ann. di. Mat. Pura 
ed appl. Vol. LII, 1960, 21-39). 

[2] ——"Einstein-Maxwell Fields” (Journal de Math. Pures et appl. Vol. XL 1961, 1-41). 

[3] А. $. Mishra—‘Einstein-Maxwell field equations. Third class." (Rend. circolo Palermo. Vol XI, 1962). 

[4] S. Watanabe—“On the Theory of General Geometrodynamics” and “А Remark on the Theory of 
General Geometrodynamics” (Journal of Math. and Mech. Vol 12, 1963. 831-846 and Vol. 13, 
1964, 547). 

[5] У. Hlavaty’—“Contribution to the Theory of General Geometrodynamics" (Ann. di. Mat. Pura ed 
appl. Vol LXI 1963, 121-149). 

[6] ^V. Hlavaty’—“Reduction of Unknowns in Einstein—Maxwell Field Equations I. Characteristic 
[1111]" (Journal of Math and Mech. Vol. 12. 1963, 811-830). 

[7] V. Hlavaty'—"Reduction of Unknowns in Einstein —Maxwell Field Equations II. Characteristics 
[112], (11) 11] K111) 17” Gournal of Math. and Mech. Vol 13, 1964, 31-54). 

[8] У. Hlavaty'—"Reduction of Unknowns in Einstein-Maxwell Field Equations I. Appendix” (Journal 
of Math. and Mech. Vol. 13. 1964, 909-926. 

[9] 5. Isaac—"' Reduction of Unknowns in Einstein-Maxwell Field Equations. Third class” (Dissertation). 


NOTE ОМ THE DIRECT DETERMINATION OF 
STEADY-STATE THERMAL STRESSES IN 
CIRCULAR DISKS AND SPHERES 


By 
BIBHUTIBHUSAN SEN, Santiniketan 


(Received — October 28, 1964) 


Abstract. The object of this paper is to describe direct methods of finding stresses 
in circular disks and spheres under certain boundary conditions when there is steady heat 
flow in the material. 


Introduction. Direct methods of solving some boundary-value problems of the 
theory of elasticity were discussed in previous papers by the author (Sen, 1946, 1957). 
It is shown in this note that the boundary-value problems of circular disks and spheres can 
be solved by the direct method even if there be steady temperature distributionin the medium. 
As illustrations, only two problems are considered. The first problem is concerned with 
the determination of displacements in a circular disk when these are prescribed on the boun- 
dary while the second problem discussed is that of a solid sphere having prescribed tractions 
on the surface. In either case it is supposed that the material is isotropic and there is steady 
flow of heat in it. It may be noted that direct methods for solving similar problems for 
other types of boundary conditions can also be easily deduced. 


I. Two-dimensional problem of a circular disk 


If the rectangular axes ox and oy are taken in the middle plane of a thin disk in a 
state of plane stress, we can assume X,—Y;—2;—0. T being the temperature at the point 
(x, y), stress-strain relations in usual notations are given by 


1 
exo —4T = Е | ex]. 





1 1.1 
eyy «T= | У» °Х |, ( ) 


2(1 
елу = Эх, 


where E—Young's modulus, o—Poisson's ratio, and «=Coefficient of linear expansion. 
From the above equations we get 





Ai zz--€yy 


1 (1.2) 





p -F2«T, 
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where 6,=X,+ Yy, and 


Xz— lA —o) €x; —«(1 +о)Т], 





Yy= c le Ai —o) eyy —«(1-4-0)1], (1.3) 


E 
дро) "n 


Hence from the stress equations of equilibrium, we obtain 


Узш=—у $- LA 2T]: 


8 (14 
Viiv=—y jy £T], Oe 
А . 0^ ., 9* 1--о wand v are components of displacement along 
gol. в Атса — . 
шиде 9х Тая > Y= Toe’ the axes of x and у. 
If there be steady flow of heat, we have 
МТ = 0. (1.5) 
Herico differentiating the equations (1.4) with respect to x and у, we get by adding the results 
Ут Л:=0. (1.6) 
Т being a plane harmonic function with given values on the boundary, it can be uniquely 
determined. Let . Т=Ве y (2), (1.7) 
where z=x-+iy and Re denotes the ‘real part.’ TE 
Suppose Ai = Re ф (2). (1.8) 
Then we can put | | 
u=? Re [e-m oo +Reg,(z), 
4 2 | 
= T Ré [(а#—г*) ш +Reg,(z) oD 


where Reg,(z) and Reg,(z) are the values of и and v on the boundary r=a, supposed to 
be known (Cf. Sen, 1957). 


Since Red(z)— Л, EM 
(1.10) 
we obtain from (1.9) #Ә= 52 2:5 P2 -: G) +182 (2)]. 


The value of ${2) being determined in this way, expressions for и and v at any point can be 
-found from (1.9) 
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2. Three-dimensional problem of a solid sphere 


In the case of an isotropic elastic solid having steady temperature, we have by genera- 
lising the Beltrami-Michell equations, the stress equations of equilibrium as 


1 ә? 
Vic. i. ба [9+Ет | =й, 
1 2 
2 sU CE Rae = 
VX +755 буду [PTET |=0, (2.1) 


І a _ 
У. 9х9 [e+«zr | —0, 





where у= 2x xs Hi 6 — X; 4- Y,--Z;, 


«x = coefficient of linear expansion, Т = Temperature, 
с = Poisson's ratio, and Е = Young's modulus, (Cf. Sharma, 1956). We have also 


in this case V39—0, and \у?Т=<0. (2.2) 
Let us put S =ө+«ЕТ (2.3) 
so that we get Vis=0. (2.4) 


Multiplying the first of the equations (2.1) by x, the second by y and the third by z, we 
have by addition 





a 2 2 
aa CR Ba T Past a tee ]- 0, 


дхду p 27х92 
ог 





Xy ONG 
ухх. yXyd-zX]— 252295 04s. 0 =] 


95 
Hpbi к ay +7 5: ]o jx 0) 
The second expression in the above equation vanishes on account of equilibrium. 


Let X, be the x —component of the traction on the spherical surface of radius r at the 
point (x, y, z). \ 


Then 
ao Ad Zy, 
Х,= ; Xz4- © Xy+ Dr 
Hence the equation (2.5) reduces to 


1 95 
ЕЕ о: (б>) = 


ог 


1. 9 


Vr X;) += 1-0 exi" 


A 255] =0. 
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Similarly we shall have 


V CY) pr 5, 2—5) =0 (2.6) 





А 1 әгд5 J 
У а 5] 0 


Since 5 15 a harmonic function, we may put 


S—XS,—30,-J-«EXMTs, ` (2.7) 
where би, On, Tn are solid homogeneous harmonics of nth degree. 
Then 

$05. ааа ув, ; 


or 
Remembering that 
үу *[(а*—г?) 5] = --2(2 +3) Fn , 
where Fy, is a solid harmonic of nth degree, and a is a constant, we get, 


92 





yas == — 21-1) © 


For a sphere of radius а, the solutions of the equations (2.6) can therefore be written as 


+" 


199984 ту”. X, 





РА = аа 


к. 


n—1 2 2 л 
ЛУ г) 92 У Zu, 
where Xn, Yn, Zn denote spherical surface harmonics of degree л such that 
[X7] XX. [Yj,.,—X Yn, [Z], = =Zu (2.9) 


= 
а*— зуд y а аў; Yn (2.8) 





On account of equations of equilibrium, we have 
д д д 
av) Cn) +a 2) 
дХ ӘХ, ӘХ: ӘХ, ӘҮ, Үд, [0Xz ӘҮ, д7; 
тыт Шы Л ыл 
+Xat+ Yy+Z:=0 
Hence differentiating the equations of (2.8) with respect to x, y and z, we get on adding 


„25% QS, , 955 
eub Ox TY 9 УЛ “ду | 


ta) los x ) т » (= у.) +: (= = ) | 








ө=ҖӨһ 





DIRECT DETERMINATION OF STEADY-STATE ЕТС. 81 





or 
By — KEL y= — i ee ары (2.10) 
in which 
pat pi! 
y. A a ]+ [жн н ]+@ [а 2а] (2.11) 
The result (2.10) gives 
(1-40) Qn-+-1) 
So олово EM | с 


If the applied surface tractions be given, Yn will be known. Tp will be determined from the 
solution of the heat conduction equation V27=0 with given distribution of temperature 
on the surface of the sphere. Hence from (2.12) S, will be known. 5, being thus deter- 
mined, Xr, Y,, Z, can be obtained from the equations (2.8). 


„ 
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TRANSITION PHENOMENON IN PHYSICAL PROBLEMS 


BY 
B. R. SETH, Kharagpur 
(Received—November 6, 1964) 


1. Introduction. There is hardly any branch of science ог technology in which 
we do not come across transition from one state into another. Elasticity, plasticity, 
visco-elastic deformations, boundary layers, shocks, creep, fatigue, relaxation, oscillations 
and adiabatic theory in Quantum Mechanics are well-known examples. At present, they 
are generally treated as discontinuities. For elastic-plastic deformations, the ideal model 
has to assume some type of yield condition. Fot creep, not only the yield condition, but 
also a number of creep-strain laws have to be assumed. For boundary layers, the pressure 
from the irrotational flow has to be used in the layer. In shocks, a number of jump condi- 
tions have to Бе taken. А large amount of work has been done on these problems by 
Stokes, Poincaré, Horn, Birkhoff, Noaillon, Tamarkin, Perron, Trijitzinski, Twittin, 
Hukuhara, Jeffreys, Langer, Wasow, Levinson, Bellman, Stoker, Reissner, Lin and 
Friedrichs. [1] А 


2. Transition concept. The concept ofa transition state between two adjacent 
states of a medium has not attracted much attention due to the non-linearity involved in 
the analytical treatment. In one of his memoirs, Saint-Venant [2] refers to the work of 
Tresca wherein he assumes a mid-state in which elasticity alters to plasticity or as Tresca 
terms it, fluidity. The following remarks in Todhunter and Pearson’s ‘History of elasticity 
and strength of materials’ [3] are interesting : 


*Saint-Venant distinguishes in his cylinder only two zones, an elastic and a plastic 
one, but Tresca supposes a. mid-zone...... Saint-Venant's discussion has the 
theoretical advantage, but it seems not impossible that physically something 
corresponding to Tresca's mid-zone has an existence." 


A recent numerical study (4) on flow and deformation theories in plasticity was 
undertaken to see to what extent a continuous approximation, which involves the idea of 
transition, toan elastic-plastic materialin terms of the stress-stainlaw, would lead to a 
satisfactory convergent solution. The results obtained showed excellent approximation and 
convergence to the elastic-perfectly plastic solution. 


3. Measure of deformation. Irreversibility is involved in all transition problems 
and workers-for over two centuries have treated such problems as linear, with the result, 
that the discontinuities, singular surfaces, non-differentiable regions had to be introduced 
over which two successive states of a medium werematched together with the help of semi- 
empirical laws. Mathematicians tackled the corresponding problems and their solutions 
helped to increase the semi-empirical laws to be assumed. This legacy has also permeated - 
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the present trend to explain experimental results relating to a large number of problems in 
‘Continuum Mechanics.’ ‘In general, the assumptions made are— 


(1) Complex constitutive equations ; 
(2) Semi-empirical conditions. 

The formalframe-works so constructed have not been all successful and the best 
of theories have not fulfilled our hopes. The formalism and semi-empiricism adopted 
in such problems have become more and more complicated without evolving any simple 
concept governing them. One source of all these troubles is the use of classical measures 
of deformations produced in a medium, even when we know from experiment that non- 
linearity is а characteristic of such deformed media. The dynamical equations of 
equilibrium and the concept of stressesare well-defined; only the measures of deformation 
are flexible, asit should be. Any restriction placed on these measures strains the consti- 
tutive equations unnecessarily into complex forms, even in cases where we know it should 
not be done. Plastic and creep effects in metals are well-known examples. In such cases, 
‚ the strain is small and no refinement of constitutive equations can better the results. Such 
problems should betreated as transition phenomena. И, therefore, appears that we 
should construct generalized measures to bring the full impact of modern measure theory 
to our aid. Thisis readily suggested by problems relating to high speed structures, and 
to those in creep, relaxation and fatigue where even the popular Hencky's logarithmic 
measure only gives a constant value of the rate of creep-strain. The present state of visco- 
elastic and rheological problems and the shock structure problems also indicate that 
instead of increasing incessantly the complexity of the constitutive equations, attempts 
should be made to evolve generalized measures. The function of such measures should 
be to condense the non-linear effects of the deformation and to show that no semi- 
empirical laws are necessary. 


4. Analytical and physical identification of transition state. 


The second concept involved in thetreatment oftransition phenomenon is the identi- 
fication of the transition states with the turning points of the differentiable system descri- 
bing the medium. In general, these turning points will correspond to infinite contractions 
or extensions of the medium. The metric or fundamental tensors of the space may there- 
fore be used, and the physical transition may be identified with the limiting cases when 
the axis of the deformation-ellipsoid tend to either zero orinfinite. To illustrate in a 
simple manner some of these ideas we may discuss the transition of a compressible flow 
from supersonic to subsonic. Some ofthe assumptions that are made by neglecting 
viscosity come out without assuming any jump conditions. 


5. One-dimensional steady compressible flow. 
In one-dimensional steady viscous compressible flow the equations of motion are 
ри=т, 


ди ap , 40 д У 
"Ox Әх 3 ax (# 2) | (5.1) 





У 
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Assuming p—f(p), and putting Р=ди[дх, we get 
"os tus -E)-3?4 ) З 
l mp(1— 5) =з Pa (or). | (5.2) 
where c*=dp/dp=the local sound velocity. 
Since P40, as otherwise u—0, we have, if в is faken as constant , 
E dP зү _) 


du 4u N, w). 
The three singular points, which can be interpreted as the transition points are | 
@ p>0, (ii) me (iii) u— Le 
The first, и->0, (Roo, R being the Reynolds number) corresponds to the case when the 


fluid tends to become non-viscous at the edge of a boundary layer. Over this transition the 
pressure-density relation is 


(5.3) 


т 
=k— "з 
p P 


which may be expected to hold good for gases with small viscosity. 


The second, и-> о (R—0) corresponds to the slow motion of highly viscous liquids. 

The third, u+-te, indicates the transition from supersonic to subsonic over the 
transition when the Mach number is 1. It is significant that p has not been taken to be 
zero and no particular specifying condition in the form p=f(p) has been taken. Over 
the shock, 


rY 


др - 
on M m| p, 


and hence p~m log (p/k), a relation which.can be expected to be true for weak shocks 
where the entropy change can be neglected. 

From (5.3) we see that if y—0 and и-> Ес simultaneously, dP/du is indeterminate. 
This shows that viscosity is Significant over shock-transition region and should not be 
taken equal to zero. 


H 


Again, over transition dP/du—0. Putting this condition in (5.1) we get 


Qu Әр 
дх Әх | 
Or, m(u,—w)-—pi—Ps, (5.4) 


which is the mornentum equation: This has been obtained without taking »=0, as is done 
in current literature. 


In like manner for two-dimensional symmetrical flow we get 
2прги==т, ru= U, Bir id 


Qu 00 4 A 
pu ty ple T 00 (65) 
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These give 





т (2 aU UY ст 0U sae dl 
2m Vr Өр п) 550% or + ЗР oU 


which can be re-written as 


d|(U , 8mdU) 1 c 
001-6 +5790 = g 


Once again we get transition at и» 1-с, (М- +1). 


r Or 


G. 6) 


Similarly we may construct more difficult cases. For example, for the one-dimen- 


sional flow of an ideal gas 


p-—gReT, Е -—gRT-c, 


ди_  gRT __ с* 
Эх "Кш ес. 


Т К 
a. auod HY 


These give 


€4, Ca being constants of integration. 


This may be re-written as Е 


which may be written as 


1 dQ (1-3) | mgRu 
3m du \' a8 JF Y 


which again shows transition at М=-1, 





(5.7) 


(5.8) 


(5.9) 


(5.10) 
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6. Generalized strain measures 


The use of generalized strain measures can best be illustrated by taking problem 
in elasticity, plasticity, creep and fatigue [5]. 

As the strain tensor es; is symmetric we may associate it with a quadric surface, known 
as Cauchy’s strain quadric, at any point P, such that 


eijx'xJ =a constant. (6.1) 
If A, be its principal axes and a, and x; are the coordinates before and after strain we may 
write 
Xda$—Zdx9] M, (6.2) 
Any suitable functions of A, which vanishes for A, =1 when there is no deformation may 
constitute a measure of strain. If we put 


A —ne)- Yn, (6.3) 
we notice that it includes all the known measures. In fact we have the following results : 

n = —1, = 1-}e, Cauchy (C) 

n = —2, = (1-++2e)!2,Green (С) 

n= 0, А = ехр(е), Hencky (Н) 

n = 2, = (1—2e)!, Almansi (А) (6.4) 

п = 1, = (1—е)-1, Swainger (S) 

n = о, = 1, № strain (N) 


We can therefore call n the coefficient of strain measure and д as a generalized strain measure. 
The strain components of the measures in (6.4) have been calculated by Cauchy, Green[6], 
Murnaghan [7], Reiner and Hanin [8] and others. .Seth [9] has stressed the use of the 
A-measure in a number of applications. 

It has been shown that the use of the Almansi's measure solves problems in elastic- 
plastic deformation without using any yield condition. In fact it gives a number of other 
interesting results, like the following [10] : 

(i) А distinction is made between transition due to extension and that due 
to contraction. 
(ii) It shows work-hardening when it occurs. 
(ii) In torsion it shows that the axis of the cylinder never becomes plastic. 

and (iv) In plastic sheet bending it predicts the form of the plate when it becomes 

plastic. 


These cannot be given by classical elastic-plastic theories. For creep, relaxation 
and fatigue, the measure in (6.3) may be generalized to 


A- (17e) Е (6.5) 


where m is found to be the index of transient creep. This can be shown to give all the known 
cteepestrain laws, whose assumption then becomes unnecessary [11]. For example, for the 
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ОА case the well-known Norton’s Ld .can be deduced in tbe following 
manner : 

Let А be the cross-section of a red of length 1. aid А,, lo the initial values of these 
quantities. Further, let а be the average constant strain rate, so that after a time t the total 
ductile strain is a f. From (6.5) we have another expression for the. total strain. -Equating 


them we get . 
ЕР. Бү" —1. : : 
exOy)p e а 


The .condition of incompressibility gives зз g 
Al=Aolo. . E (6.7) 

If P be the total load we have also the relation _Р=ТуА=То4о. (6.8) 

Differentiating (6.6) with respect to ¢ and combining the го ult with (6.7) and (6.8) we get 


Y —Rate of creep strain =} $= =й а (5t Ту Ly = 


which is Norton’s law. 

In like manner the well-known Andrade's law which holds good for a variety of metal- 
at different temperatures may be deduced from (6.5) by adding together the two creep strain 
rates obtained by putting m=1, п=0 and m=3, п=1 in (6.5). For a wire of initial and 
final lengths /, Jo respectively it takes the form 

1=Io(1 + pt!3)e. 
Laws due to Odqvist and Kachanov and others may be simijarly deduced. 
- Problems due to fatigue and initial strain can be treated on similar lines. 


7. Rheological problems 
By altering the classical strain-velocity measure 


2e47uti, 303,4 
а number of problems relating to visco-elastic fluids may be gened, For principal com- 
ponents we may put the generalized strain-velocity measure in the form 


p 
гей tms | 1 - (1 — men) } ‚ (7.1) 


mand k help to correct the dimensions, п, р are the measure-indices. The generalized strain- 
velocity tensor can be readily constructed from (7.1) [12]. 


For n= 1, p=1, e, =e, which is the ordinary measure 


` Еоги=1, в = е? , which pertains to power-law fluids 


For' п 6, p=1, ви = — -Hog (1—me,,) which is the logatithmic measure. 


< 


TRANSITION PHENOMENON IN PHYSICAL PROBLEMS 89 


It may therefore be concluded that the concept of the asymptotic solution at the turn- 
ing points of a differential system combined with that of the generalized measure for a de- 
formed medium can give solution of a number of transition problems, without assuming 
semi-empirical laws whose number seems to be on the increase. 


INDIAN INSTITUTE OF TECHNOLOGY 
KHARAGPUR 
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1. As is well-known, a Finsler space К, is an n-dimensional differentiable manifold 
with the measure of its line element (x, dx) defined by a homogeneous function F(x, dx) 
of degree one in dx, i.e., the curve length s of a curve x=x(A) in Е, is given by 


г | Е (5 a) dt, (t : parameter of the curve) 
where we abbreviate, for the sake of simplicity, the superscript of n coordinates x of a 
point or dx! of a tangent vector and denote it only by а letter x or dx. The function 
F(x, dx)-is called the fundamental function of Fa. Obviously a Riemannian space is a 
special case of a Finsler space, i.e., 


Fx, dx) = ечди d. 


Repeated indices imply summation throughout this paper. Although the consistency of 
this space was suggested already by Riemann in 1864, the geometry in this space was studied 
first by P. Finsler in 1918 and afterwards by L. Berwald, E. Cartan and many others (see 
H. Rund ; Differential geometry of Finsler spaces, Springer 1959). 

On the other hand, E. Cartan introduced a so-called Cartan space in 1933 where the 
measure of its. hyperplane element (x, D) is given a priori by a function F(x, p) homogeneous 
of degree one in every line element contained in the element (x, p), i.e., the area of a domain 
on a hypersurface 


xi—x(ut, ї1й,.... ut), ij—1l,2,....,n, 
Is given by . 
з= |. F (x, 2>) dud... dun, 
ди 
(n-1) 


This space is also a generalization of Riemannian space. In the last space the fundamental 
function reduces to 


и 


Ox ex? ox! 
F(x, и) = Ax! ax! |, Bs coq. 
дй V det. ва P a В ; 








` These facts give rise to the problem : To discuss the geometry in the space, called areal space 


(m) Д 
and denoted by А», with the measure of its m-dimensional plane element (x, p) defined by 
Ё (т) ~ 
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a function FS p) homogeneous of degree one in every line element contained in the element 
m) 


(x, p), le., the area of a domain on an m-dimensional subspace 
(m) 


x! =x! (ut, и?,..., um) 


plc esee 


It is evident that this space is also a generalization of Riemannian space, i.e., for 
Riemannian space F reduces to 


F (= Эн \/ det. , 


is given by 


where 1<т<п—1. 





Sap] 
ax! ax! 
Eag Zeue хх a a, В=1, 2,...,m 


Not only Riemannian space but also Finsler and Cartan spaces are particular cases of this 
areal space, l.e., Ag) and А-П for m—1 and т=п —1 respectively. 

This space was taken up first in 1936 by the present author and then was treated by 
many others in the last 17 years. The theory of Areal Spaces is not so easy to discuss because 
we can not treat it in the same way as those of Riemannian, Finsler and Cartan spaces due 
to the difficulty which occurs only for the areal space. 

In the present paper the theory established by my school members and others is 
explained only in its outline, not in detail. 


2. Let Mn be a differentiable manifold of dimension n with local coordinate 


neighborhood U of which a point P has coordinates x!(i—1,2,...... , п), and 


[m] 


consider the space Mal" of m-frames on Ми, where a frame p consists of т linearly indepen- 


dent vectors pi at a point P (a=1, 2,...., m).D Міт is a fibre bundle over Ms with the 
е ml : Я . 
projection y of м. onto M, and is acted оп by the group ¥ of fibre preserving diffeo- 


morphisms popy : pony, , where ТА is any non-singular matrix with positive 


Im] тр. : 
determinant. The quotient space М, =Ma / is the space of oriented contact elements 
of М» of first order and rank m, and is also a fibre bundle over М» with the projection 
т: MP. y. Mp. 





1) If we consider an m-dimensional subspace Mm imbedded in М» and Mm is expressed 


xb, 
in the parametric forms x!=x! (ut, и?,...., ит), then we may take? in place of р! 


que 
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An areal metric or structure of dimension m on Mp is defined by a positive differentiable 
function F on Мы with the property 
(1) Е(рұ)= | | Ер), 
where [У] denotes the determinant of the matrix J(— (5). An areal space Anis an oA n 


with an areal metric or structure of Qu m. 


The changes of local coordinates on м." are of the form 
i sis x! J 
(2) BHA eee уп ) -Г — 0x! ;P 
Ра OX! а 


and Е becomes a function F(x!, ра!) in terms of the local coordinates x! ‚Ра. 
We introduce the following notations : 





ar Or 

| ap^ 

а def 1 a 
(3) P, = FD (og Р) |", 

аВ def а |В a B ajs В а 
(4) 1. = (log F) [7| НР; = р |) + P,P 


1 @F 1 OF BF 1 Е aF 
СЕ pop] P op, pj Р? ape дра” 





(Legendre form) 





af ТӘР or е 
к=”. де ET = t 
(5 Е; P a axi for x!—x!(u*), (Euler vector) 
1 def idt d 7 
(6) р Ф = 8 ==р 


TN Xp Ж. 
š a „aß 
Then evidently рр L, 


ij 
indices i and j as follows from (2), and for the diffeomorphism p> py 


Ei, р and а have vector or tensor properties with respect to the 


а Ва aß v8 а T: 
(7) ad a — Ly Le t, 


where (n is the conjugate matrix of 9) : 


a В са В са 
(8) Uh d, = Want =O). 
The following identities are found easily : 
af а 
(9) P,P, = ёр 
(10) 0р0, L^ 0, 


ij ij Py 
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It is shown that the Legendre form Le splits to two factors for a Riemannian space 


as well as for Finsler and Cartan spaces such as 


aß СДА cB 
L = 

(11) y 8,8, 
where g*? are contravariant components of the tensor 

| def i р! 
(12) `В =8,,P, Рр 
апа 
13 | dies derum 
(13) £y = 8 255 £j = P, P, - 


However, in a general areal space the form Ly does not split. 


We can introduce the following tensor with 2m indices : 


def х= 2 Ў 
(149 ал), = Y (z) "M а Br раз Вз раа В 


x (of 0") (p MM Mis. (e p. 


Та +1 Pratt аа Ја +2 im] Jm] 


where eg, ...-amis Eddington’s epsilon and brackets mean the skew-symmetric parts with 
respect to ТА 1... . ly and jis Ja... . Jm respectively. 
\ This tensor has the following properties : 
(a) skew-symmetric with respect to m subscripts i's as well as to т subscripts j’s and 
symmetric with respect to two systems of these m subscripts, i.e., 
| Sig тя oe Im BI, md Что 
(b) invariant under the group ЇР, i.e., the functions Zi, ...t Ju +. Jm (x,p) are 


homogeneous of degree zero with respect to р! for any fixed value of a, i. e., 


0 
(15) PIT Eh osque does 
8 a pk 1 , "1 m 
for any values of a and f. 
(c) the relations hold good 
(16) быт h d РА In mlGe ть 
(17) Et dm, fy oe Sm РО IP pho fmc (ty ge 
(18) p^ dm б. Bio das dove jm=0, 





op. 
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where 


р“ edm A m! pi p pnl, 


def 1 l uio V E 
Gs, im m! F? Pre р; Ри: 
By means of this tensor which we shall name the metric m-tensor in the areal space 
under consideration, we can define the measure of а contravariant m-vector Xi» by 


1 ass ass 
XP p Fn joda Хи’ x^ im 


and also that of a covariant m-vector in the similar way as usual For Riemannian, 
Finsler and Cartan spaces, this tensor splits also into the m-rowed determinants con- 
structed of the components of the metric tensor giz, i.e. 


и ip esa rl Sor 
(Э) Вет, т тё, [ВЫ № 1 Eim] Ju], 


which can be proved on account of the relation (11). But this fact is not true in general. 
Hence at first we have to study the special class of areal spaces for which there exists a tensor 
£i; and this relation holds good. Such a space is named an areal space of the metric class. 
Then we prove, on making use of (14) and (18), 


Theorem 1. For an areal space of the metric class the Legendre form splits into g",, g*P 
and the metric tensor 8; can be defined uniquely by 
ES а Ву” 
$ 8,gP, Р, t£, 


provided det. | g% | 50. 








Theorem 2. The necessary and sufficient condition that the areal space be of the 
metric class is that there exists a non-singular symmetric tensor 8i; Which satisfies the 
following three equations : 


O det. вр] =, 





(ii) p = в.) g Рр. (transversal relation) 


КРЕ Y 
(ш) 8y | „ру 4 =0, 








where А 
g Y _ 08, 
1] ав 
1 : apy 
If the relations (i) and 
(iii^) Zy | ^p] =0 


hold good, then the space is of the metric class, because from (i) and (iii), we can derive 
easily (ii) and (iii). | 
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Theorem2 leads us to ascertain the remarkable and final result established by T. 
Tandai : 
Theorem 3. An areul space of the metric class must be one of Riemannian, Finsler 
and Cartan'spaces. 
This theorem shows us that the discussion of the space of the metric class is not 
needed in the theory of areal spaces. 
3.° The next step is to study the areal space of larger class than the metric class, 
because the Legendre form does not split in general. 
If we can find a symmetric tensor g, з (Œ р) of the second order, satisfying the following 
` three conditions, it will be fairly convenient to study the space, since we may proceed in the 
same way as in the case of Riemannian or Finsler space. 
(A) 8,, are constructed algebraically of the function F(x, p) and its derivatives of 
first and second orders with respect to p’s. 


(B) ж, з аге invariant under the group У, i.e., 
Ey P J) =, (х, p. pe, 


(С) det. | 08 | =F?, provided 268—8, P, Pg. 
However, unfortunately, such a tensor does not exist in general. Accordingly, we shall 
consider now such a class of areal spaces in which we can find a symmetric tensor 
gy (x, p) satisfying the conditions (A) and (В). Such a space is called an areal space of the 
submetric class. In this space we can modify g,(x, p) such that (C) is satisfied, i.e., we 


| def 
take pg, in place of gy as рт = F?/ det. | Bop] is an invariant under У. 
In fact there are examples of such spaces as the following theorem shows. 
Theorem 4. Jf the integers m and n are relatively prime, then a regular areal space 


A® is always of the submetric class. 


An areal space is called regular, when the (2)-rowed determinant Дит İS different 
from zero. 


For example, when n=km-+-1, we construct 
САЛ = eln] eJn] 8i, ть J,.. Jm Simei. Lams Лит Лт i 


Хк рт +1.. Ikm ДЕ-1)т+1. jkm 
id modifying on making use of det. | G" |, we obtain the required gy . 


For the sake of brevity, we use the notation 


f 
dU) dirl, (Eddington's epsilon) 





1 i, { 
(00) й T ol! E ур 


def 
Eitmlpm] T Et, -im Jio dm? 
and so on, which are skew-symmetric with respect to the superscripts or subscripts i’s or 
J's respectively. 
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Let us now consider a regular areal space of the submetric class. Then there exists 


a symmetric tensor gz; which is named the metric tensor and we assume det. | 8 | #0. 


Put 
Sap=PS p. р! 
and determine р such that 
det. | в „| =F 


which is possible if det. | 8j p. р) | #0. Then ме name 


xd 
21) £y = = (o; Pr Py + aa Ly) Bap 
the normalized metric tensor. 


Theorem 5. The normalized metric tensor satisfies the relations : 
Boe І a * aß j 
(22) £j Pa Pg = Bap? Pi —8у5 we 
(23) C? =0, 
a 9 h + 
where Cig = dj Pps 
We have to remember that a and Cup™ 0 are the necessary conditions for the 


space of the metric class (Theorem 2). The condition (23) is weaker than Cjjg— 0. The 


necessary and sufficient condition that an areal space of the submetric class be of the metric 
class is obtained in many different ways, for example, 


(a) e ув — = 0 (Theorem 2), 


ap od = аВ = 
(b) L*y = Lg ЕЕ ^j p =0, 


aß _ ,fa aß ry _ aß 
Lj =L} А Г, L I 


(c) 


[e [b1 таз Bs Iud. Bm] 
big cn DO 
There is a non-trivial remarkable subclass of the submetric class. An areal space 
of this class, called the semi-metric class, is characterized by the relation 


` CA) L g” „оВ = 
Ly = 818, 2<т<п—2. 

Then we have the following interesting theorem under the assumption that the space under 
consideration is regular, l.e., det.|g,,|40. 

—7 
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Theorem 6. In a space of the semi-metric class, there exists a well-determined 
scalar field A(x, p)#0, which is a rational function of the fundamental function F and its 
successive derivatives of order not higher than 4 with respect to рі,ѕисћ that the new fundamental 
function F=\-1F determines a Riemannian metric on the underlying manifold, i.e., the 
associated areal space with the fundamental function F is a Riemannian space. | 


Now let us consider the characteristic m-tensor 
def 
Урт), stm) ат, Jim 7 Ep, гу, taja ad, 


which is different from zero for the spaces of the non-metric class, and satisfies the relation 


Лт] _ 
J ilm], Дт]? =0, 


when gi; is the normalized metric tensor. As the generalization of the usual partial deriva- 
tives, we define the partial derivatives of a function Ф(рїїтТ) with respect to рїї! as follows : 
Se! oe ape. ot ee 
Put Р Pim? T; = Apt? 
where Ф(р""]) is any homogeneous function of degree p in the р"Тх. 
Then the following relations hold : 
Фән] pil" =D" р, =трФ, 


Фи] арїїт1==дФ, 
[т] = а in] 
p Jim] n р». Эһ? 


д . 1 
On account of these relations, we have, putting /^"1— xem ; 


1 
Jo, лт, ktm] = ЇЇ"! Tacit Лә: klm) 
] slp Я hm] 
7 =ОГЕ Лит], Лт] n Py ..Р knf 
from which it follows that 
Jo, rm), kim] 179 =0, 


m—1 тїт m—1], 
Јо, jim), Wir =—тт!) ЕЙ) рае 1 sani р Py "Phen - i 


Hence | 
7, m pg ghh.. , gimjm Jo, jim), kim] 


= -1 | im- lm] p*alm m—1] 
— —mi(myF Pu Pg Eni E, hn Ph” 'Pkm-1] 


ДА.. dm- -1 m] 
= ml J "oL 
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where 
i E gU pes Im т-1] 
7 hk[m] - n Ph 8 Ва 8 Е j [km Ph” Phim 1] a 


= т 1 _m-1] 
= m gy р, Lgs P, Pes a]? 


whence evidently 
1 
A hm = 


We shall introduce the absolute differentiation of a contravariant vector X! in the 
form ` 


рх!=ах“+ (Tid +O) ydo Т) X 


where the functions P and С! should be subjected to the condition 


Кт] a 
Dg,,=0, 
that is Ес: - 
__ 98} 
Гув + Гил= Ax Я 
Ситу Geapm ут] ' 
where 


pt 


cz = h 
Ph = Tio Суди) =8 тт 
Hence we may put 


ЕГ 1 
(24) Cu tm] + 8] zs Рф Ат]? 


тут] being the skew-symmetric part of Cy kim] with respect to.the indices i and j. 


Let us put 


Inl [h Im ty] ilm] “Alls adm abs] 
a mE kh? Со |kim] ™ Ch ktm]? 


iim] _ 1 äm) ilm] ВА... " hy 
І = F? > л , kim mi = & TR kim] 3 


then we have the absolute differential of the unit m-vector l'im] : 
Tm] _ gim], piim] i[m] kim] 
DI dl a Јах? + C, Ит] 


апі from (24) it follows 


ilm] [la т gil 1 
СИ” ту ml Pra Fai) 
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i 1 дт] 
ро"... psp ) To Km) 


Ej. ps Eis 77 тит) т] Е 


= Пт] 1 qm 
=—# "щт Е то kim] * 


Therefore we can choose the function sj, in such a way that 


1 


i : 
Е "hp = лет) > 
then it is easily seen that 


Co 0 , 


Ат — 
because 


lj Ете. | CS i \ 
— F Pa jhk EPa (Sji h kim] yi) ikim) 
= J i 
= — M, ии 
Accordingly we obtain 


рій" дїй pH ad 


which gives the base connection in our space, and we can write the absolute differential of 
а contravariant vector : 


. px! ахі + ( Pat lc px, 


Кт) 
i kim] _ 
because C im)? =0 and 
ppt) = pp — Am) дк, 
* gi ja 1 
where D, = Г, xci. I" ; 


The unknown functions Г, can be determined from the system of linear equations : 


*] E х; 
Pin = Dy 
e 90g. 
£T), T guy axh ° 


if the determinant of this system of linear equations is not equal to zero. 
Thus the absolute differential can be determined uniquely; however, it can be noticed 
that Dg i j-9 but D, m] Лт] is not always equal to zero. 
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4. We are now in a position to proceed into the theory of areal spaces of the 
general type. 


Let giz be a non-singular symmetric covariant tensor of second order satisfying the 
following : 


ES - LJ 
Q5) det. | g,p|— Ра (s, 8y Pa p») 
TN DO ii O i 
(26) by Th Pa =0, I, = 8 —Рь» Ph TP, 
vy d J 


v k 


i 8 
(8) g” к 4; P, — 0, 





nevertheless we cannot assume its unique existence. As (27) and (28) can be rewritten in the 
forms respectively : 


— та 
(29) те y= Ly бов’ 
i 
(30) (пт) в"? = Го? g", 
we have a system of algebraic relations to define gi; Let us consider a pair of the 
(n—m)-ples g А and d, such that 


à i 


і А А toa 
9,0; 79, ЧР; =0, 9 p,—0; 


@ = 
then we see 

41q4)—9]—8,—p), Sy WT op, ЕЧ sf grt 
and the metric tensor gi; is completely characterized by 


= в РРР - 81.010 
on account of (25) and 


(31) m gy. D guo, 
(32) (n— т) g^ —LS gi , 


where L% = Ljfqigi, if we assume det.|g,| 4 0. Since (31) and (32) are homogeneous 
with respect to Zas and g,,, they admit at least one non-trivial solution, because (31) and 
(32) give rise to the same relation Гай g p8" =m(n—m); hence we can assume without loss 
of generality that their resultant vanishes identically. Hence for the solutions pgag and реу ь 
of (31) and (32) under the assumption that det. | pg.g| det. | рер | 40, we have a metric tensor 
£15 whose components are independent of the choice of 4! and д^. Thus we have the com- 
plete set of metric tensors gf), #0,...., gf) whose components are algebraic functions of 
F, n and Li. However these tensors may not be real-valued in general; in fact, if £u is 
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a metric tensor, then egi «9,3 (k=0, 1, 2,...., т—1) are also metric tensors, e being a 
primitive m-th root of unity and gi; the complex conjugate tensor of gi}. The set of all 
the metric tensors is divided into mutually disjoint subsets, each one of which is 


consisting of &*g;, and e*g,; (k—0, 1,...., m—1), gı; being a representative of the subset. 
Such a subset is called a class of metric tensors and denoted Бу {2+3}. Put - 


T _ 1 КИ 
Саһ 8 1-8 Sen)» Ни, kh IE (£8xy— 80 8). 


Then G1j,e, and Hi;, x, are real quantities and invariant under a change 24-е. On 
the other hand, by a change 2, ;>24, Gij, kh and Ayj,en turn into Gien and — Нуу, xn. Thus 
Gij, zn depends only on the class of metric tensors feiz. 


On the other hand, the present author succeeded in determining the connection 
uniquely and in finding the concrete forms of its connection parameters in the areal space 
of the most general type in the simplest forms made of the fundamental function F and its 
derivatives. 


Put 


hk de f А А 
£d e Bid cdi edis g^ iz.. ть K fa... ]m. 


Dap T (ДШ (m1) ) ^g" (5-1) 8 5), 


hk def hk 
Ages 


A y? ee A uU ps РЁ. 
Under the assumption that the mn-rowed det. | ^ ,,98 |20, we introduce Л” by 
Ay? AW „== 8} 9 
+ aß 2 + 776 2 
and put Лу =Fm Л, A" =F m 2p 
Then we have the connection 
—dV!4 Г) iyi de tci Vi gp. 
where 
др, =9} (dp] + Bi, d^), 
n os CrP вё — Ске В“ + Сз Bis 
ty i 
СДС egt. 
h 
C; pa 2m am А" "А Е. 
We shall introduce an affine connection based оп a not necessarily real valued metric 


tensor g;;, such that an absolute differential of any vector is real and the connection will 
be determined depending only on (gj). 
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Let an absolute differential of a contravariant vector V! be written in the form 
BV! = dV'-- rj V! det + Cj, h VŽ 8р, 
where the base connection is given by 
бр. = qj dp, + Bd x^, 
satisfying the conditions : 
Зв, =0, Гд=Г 
Веги Ф рі, Суй, =0, 


8 [у ав k 18 ” j 
Сул kE q, Pi =0, C,, Ру =0. 


Then the connection parameters are expressed as 


pis t } ра c“? p" E gU EET ò p’ 


jk Ша jh ðk k,h ЖА èr’ 
xir 8 NEN P “EB xir 
Сл 738 вии’ C pn С ща» 
S 8 __ xis is 5 8 _ EM. *g5 
Ch Cua. PE Tuy ya — Pg Eg We 


Let us denote the other absolute differential У‘ obtained by the same way in terms 


of the metric tensor g:; ; then we can easily see that 
БҮ! = Sy". 
On account of this fact, the third connection is defined by 
Dy = i (s зу) рар Руа Č „V Dp, ; 
where 
Dp =} (р? + Sp; ) = d dp! + E. dx", 
which is called the canonical connection in terms of (gi). 


The torsion and curvature tensors are obtained from 
i 1 k ді 8 k 
x (D,D,—D,D,) х = Spel d, dax ]+ e| ах, Dep; | > 
i i k 1 1 k h 
(DD, — DD) V'= (885, [а dex! ] s [4 Der, | 
iv8 h k j 
tC, our , Dp; |} V 
and have the forms : 


54 (Fe — Fy), 


^ 
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=* -*n ~ 7) -*h 
+P PP Га x 











Gas = Cale ба Eie- б C 
сд-е 
f = ib the M an’ _ д | 
J 2m ag m 3x 
Вод = Урра Wine WT Wi, = 828 8, 
С в, С) г" 9 


We state the following theorem : 
Theorem 7. Ifthe space is of the submetric class and the relations 


hk hk 
A = 8,8 and F? — det. | в 


hold good, then 


* aß 





*hj дл = #1 двр, 
^ ag дж axk ° 
hr y _ Ar 08j 
Cone # гү 

др 


Y 
and v; is the Christoffel symbol in usual sense. 


Hence the introduced connection parameters coincide with those stated before in 


the case of the submetric class. 

Remark. 'There are many other topics, for example, theory of subspaces, varia- 
tional problems and so on. Some were solved in this field but there remain very many 
unsolved problems which are looking forward further investigations of young talented 


research workers. 


HOKKAIDO UNIVERSITY 
SAPPORO, JAPAN. 
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ON HYPERCONNECTIONS 


By 
KENTARO YANO AND SHIGERU ISHIHARA, Tokyo, Japan. 
(Received— December 10, 1964)) | 


The hyperconnection in the sense of the present paper was, in our knowledge, 
first considered by В. König [4]. The hyperconnection in 5-dimensional vector bundle 
over a 4-dimensional base space was used by A. Einstein and W. Mayer [2] to establish 
the so-called unified field theory of gravitation and electromagnetism. B. Hoffmann [3] 
considered the hyperconnection in 6-dimensional vector bundle over a 4-dimensional base 
space to get more general unified field theory. The theory of hyperconnection was further 
generalized in this direction by A. D. Michal and J. L. Botsford [5] and one of the present 
authors [8]. 

More recent contribution to the theory of hyperconnection was given by S. Bochner 
[1] who discussed the subject by his method famous in “Curvature and Betti numbers." 

In the present paper, we develop the theory of hyperconnection from a little bit 
modern point of view. We hope this is the first of a series of our papers in which we shall 
discuss integral formulas and their application, groups of transformations, the representation 
of projective, conformal or more general connection. 


1. Hypertangent bundles. 

Let M be an n-dimensional differentiable manifold. If we denote by ГМ) the 

tangent bundle of M, T(M) is an n-dimensional differentiable vector bundle over M. Its 
structure group is the linear group L(n), 1.e., the group of all linear transformations in the 
fibre space И», which is a vector space of n dimensions. 
Let (М) be an N-dimensional differentiable vector bundle over M. Then g(M) 
is a differentiable fibre bundle over M, which has a vector space Vy of № dimensions as its 
fibre space. The structure group of (М) is the linear group L(N), l.e., the group of all 
linear transformations in the N-dimensional vector space Vy. If we suppose that the struc- 
ture group of (М) is differentiablly reducible to a subgroup of L(N) which leaves invariant 
an n-dimensional subspace of Vy, then there exists in J(M) а subbundle T'(M) which is 
an n-dimensional vector bundle [7]. Assuming the subbundle Т'(М) to be differentiablly 
equivalent to the tangent bundle T(M) of M [7], we call the vector bundle 9 (M) an N- 
dimensional hypertangent bundle over the base space M. The subbundle T'(M) being equi- 
valent to the tangent bundle T(M), if T(M) is identified with T'(M), the tangent bundle 
can be considered as a subbundle which is differentiablly imbedded in J(M). Although 
there might be many ways to imbed Т(М) in 9(М), we suppose that there is given a fixed 
imbedding of T(M) in (M). Then, if we denote by T» the tangent space of М ata point 
P belonging to M and 9» the fibre of ©] (M) at P, Tp is a subspace of J p. We call the 
fibre Ср the hypertangent space at P, 
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Since the tangent bundle T(M) is imbedded in (М) as а subbundle, there exists а 
subbundle T(M), which is complementary to T(M). That is to say, the subbundle T(M), 
is an m-dimensional vector bundle over M, m being equal to N—n, and the hypertangent 
space Jp is the direct product Tpx Tp, where Tp is the fibre of T(M) at the point P. The 
subbundle T(M) is called а vertical vector bundle. The tangent space Tp and the fibre 


T» of T(M) are respectively called the tangent plane and the vertical plane in the hyper- 
tangent space б] p at each point P of M. Corresponding to the choice of the vertical vector 
bundle, we can construct in 57 (M) fields of vertical planes in several ways. 


2. Tensor fields. 

Let (М) be a hypertangent bundle over M. Any element of (М) is called a (con- 
travariant) vector. A cross-section and a local cross-section of J (М) are called a (contra- 
variant) vector field and a local vector field respectively. We denote by *(М) the vector 
bundle dual to the hypertangent bundle (M) and call 9/*(M) the hypercotangent bundle 
associated with (M). Any element of 9*(М) is called а covector (covariant vector). А 
cross-section and a local cross-section of 9*(М) are called a covector field and a local 
covector field, respectively. 

In a cubic coordinate neighborhood U of M, we consider N local vector fields e;, 
65... ., ем linearly independent at each point of U. The ordered set (es) —(e,, ез,...., ем} 
of these local vector fields is called a family of N-frames, or briefly an N-frame, in U. Any 
vector field X, being a linear combination of ез, is expressed in U as*) 


X—X^ en, 
where X^— Хх, х®,....‚ xN) are N functions of coordinates x's defined in U and the func- 
. tions X? are called the components of the vector field X with respect to the N-frame (ez). 
An N-frame {ea} being given in U, there exist in U local covector fields f! 
£2,....fN such that 
f! (ex) =}. 


The ordered set {f! }={f1, f? ‚ №} of these local covector fields is called a family 
of N-coframe, or briefly an Wieoftume: which is dual to the frame {en}. Any covector 
field у, being a linear combination of f! , is expressed іп U as 


077i! , 
where 7¢=71(x") are N functions of coordinates x’s defined in.U and the function т; are 
called the components of the covector field q with respect to the given frame (ez). 
Let X and 1 be respectively a vector field with components X^ and a covector field 


with components 7; with respect to a frame (es) the inner product n (X) of X and y isa 
scalar function in M, which is given in U by 


(X) —X* т. 


* The indices h, i, j, К, run over the range (1, 2,...., N}, and the indices a, b, c, d, e the 
range (1, 2, ...., n. 
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We shall now introduce the Aypertensor bundle associated with the hypertangent 
bundle (М). For example, the hypertensor bundle SJ (M) of (1, 2)-type is by definition 
the tensor product 9 *(M) x J*(M)x9(M). Any element of the bundle 92(M) is called a 
tensor of (1, 2)-type. А cross-section and a local cross-section of the bundle $/1(M) are 
called respectively a tensor field and a local tensor field of (1, 2)-type. In a similar way, 
we can define the hypertensor bundle 9] 2(М) of (p, q)-type and tensor fields of (p, q)-type. 

Let T be a tensor field, say, of (1, 2)-type. Then, Tis written in U 

T=T;¢ £ xf! xe, ў 
as а linear combination of f! x f! x ел, where the functions Ту? of coordinates x's аге 
called the components of T with respect to the N-frame {ez}. 

Take a tensor field T of (1, 2)-type, two vector fields X, Y and a covector field з. 
The scalar function T (X, Y, 7) is by definition given by 

TG Yon) —Tj& X Y! qi 
in U, where Г", X^, Y^ ‚ту, are the componentsof T, X, Y, т respectively. The sets of func- 
tions T^ Х Y! , T^ X ya, Tj X! and Ту ть are respectively in U the components of a 
vector field, a covector field, a tensor field of (1, 1)-type and a tensor field of (0, 2) type with 
respect to the N-frame {ep}. 


3. Hyperconnection. 

Let 7 (M) be an N-dimensional hypertangent bundle over the base space M. Since 
the structure group of 9 (M) is the linear group L(N), there exists an infinitesimal connection 
w in the principal bundle B(M, L(N)) associated with (М) [6]. The connection w is called 
а hyperconnection in the hypertangent bundle (М). 

We take now an N-frame {en} іп a coordinate neighborhood И of M. Then, since 
{ел} is a local cross-section of B over О, the hyperconnection o is analytically expressed by 
a matrix 

( of ) 
of differential forms ol defined іп U. The geometrical variation of the N-frame {e,} with 
respect to the hyperconnection w is given by 
Юе; =оћеһ (3.1) 
If we consider an N-frame {ex,} іп a coordinate neighborhood U' of M, then we 
have in U N U’ two N-frames {ea} and (e^), which are related to each other by*) 
ep = Ай, ep, (3.2) 
where the matrix (47) is a function in U N U', and non-singular. If the hyperconnection 
w is represented by matrices (w*) and (о) with respect to N-frames {en} and (e) respecti- 
vely, we have the following transformation law 
olf = At, Aoh + (ddl) AY (3-3) 





* The indices k’, i’, j’, К’, Г run over the range {1,'2,'...., №}. 


t 


112 KENTARO YANO AND SHIGERU ISHIHARA 


in UN U’, by virtue of the right invariance of w, where the matrix (47) is the inverse of 
the matrix (4%) 
Putting 
«=, (3.4) 
we call the functions ГА, the components of the hyperconnection w with respect to the N- 
frame {e,} in U. If we denote by ne the components ofw with respect to another N-frame 
{ем } we have the law of transformation | 
г», = ГА Al А + (д.4) AT (3.5) 
as а direct consequence of (3.3) and (3.4), where де denotes д/дхс. 

For a global vector field X— X es, we define the covariant derivative of X^ by 

V, X*—9, X^ -- r^ Xi, (3.6) 
which determines a global vector field in $] (M) with respect to the index hand a global covec- 
tor field in the base space M with respect to the index c. 

We take a global tensor field T—T ^e, xf! of (1, 1)-type, for example. We define 

the covariant derivative of Т^ by 

V T/—9 TI ETAT, rà T, (3.7) 
which determines a global tensor field of (1, 1)-type in / (M) with respect to the indices А, i 
and a global covector field in the base space M with respect to the index c. We can define 
the covariant derivative of tensor field of any type, in a quite similar way. 

4. Induced connection. 

We suppose now that there is given in the hypertangent bundle 9 (M) a vertical vector 
bundle, i.e., a field of vertical planes Tp. Then, there exist in (M) two fields of planes, 
one is the field of tangent planes Tp, and, the other is the field of vertical planes Tp. 
A. vector field is said to be tangent, if it belongs to the tangent plane Tp at each point P. 
A vector field is said to be vertical, if it belongs to the vertical plane Tp at each point P. 

Let (By) ={В,, B,,...., Bn} be an ordered set of local tangent vector fields in а 
coordinate neighborhood U of M, such that 


Bx —9i ; Le. B 


ха being coordinates defined in U. We call the ordered set {By} the natural tangent frame 
of the coordinates ха in U. We denote by By" the components of the tangent vector fields 
Bp , that is, 
By =B! ey. 
Since the vertical plane Тр is m-dimensional, there exist in each coordinate neighbor- 


hood О, m vector fields С. 44, Спь»...., Ск (m=N—n) spanning the vertical plane Tp 
at each point P of U. The ordered set (Cy) ={Сь 1, Сп,» .... См} of such vertical 
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vector fields is called a vertical frame in U. We denote by C,* the components of the vertical 
vector fields Cy, that is,*) Cy=Cy"en. 
If we define Boy and C*, by 
Ваһ By'=82, B°,Ch—0, 
з : (4.1) 
C*ABy —0, CQ Cc, 8). 


. (В Hi 
| (с ) ? (си) 
are inverse to each other. We thus have 
BaB СС! 82) 
Let VF=vB, be a tangent vector field. Then, v4 are the components of V considered 
аз a vector field being tangent to the base space М. Since V has the components 


ИЕ Валу 
with respect to the N-frame { e, } in the hypertangent bundle (M), the covariant deriva- 
tive of V is given by 


the two matrices 


V cV8=0 (Bot) +I ot s( Bo) 


| =(9 By) +В л? J- oy" By? (4.3) 
in 9 (M). . If we put 
V.V* —Bj P? C797, s (4.4) 
the coefficients P and О; are determined uniquely as follows : 
Р-ев, (4.5) 


Q” —(0:BV + T By )c* v 
by means of (4.3), where functions Гель ‘are determined by 
Гель (cB +L By )B’n. (4.6) 
The functions ГА defined above determine globally a linear connection in the base space 
- M, which is called the induced connection. The induced connection PS, is determined by 
the given hyperconnection p and the choice of the vertical planes Tp. 
Denoting by у ь the operation of the covariant derivative with respect to the induced 
connection ГА in the base space М, we obtain from (4.4) and (4.5) 
| VV ВЫ „ V+ Cy Ho", (4.7) 


* The indices x, у, z, u run over the range (n--1, n4-2, ...., N.) 
—9 
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where we have put 

Vot Bev? + Py у, 

Ha =(80 By + Г; Bo! )C7, (4.8) 

=(a, By" + Гм вы — Pots Ва") С p 
It is easily seen that the quantity 

0c Bè + rei Bj = P5 B 
appearing in the right-hand side of (4.8) behaves as a vector field with respect to the index 
h and as a tensor field of (0,2)-type with respect to the indices c and b. Therefore, we know 
that the quantity Я гох defined by (4.8) behaves as a vector field with respect to the index x 


by a change of the vertical frame (Cz) and as a tensor field of (0, 2)-type with respect to 
the indices c and 5. 


Let W=w*Cz be a vertical vector field. Then, it has components 
W GS w* 
with respect to the N-frame {ex}. The covariant derivative of W is given by 
v, W* = д. (Cw) + ГМ (Су w”) 
i 
—( 2, C, )w" С, дем" + ГС, и. (4.9) 
If we put 
Ve w* = By R? + C SE, ù г (4.10) 


the coefficients Rot, So аге determined uniquely as follows : 


Reo =(д. Су + TiC) Bw”, 


Se = 0, we Pw" (4.11) ` 
by means Of (4.9), where the functions Ё, are given by 
Ley =(9,C," + r6, 6^. (4.12) 


The functions Г 22, defined above determine globally a linear connection in the vertical vector 
bundle, which is called the vertical connection induced from the given hyperconnection. 
The vertical connection is determined by the given hyperconnection Ге, and the choice of 


the vertical planes Tp. 
If we denote by Vv o the operation of covariant derivation in the vertical vector bundle 
with respect to the vertical connection Г y, We obtain from (4.9) and (4.10) 


Ve w* = By” Loy w” + e у” (4.13) 
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where we have put 

Vw = aw + ү. и”, 

- uP (ага c) в, (4.14) 
(S ere! 25,62) 


It is easily verified that the quantity 


в. h nt Дх nh 
Pi due т е 


appearing in the right-hand side of (4.14) behaves ‘as а covector field with respect to the 
index с and to the index у and as a vector field with respect to the index 4. Then, the quantity 


LL behaves as a covector field with respect to the index y by a change of the vertical frame 


{Cz} and as a tensor field of (1,1)-type with respect to the indices b and c. 


Let V^ be an arbitrary vector field in the hypertangent bundle SM). Then, it 
can be iu a unique way expressed as 


h b h 
y УС, Y, 


where the vector fields By’ y? and С,ћ v? are called respectively the tangent part and the 
vertical part of V^, The covariant derivative of V^ is given by 


v,v* = B} (v^ + L; у’) + cH НУ, ») 


as a consequence of (4.7) and (4.13). Summing up, we get four quantities Г, Г, Н, Г, 
which are determined by the given hyperconnection Г and а choice of the field of vertical 


planes Tp. 

Conversely, we suppose that there is given a fixed field of vertical planes T» in the 
hypertangent bundle (M). Then, the set of all vertical planes T is a vertical vector bundle 
T(M). We assume moreover that a linear connection p is given in the base space M 
and a linear Sanction PS, is given in the vertical vector bundle 7T(M). Furthermore, 
we suppose that there are given two quantities Ha and » which have tensor property of 


h 
corresponding types. Then, the quantities Ло , given by 


a ha x x 
Nep tep Meb = Н ? 
Ke =LI Ax _ p* (4.15) 


cy cy су су 
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determine а hyperconnection in (M) with respect to an N-frame {Вь, Cy} composed of a 
natural frame {By} and a vertical frame {Cy}. Let {ea} be an arbitrary N-frame in (М). 
Then, we may put 


h - h 
B, = В, e, > Cc €, e, i 
_ ра 4.1 
e, = B^ B, - C", C,, (4.16) 


which give the law of transformation between two N-frames {е} and (Bo, Су}. By making 
use of (4.15) and (4.16), we obtain the components P, of the hyperconnection defined 
by (4.15) as follows : 


h __ a оа pb а „у h 
DU, = (әве + РАВ, +15 C^) В, 


x * x x pb h 4.1 
+ (эс + P7, +H," в) с, (4.17) 
h xAh h Sa pA pb 
or, r= (н. С —0,Bj + ѓа в, )2; 
(4.18) 


+ (LB — a,c + PZ Си), 
with respect to the N-frame {e,}, taking account of (3.5). This means that а hyperconnec- 
tion is completely determined by giving four quantities Г, Ё, Н, L and by а choice of 
the vertical vector bundle T(M). 


5. Curvature and torsion. 

Let (М) be an N-dimensional hypertangent bundle over a base space M. There 
exists then a fibre bundle a(M) which is associated with 9(М), has the N-dimensional 
affine space as its fibre space and the group of all affine motions as its structure group. 
The bundle a(M) is called the N-dimensional hyperaffine bundle associated with J (M). 


h 
Let Г, f be а hyperconnection in а hypertangent bundle (M). Using the com- 


ponents B} of the tangent vector fields Bẹ which form the natural frame {By}, we define N 
forms e^ by 
h hb 
w = B, dx. (5.1) 


e 
If we now consider a matrix п of differential forms ‚ 
0 wl 
ie А (5.2) 
0 wt 


of = г! д, ; (5.3) 
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we see easily that the matrices defined in each coordinate neighborhood determine globally 
an infinitesimal connection in the principal bundle associated with the hyperaffine 
bundle a(M) which is associated with (M). The infinitesimal connection т thus defined 


Я DC h 
is called the affine connection of ©] (М) corresponding to the hyperconnection Т 


The curvature form 2 of the affine connection corresponding to Г, гіз by definition 


Q —dr—mAm, (5.4) 
which is expressed as follows : 
70 gh ) ; 
а = : 5.5 
0 at Pe 
because of (5.2), where і 
Q^ = des! — a Nw 
h k h 5 
o = оу — © ^e, . ( 6) 
On putting 
h hac, 7b h ho 
h h.c, 7b h ho 5. 
О, = ФК dx лах, Кы Ky =0, Ө? 


we obtain from (5.1), (5.3) and (5.6) 
h h r^ 7 
5 == $ (а. Вы + Га B) — (na тм) 


(5.8 
mary ep anne -rf a ) 


K ck Ti: 


cb 
The coefficients 5, Б оғо" form a tensor field which is of (0, 2)-type with respect to 


the indices с, b and a vector field with respect to the index A. The coefficients К, k of Q B 
form a tensor field which is of (0, 2)-type with respect to the indices c, b and of (1, 1)-type 
with respect to the indices h and i. The tensor field S P is called the torsion tensor of the 


hyperconnection I' о: . The tensor field К e. is called the curvature tensor of the hyper- 
connection Г i 

Taking account of (4.6), we see that the torsion tensor $ of the induced connection 
p. is given by 

$5 = A(T 3, - Ea) 


= [( 0, B, + Г! 8) – (а,в, + Ге Be )] B 
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which implies together with (5.8) 


И ПА anh 5.9 
Sob = Sob B, d (69) 


This gives a relation between the torsion tensors of the hyperconnection and its induced 
connection. 


F h P : . : 
If the torsion tensor 5. of a hyperconnection Г id vanishes identically, the 
А A. р 
hyperconnection Г с; 18 Said to have no torsion. | 


THEOREM 5.1 Jf a hyperconnection has no torsion, then its induced connection is 
symmetric. 
Let Sco" be the torsion tensor of a hyperconnection Го. Then, we can define 
another hyperconnection Л с" by 
A at = T = Su Вб; | 
It is now easily verified that the torsion tensor of the new hyperconnection Л с vanishes 
identically. We have thus 


THEOREM 5.2. Jn any hypertangent bundle, there exists always a hyperconnection 
which has no torsion. 


It follows from (4.8) and (5.8) 
Ha — Hoo” = 28a С° 
Thus, if we call the tensor : 
Sov” == Su С®ь = iHa к=з Н") (5.10) 
the vertical torsion of the hyperconnection Ге’, then we obtain from (5.9) and (5.10) 
So Tm So B. sr So С 
= +(Т„%—Гь°„) Ba” 33a — Hoo") Ce 
which implies 
THEOREM 5.3. A hyperconnection has no torsion if and only if the induced connection 
is symmetric and Н сьх is symmetric with respect to the lower indices c and b. 


ГЕММА 5.4. The tensor He” is symmetric with respect to the lower indices с and 
b, if and only if the vertical torsion tensor vanishes identically. When the hyperconnection 
has no torsion, the tensor Hoy* is symmetric with respect to the lower indices c and b. 


6. Identities containing curvature tensors and torsion tensors. 
We shall first introduce a new covariant differentiation. We take a tensor field 7,7 


for example, which is of (1, 1)-type with respect to the indices a, b and of (1, 0)-type with 
respect to the index л. We now define the covariant derivative of T^^ by 


o o 
Ve Ty ^— Ә.Т Tr T" PA Ty Г, Та", (6.1) 
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which is a tensor field of (1, 2-type with respect to the indices c, b, a and of (1, O-type with 


respect to the index A, I'e”; and Г,“ being the hyperconnection and its induced connection 
respectively. In a similar way we can define the covariant derivative of tensor fields of 
any mixed type of this kind. 


We shall next define the covariant derivative of a tensor field Ti, for example, which 


is of (1, 1)-type with respect to the indices h, i and of (1, 0)-type with respect to the index x. 
That is, 


Von" = де n ГА, n"—r, Te LP, ТУ, (6.2) 
which is a tensor field of (1, 1)-type with respect to the indices h, 1, of (0, 1)-type with respect 


to the index с, and of (1, 0)-type with respect to the index x, ГЛ; and I being the 
hyperconnection and the vertical connection respectively. In a similar way, we can 
define the covariant derivatives of tensor fields of any mixed type of this kind. 


We have the following identity because of (5.6) 
— «AQ ао ол o^. 
Substituting (5.7) in both the sides of this equation, we obtain 
В: Каъ + Bo Koa? + Bo'Kacs® 
—2(Va Set v o Soa” + уь) 5 (6.3) 


HH Sao Sav! + Ses Saa” Soa” Sao”), 
which corresponds to the first Bianchi identity. 
It follows easily from (5. 6) that the identity 


h k h k h 
20, + о, Л e. + o, A Q,=0 
is valid. Substituting (5.7) in the left-hand side of this equation, we obtain 


Va Ken + Vo Кы У ь Kaai” 


+2( Sac" Kam" + Seo Kaai” + Soa"Kact”)=0, (6.4) 
which corresponds to the second Bianchi identity. 
When the hyperconnection Г №; has no torsion, (6.3) and (6.4) are reduced respec- 
tively to | 
Ba! Kei" - Bé Koai” + By Kao —0, (6.5) 
and 
Va Кем” +V o Koi” -- 2 Ka! —0. А (6.6) 


When the induced connection P5 is symmetric, (6.6) is valid. 


I 
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To find the relation between the curvature tensors of the hyperconnection D'e; and 


that of the induced connection P5, we shall use the identity 
VaV BP — У суа Bw = Bi Esa — Ва Ran, (6.7) 
where Rao" denotes the curvature tensor of the induced connection Г сь and is given by 
о о о о о о 
Raov? = даГоь —ӘГа*ь Га Го ь—Го eats. 
If we follow the notation introduced by (6.1), we have, taking account of (4.6) 
(v Bo") B?,=0, 
and, taking account of (4.8), 
(Ve By") C^, -Heo. 
Then, it follows from the equations obtained above 


V cBe'= Ha cz (6.8) 


Following the notation introduced by (6.2), we have from (4.12) 
h x 

(т.с) €, - 6, 

and from (4.14) : 


h b 
(v.c, ) В, а Г 
Then, it follows from the equations now obtained 


h b pkh 
VEC, z L, Bp Е (6.9) 
Substituting (6.8) in the left-hand side of (6.7), and taking account of (6.9), we obtain 
А х х h a y a y h 
(уан, — Ус Ну ) C, + (24, Hy — Lay На ) B, 
h 
a 5 


' ВЕ а 
= Каа By — Rag, В 
which implies 
` а _ а а y a y 
Kay = Racy + (15,8 — Ley На ) 


x 6.10 
HR (6.10) 


x x 
Къ =УаНь — V 


where we have put 


с 


а hija 
Kieb = Kaci By B y 


x hpi 
Kor Shy, B,C ys 


dc 
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To obtain relations between the curvature tensors of the hyperconnection i , and 
that of the vertical connection pr y we shall use the identity 


h h z j 
У. С — У.У aly = C, Kici — C, on (6.11) 


* t . . 
where Riy denotes the curvature tensor of the vertical connection Ё* 7 and is given by 


5 x их их "x Mz Tx Mz 
Ey = our = ôE gy TO ey Ter di? 


Substituting (6.9) in the left-hand side of (6.11), and taking account of (6.8), we 


, obtain 
B’ хр h 
(vL с.у —У. Е ti B, +(н„ L ыы А С, 
2 h Вж x 
es Кы =C; Касу, 
which implies 


x x,b ху Б 
у + Que Loy Ha Liy), (6.12) 
Кау = VaL с.у У.Е Ду, 
where we have put | 
E =K ya C) С 
y =K ya ga 2 Е 


We have now the ee expression of the curvature tensor Кий of the hyper- 
connection ГА: " 


= [5 TU He —L oH yy) BB, 


In + (Hy Lb Hey * Lay) Сс (6.13) 


x x 
+ Vae ZV Ha | A ch 
b b h 
+ Va B MS Ly] С? В, 
аз а consequence of (6.10) and (6.12). 


- 7. Paths and autoparallel curves. 


In the base space M, the path with respect to the induced connection lp is called 
briefly the path of the base space. Then, а path х=х“(1) of the base space is defined by 
the differential equation 

xa qdix« o a dxe dxb | 
ade tee di а eh) 


- 
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with an affine parameter t. The tangent vector of the path is expressed as follows : 


rD ph 
y dt x^ 
in the hypertangent bundle 7 (M). If we denote by 


yt др" в dxf 


od See ae: Sp 
dt a c egt 
the covariant derivative of the vector field V^ along the path itself, we have 
ЗИ _ Sx" р в dx* ах 


dr = ав а + Уе» аг аг 
Because of (6.8) and (7.1), this equation is reduced to 


Cy > | (1.2) 
which implies 

THEOREM 7.1. The tangent vector = Bi of a path x«— x(t) is parallel along 
the path itself, if and only if 


х х фф _ 


We consider a curve x?=x«(r) in the base space М. We assume that there exists 
_ a vector field V^ along the curve such that its tangent part is tangent to the curve. Then, 
V* can be written as follows : 


dx? ,h h 
y M wr Ва + y C, >» (7.3) 


where y“ E is a certain vertical vector field along the curve. We suppose moreover 


the vector field V* to be parallel to itself in J (M), that is, 
sy" 
= %0 у", © (14) 
where a(r) is а certain function along the curve. А curve lying on the base space M and 
satisfying the above mentioned conditions is called an autoparallel curve. 
Substituting (7.3) in both the sides of (7.4), we obtain 


58x? a ах s\n a, [57° = dx^ dx") нь’ 
(Ge ey je Cena GG) Ce 
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where we have put 


àv dy 
dr dr 


2 dx? y 


esdr ^ 


+f 


It follows then 


peace Уа 
да Ра ctas E (1.5) 


These are the equations determining the autoparallel curves. 


If an autoparallel curve x^—x"(r) satisfies 





the second equation of (7.5) is reduced to 
dy* 


—— =а УТ, 


dr 
which implies that this autoparallel curve is a path of the base space. We have thus 


THEOREM 7.2. An autoparallel curve x^ —x"(r) satisfying 


is a path of the base space. If a path x* = x"(r) satisfies the above condition it is an 
autoparallel curve. | 


8. Conditions for being geodesic. 
If, in a hypertangnet bundle with a hyperconnection r ү the tangent spaces Tp 
с 


of the base space М are parallel to themselves, then the base space М is said to be parallel. 
The base space M is parallel if and only if 


А z | 
(v, 2А ) E =, 
which implies together with (4.8) 
H *—0. 


ob 
Therefore, we have 


THEOREM 8.1. The base space М is parallel if and only if S 
Нар" = 0, 
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We shall now suppose that for any path x^ = x^(tf) of the base space M its 
a 


tangent vectors 2 B i in the hypertangent bundle (М) are parallel to themselves 
2 Я 
along the path. In such а case, the base space М is said to be totally geodesic. We have 
now easily from Theorem 7.1 | 
THEOREM 8.2. The base space М is totally geodesic if and only if 


Hey? + Hr = 0. 
Evidently, the base space is totally geodesic if it is parallel. Theorems 7.2 and 8.2 
imply t 
THEOREM 8.3. When the base space M is totally geodesic, a curve in the base 
space is autoparallel if and only if it 15 a path. 
We have moreover from Theorems 8.1, 8.2 and Lemma 5.4 


THEOREM 8.4. When the hyperconnection has no torsion, or, when it has no vertical 
torsion, the base space M is totally geodesic if and only if it is parallel. 


9. Locally flat hyperconnection and its example. 


If, in a hypertangent bundle (М), а hyperconnection has no torsion and its cur- 
vature tensor vanishes identically, the hyperconnection is said to be locally flat. We shall 


now show an example of the hypertangent bundle admitting a locally flat hyperconnection. 

Let A, be an affine space of N dimensions. We consider now a submanifold М 
immersed in Av that is, M is & submanifold of A. which may have self-intersection at 
some points. Let TAA) be the tangent bundle of А, and denote by 


i :M——->A 
the injection mapping of M into Av Then, the fibre bundle 3 (M) induced from ГА) by 


the injection mapping i : М—>4А, is an N-dimensional hypertangent bundle over the 


submanifold М [7]. In fact, it is well-known that J(M) contains the tangent bundle T(M) 
of M in the natural way as a subbundle. The vector bundle ЯМ) is called the natural 
hypertangent bundle over the submanifold M. On the other hand, the natural hypertangent 
bundle (М) can be immersed natually into the tangent bundle T\A,). We denote by 


р J: JMA) 


this immersion mapping. 


The affine space А " admits naturally an affine connection [е^; which is locally flat; 
that is, Ĉe”; has no torsion and its curvature tensor vanishes identically. THe locally flat 


affine connection f c^ determines uniquely in the tangent bundle Т(Ам) a linear connection 
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o, which is locally flat. Then, the mapping J: 9 0М)—104 у) induces a linear connec- 
tion о in (М). The connection w is а hyperconnection in 7 (M) and obviously locally flat. 
It is called the natural hyperconnection in the natural hypertangent bundle (М) of the 
submanifold M immersed in Ar Thus, we have a typical example of hyperconnection. 


10. Realization of a hypertangent bundle admitting a locally flat hyperconnection. 

Let (М) and Sg (f) be two N-dimensional hypertangent bundles over differentiable 
manifolds M and М respectively. We suppose now that there exists a differentiable bundie- 
isomorphism 

$: 904—900). 

That is to say, the mapping ¢ is a differentiable homeomorphism of 5] (M) onto (М) 
and gives an equivalence between two bundle structures of J (M) and 9 (М) [7]. Then, 
the bundle-isomorphism ¢ induces naturally a differentiable homeomorphism фо: M М 
of the base space М onto М. If there are given two hyperconnections w and @ тезрес- 
tively in (M) and g (М) such that w is equal to the connection induced from c by the 
mapping ¢, we say that the pair {9 (M), « of the hypertangent bundle (М) and a hyper- 
connection о is equivalent to the pair {9 (M), o). We shall here prove the following lemma. 

LEMMA 10.1. Let U be a cubic coordinate neighborhood of n dimensions and gj(U) 
be an N-dimensional hypertangent bundle with a hyperconnection o, which is locally flat. 
Then, if U is sufficiently small, there exists an n-dimensional submanifold © (imbedded) in 
the N-dimensional affine space A,such that the pair {$J (U),) is equivalent to the pair {<} (0), c) 
- of the natural hypertangent bundle over Ü and the natural hyperconnection.c in S (0). For 
the given J(U) and the locally flat hyperconnection w, the natural hypertangent bundle J (Ù) 
is determined up to affine transformations of Ay. 

PROOF. We take an N-frame {еһ) in Z(U) and denote by Г,ћ; the components 
of the given hyperconnection w with respect to the N-frame {e,}. Then, ГоМ are functions 
of coordinates x^ defined in U. Let В? be the components of tangent vectors By forming 


the natural frame of the coordinates ха in U. Then, B? are functions of coordinates xê. 


In the affine space Ay, denoting by £^ a system of Cartesian coordinates, we con- 
sider the ак partial differential equations 


oe = = By (x) VA, 


avi 

$9 =. P (x) y, 
with unknown functions ¢* and V;", where B," (x) and I’,", (x) are equal to the correspon- 
ding functions in E (U) with а to {е ey- Hence, By (x) and Dy ‚-(х) are given funct- 


» 


(10.1) 
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ions of the independent variable x", The partial differential equations (10.1) are defined 
in U, which is identified with a cubic domain in the space of n variables x, 


Since the hyperconnection г}, is locally flal in F(U), we have from (5.8) 


(9,8, T^ B)—(0,B +r, Be) =0 (10.2) 
as a consequence of i 
S =0, 
and 
д.Г ey bia Dye fon VY Г 21=0 (10.3) 


аз а direct consequence of 


К 0. 


We shall verify that the partial differential equation (10.1) is completely integrable. 
If we put ; 


Е, (x, V)=B (x) У, 


(10.4) 
Е "s œ Y=", y (х) Ves 
(10.1) is reduced to 
2 ph OV pa 
2x Е,» sd TM (10.5) 


Differentiating Е," and F, by x^, and taking account of (10.4), we obtain 
a Fy —(0,Bj T^, ВЈ) VA, 
h k 
OF, —(0, D, PS M гу) Ve 
Thus, we have 
3 F, —0,F/ —0, 
h 
d Fpi —8,F =0 


because of (10.2) and (10.3) respectively. Therefore, the differential equation (10.4) is 
completely integrable and consequently the differential equation (10.1) is also so. 


The differential equation (10.1) being completely integrable, if we take arbitrarily 


a set { 2 » Й," } of constants in correspondence with the unknown functions fe, y), 
there exists а solution 1 £^ (x), V," (x) \ of (10.1) in U such that 
О) Yt =H (10.6) 


at a given point хз belonging to U, 
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Fora solution p. y^ of (10.1), if we denote by A the determinant | y^ | of the 
matrix (74), it is easily seen that the function A is a solution of the differential equation 

ја шл 

which is linear and homogeneous with respect to the unknown function A. Hence, if a 

solution A(x) of (10.7) does not vanish at a point хе of U, we have A(x)#0 at each point 


x^ of U. Therefore, if we take a sed i^, vi of initial values such that A= #0, for 
the sohition Jeor o of (10.1) satisfying the initial condition (10.7) we obtain 
AG) =| Уо) |#0 (10.8) 


at each point x^ of U. Consequently, there exists а solution Ero, МӘН of (10.1) satisfy- 


ing (10.8). By making use of such a solution, we can define in the affine space A „a submani- 
fold С by the equation i 


=) 
and a N-frame (Vi) along U formed from М vector fields 


"Ve ca Vx 
with components ' 


VA), V; (),......Vu (x) 
respectively, because these N vector fields are linearly independent by virtue of (10.8). It 
is easily seen that the submanifold Ü is differentiablly homeomorphic to U if U is sufficiently 
small. Xf inthe natural hypertangent bundle g(0) over Uwe now introduce а hyperconnec- 
tion » having components T ^x) with respect to the N-frame {Vp} -above constructed, w 
"is the natural hyperconnection in J (0). Then, we сап зее easily that the given pair {9(0), w} 


is equivalent to the pair {9 (0), о} іп the natural way. It is easily seen that the 7 (0) is deter- 
mined in Ay up to affine transformations. This proves Lemma 10.1: 


Lemma 10.1 implies easily 


THEOREM 10.2. Jf án N-dimensional hypertangent bundle (М) over a simply 
connected differentiable manifold M admits a locally flat hyperconnection w, then there exists 


a submanifold M immersed in the affine space Ay of N dimensions such that the pair {J (M),o) 
_ ts equivalent to the pair {J (М), о}, where ©] (M) is the natural hypertangent bundle of M and o 
15 the natural hyperconnection in $] (М). For the given 9 CM) and the locally flat hyperconnec- . 
tion о, the natural hypertangent bundle J (М) is determined up to affine transformations of Ay. 


158 KENTARO YANO AND SHIGERU ISHIHARA 


The natural hyperconnection introduced in the natural hypertangent bundle of any 
submanifold immersed in an affine space is obviously locally flat. Then, we have 


THEOREM 10.3. When the base space М is simply connected, a necessary and 
sufficient condition for an N-dimensional hypertangent bundle J (M) over M to admit a locally 
flat hyperconnection is that 9 (М) be equivalent to the natural hypertangent bundle SJ (M) 
ofa submanifold М immersed in the N-dimensional affine space. 


11. Metric connection, 


Let (М) be an N-dimensional hypertangent bundle over a differentiable manifold 

M. The structure group of J (M) being the linear group L(N), as is well-known, the structure 

‘group is reducible to the orthogonal group O(N) [7]. Therefore, there exists in J (M) a- 

tensor field G of (0, 2)-type, which is positive definite and symmetric, i.e., the tensor field 
С has components Су which form a positive definite matrix (©) and 


Gy = Gij, 


with respect to an N-frame {ep} defined in each coordinate neighborhood of M. We call 
such a tensor field Сн a metric tensor in (М). We suppose now that there is given a metric 


tensor Gy in (M). 
If we introduce G” by 
Gy Gi = 5% 
then Gis is a tensor field of (2, 0)-type and symmetric, i.e., 
Gh = GH, 

If the metric tensor G Р is parallel with respect to а hyperconnection pt in J (M), 
then the connection I , is called a metric hyperconnection. А. hyperconnection is metric, 
if and only if 

V4G,, 78,6, ,-I'y, С.-Г G,,=0 
ог, - (11.1) 
v,G'^—o,G^--r/ OHTE, g'—0. | 

In the hypertangent bundle 9 (M) with the metric tensor Сук, there exists uniquely 
a field of m-planes T, which are orthogonal to the tangent planes Тр at any point P of the 


base space M. We now employ this field of m-planes Tp as the vertical vector bundle 
T (M). Let (Bj be the natural frame defined in a coordinate neighborhood U of M. 


Then, there exist in О m vector fields spanning the vertical planes Tp at each point P of U 
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and these fields form a vertical frame {Cz} in U. Two planes Tp and Ть being orthogonal 
to each other, each Be is orthogonal to each С», i.e., 
i 
G, B/ C, —0, 
where B/and С; are the components of B, and C, 1espectively. 
On putting Е 2 
5 = Gh В,’ By, Ery= Cj С; с . 

we have a metric tensor go» of the base space M and a metric tensor g;y defined in the verti- 
cal vector bundle 1(M) consisting of vertical planes Гр. The metric tensors gep and вгу 
are said to represent metric induced from Gy; respectively in the base space M and in the 


vertical vector bundle (М). Ву means of (4.2), (11.2) and (11.3), we obtain 


G a =B; B,’ gy C, С Ezy- (11.4) 
We introduce now two tensors g^« and g’* of corresponding types by 
| Sep 800 = 80, Sry 8° =. 
If we put 
By, = Gy Ву, Си = G4 Cy, 
Boh — gt В, С® grec, (11.5) 


В", = 6% Gy, В, С = 8” Gin Cy", 
then Ва, and C^; are the same things as those defined by (4.1) and we have 
g^ = ВЫ Bt, СИ, в = С C*, Git (11.6) 
G^ = B,! Ba" ge + C, С," goo, (11,7) 
Let IŻ, be а metric hyperconnection in J (M). И we take covariant derivatives 
of both the sides in the two equations (11.3), we have respectively 


Vage = 0, Уау = 0 (11.8) 
by means of (11.1), because we have from (6.8) and (6.9) | 
(vaB.’) By! ©, = 0, У (Va C,') C, Gy, = 0 


as a consequence of (11.2). Recalling (6.1) and (6.2), we shall notice now 
Уа8еь = V à 8cb 
= да8ьь — P, Sca — T^g, 
Узи = Vagey 
= ĝa Ezy — Гу us = Bees 
where Г and P are respectively the induced connection and the vertical connection induced 


—11 
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from the given metric hyperconnection Г,^,. Then, (11.8) shows that the two connections 


о * 
Г and Г are metric. 


Differentiating covariantly both sides іп the identity 
ВС = 0, 
which is equivalent to (11.2), we obtain 
(Ve By") С”, + В," (Ve С^) = 0. 
This equation is reduced to 
(V Bo") C*, +g? Bon (V oCy')=0 


by means of (11.5) and (11.8). Substituting (6.8) and (6.9) in the left-hand side and taking 
account of (11.5), we have 


На? + 8а g? LE, =0, 
which implies 
L=- Н}, | (11:9) 
where we have put | 
Hj, —g8" g,, Неа”. 
We shall now show some new identities satisfied by the curvature tensor of the metric 
hypercohnection dt . We have from (11.1) the identity 
Va Vc Gi — Vo Va Gg = 0, 
which is reduced to 
Каа" Gyn + Кау бы = 0, (11.10) 


because the left-hand sides of the above two equations are equal to each other. Ina similar 
way, we obtain the identities : 


Каса’ Sve + Кась Sea = 0, (11.11) 

Кас Вуз + Kacy’ Ezr = 0. (11.12) 
Then, if we put | ` 

Kicn = Као бы, Kacoa = Kacv’ Sea» 


Касух = Kacy’ Ers» 

it follows respectively from (11.10), (11.11), (11.12) 
Каси + Кас cd 0, 
Kacoa + Касар = 0, 
Касуз + Kaczy = 9, 


which are new algebraic identities other than (6.3) containing the curvature tensors of the 
metric hyperconnection. 


= 
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By virtue of (11.9), the identities (6.10) and (6.12) are reduced respectively to 
Кась = Rao? + Hay He” Н," Hay") , 
Kaen = VaHa*— У, Han’, ; (11.13) 


Касу? = Racy” + | Hay? Hey = Ha" На", , 


Kacy*=V аНсйу — V o Нау. 
We shall prove some theorems concerning a metric hyperconnection. ЛР a metric 
hyperconnection has no torsion, its induced connection is symmetric in the base space by 


virtue of Theorem 5.1. Moreover, the induced connection Гель is metric with respect 
to the metric gc» induced in the base space from the given metric hyperconnection. There- 
fore, as is well-known, Гобь is necessarily equal to the Riemannian connection {,4 o}, which 
is the Christoffel’s symbol | 


1 „ad | Е 
{a} 21s (осель + Oba, — да8сь ) 
constructed from geb. We have thus 


THEOREM 11.1. The connection induced in the base space from a metric hypercon- 
nection is the Riemannian connection determined by the metric induced in the base space, 
if the metric hyperconnection has no torsion. 


We shall now prove the following 


THEOREM 11.2. т any hypertangent bundle with a metric tensor Сд there exists 
always a metric hyperconnection having no torsion. 


~= h : 
Proor. Let Ге ibe an arbitrary hyperconnection in а hypertangent bundle g(M) 
over a differentiable manifold M and suppose that there is given а metric tensor Gj; in 9 (M). 


Then, it is easily verified that the hyperconnection Ac”; defined by 
=~ 1 p 
` Atm + 5: ( Ve бы) Gr 
6 . h 
is metric, where V с denotes the operation of covariant differentiation with respect to Fe i. 


Let A с^ у be the vertical connection induced in the vertical vector bundle 7(M) 
. from the metric hyperconnection A,^,, Let {,¢ 5} be the Christoffel symbol deter- 


mined by the metric ge induced in the base space from the given metric tensor Су. 
We shall define another hyperconnection ГА, by 


Г, =(—ә,Вь +e 5} Ba”) Bayt(—a, Cy ^P, Си) С, = (11.14) 


1 
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substituting 
H p 0, L 470, 


йа, Ps AS, 
in the right-hand side of (4.18). Differentiating covariantly both the sides in (11.7) with 


respect to the new hyperconnection, I'^,, we obtain 


V 4G" —V a (B! By СС, ^g") 


=B; B," V4g* -C, C, V, =”, (11.15) 
because we have 

У.В, =0, Va Cz 0, 
by virtue of (6.8) and (6.9), taking account of 

Неь*=0, Г.“ 0). 


ey 


On the other hand, we obtain 


o ` * 
У 15“? =V „8° —0, Vag” = У 8 =0, 
since the two connections UI and A 2 gre metric. Therefore, it follows from (11.15) 
с су . 


V P G^ =0, 


which means that the hyperconnection Г v is metric. 
€ 


If we substitute (11.14) in both the sides of the first equation of (5.8), we have 
$,, —0, 
That is to say, the hyperconnection Pi has no torsion. Summing up, we have proved 
that the hyperconnection I", is metric and has no torsion at the same time. Thus, 
Theorem 11.2 is proved. 


Concerning metric hyperconnections which are locally flat, we can prove the follow- 
ing theorem in a quite similar way as in the proof of Theorem 10.2. 


THEOREM 11.3. Jf an N-dimensional hypertangent bundle (М) over a simply 
connected differentiable manifold M admits a metric tensor and a metric hyperconnection w 
which is locally flat, there exists a submanifold М immersed in the N-dimensional Euclidean 
space Ем such that the pair {9 (М), ш} is equivalent to the pair {7 (М), w}, where Я (М) is the 
natural hypertangent bundle of M anda is the natural hyperconnection of $] (М). For the given 


(М) and the locally flat metric hyperconnection w, the natural hypertangent bundle (М) is - 
determined up to motions in Ем. 
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INTRODUCTION. In 1912 Poincaré enunciated his last geometric theorem. Having 
only succeeded in treating a variety of special cases, he gave out the theorem for the 
consideration of other mathematicians. It was G. D. Birkhoff who furnished, in 1913, a 
proof of this theorem in a plane, two-dimensionalcase (a ring between two circles). In 
several of his subsequent papers Birkhoff generalized this theorem to a plane ring bounded 
by two arbitrary simply closed curves, one within the other, to an infinite plane ring, 
two plane rings and to a limiting case of a ring, a plane curve surrounding the origin 
“О” whose points are not advanced by the transformation. This theorem is the only 
one which was generalized by Birkhoffto n=2m dimensions ; in this case the theorem 
refers to m-dimensional surfaces. 

The present work is concerned with the proof of the Poincaré theorem referring to 
a finite ring, bounded by two curves, in m-dimensional space, т>2. In particular, the 
following theorem is proved: 


Theorem 

“Assume а doubly-connected hyper-ring, R@, lying on a given open hyper-surface 
2:0, located in a sub-domain D? e B, described by means of m-coordinates (x1, x*,.... 
хт), т>2, x' cB, B denoting a Banach space ; the hyper-ring R™ is bounded by two closed 
hyper-curves 15,0", (i=1, 2) having по common points one with each other, i.e., non- 
intersecting. Assume a not one-to-one transformation of coordinates from (xf... ., xm) 
to (11,....,1т_1), ie., from а m-dimensional sub-space, Рб), to а (m— 1)-dimensional 
sub-space, DX"-D, Assume that the Һурег-тіпр R™ in (т) on XX") is associated with a 
doubly-connected hyper-ring R™-) in D("-D op an open hyper-surface 2("—D, bounded 
by two closed hyper-curves 5-0, (i=1, 2), having no common points one with each 
other (non-intersecting). Suppose both hyper-rings are subject to transformations Т(”), 

T*"-D, respectively, in the sense of the last geometric theorem of Poincaré. Then, if 
there exist at least two points P,"-D, (i=1, 2) of the ring R"-" invariant under T- D, 
there exist at least two points, Ро, (i=1, 2), of the ring КО, associated with Рит—1 D, 
(i—1, 2), invariant under Te,” 

For т=2, the proof ofthe last geometric theorem of Poincaré furnished by G. D. 
Birkhoff, is valid. The proof, given below, involves actually the application of the 
elements of the theory of invariant groups to the existence proofs of solutions of the systems 
of partial differential equations subject to transformations which reduce the number of 
independent variables, j.e., which change the dimensionality of the subspaces from m 


to (m—1). - 
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1. THE LAST GEOMETRIC THEOREM OF POINCARÉ 


In 1912 Poincaré enunciated a theorem of great value, in particular for the restric- 
ted problem of three bodies. Having only succeeded in treating a variety of special cases, 
he gave out the theorem for the consideration of other mathematicians. It was G. D. 
Birkhoff who furnished a proof of this theorem. The theorem may be stated in the follow- 
ing form : 


THEOREM 1.1 


“Given a ring C<a<r<b in the (r, 0) plane (r, 9 being polar coordinates), and a 
one-to-one, continuous, area-preserving transformation T' of the ring into itself, which 
advances points on г=а and regresses points on r=b. Then there will exist at least two 
points of the ring invariant under 7." А 


We pass directly to the results obtained by Birkhoff. 


2. BIRKHOFF'S PROOF 


It was Birkhoff who actually in 1913 (see a collection of papers of Birkhoff on the 
theorem of Poincaré in the list of references) furnished a proof of Poincaré's theorem. The 
proof follows the pattern indicated below (see Birkhoff, 1927, pp. 166-169). 


We take x—0, y—r? as the rectangular coordinates of a point in the (x, y)-plane. 
The ring transforms into a strip a?<y<b?, The transformation T of this strip advances 
points on the boundary у=а? to the right, and moves points on y —P? to the left. The 
transformation T is an area-preserving transformation (2rdrd6— хау) and displaces any two 
points possessing the same ordinate and whose abscissas differ by a multiple of Zr in the 
same manner. Let us assume a second transformation Te which. effects a translation of 
the (x, y)—plane in the direction of the y-axis through a distance є >0. The transformation 
TT. is an area-preserving transformation which shifts the given strip into the strip a?--« 
<y<b'?+e. Suppose that there exists no invariant point of T. Then there exists a positive 
quantity “d” such that all points are displaced at least a distance “d” by the transforma- 
tion T. Birkhoff chooses e «d. Consider now a narrow strip a? <y «;a?-]-e. By the transfor- 
mation TT, the lower edge of this strip is carried into the upper edge and the strip is 
carried into a second strip lying wholly above the first one save along the common edge. 
By a repetition of TT. the second strip goes into the third, etc. By a continuation of 
this process one obtains a series of strips (consecutive strata) which are unaltered by a shift 
of 2m to the right, since T and 7, are single-valued over the ring. The images of these strata 
on the ring represent a set of closed strata lying one within the other, all having equal area 
since TT, is an area-preserving transformation in both planes, (г, 9) and (x, y). This implies - 
that some one of the strata on the infinite strip, say the k-th, will overlap the upper edge 
у=. Let P be the point of y=a? which is being moved in the (x, y)-plane by means 
of the strata, described above, into a point О on the upper edge of the k-th stratum for 
which y is a maximum. Obviously, the location of О is obtained after a k-fold repeti- 
tion of 7T,. The points P’, Р",....Р®ФЕО represent the successive images of P under 
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the iteration of TT,. The line PP’ lies in the first stratum, the successive images of this 
line, P'P", etc. lie in the successive strata, and have no points in common except that 
successive arcs have an end point in common. Thus, we get a single arc PQ, made up of 
all these lines, which is without double points. 

Consider now a vector LL’ drawn from a point L to its image L'under TT, of which 
the initial point moves from P to P-D along the line PQ. The angle which this vector 
makes with the positive direction of the x-axis at the outset is a positive acute angle (P’ is 
to the right of and above P). When Г, has varied to its final position P*-D, this angle lies 
in the second or third quadrant, since P lies to the left of Р®-1) by the hypothesis of the 
theorem. Thus, LL' has rotated through the least positive angle from the first direction to 
. the second. Now let e approach zero. As e becomes smaller the vector LL’ continues 
to have a definite direction, since no invariant points under TT, are present. By a limiting 
process we infer that, for the transformation T, the angular variation of LL' is through 
the least positive angle consistent with its initial and final directions. For L on у==а? the 
direction of LL’ is that of the positive x-axis, while on y —b? the direction is that of the 
negative x-axis. 

Consider the inverse transformation T- which is of the same type as T but it moves 
points on y—a? to the left and points оп y=b? to the right. Ву the argument analogous 
to that given above we conclude that if a vector LL(-D with the end-point L(-) = 
TDL has its initial point L varied from a point of ya? to a point y—b?, the total angular 
variation will be the least negative angle consistent with its initial and final positions. 
But the total rotation of LLC D is the same as that of the oppositely directed vector LC DL 
which joins а point L(-D of y—a* to its image L under Т. On tbe other hand, by our 
earlier results, the total angular variation of Z(-Z must also be the least positive angle 
consistent with the two positions. Hence, we have been led to a contradiction, so that 
there must exist at least one invariant point. Poincaré had shown that there are at least two 
invariant points. Let the point P describe the fundamental rectangle, 0 <x «2v, a? <y «b?, 
in the (x, y)-plane, in a positive sense; the total rotation of the vector LL’, is zero over this 
circuit, since there is no rotation along y=a* or y=b*, and the rotations along x—0 and 
х=2т are the negatives of one another. But around a simple invariant point the rotation is 
+2. Hence, there will either be at least two simple invariant points with rotations--2- 
and —2z, or there will be at least one multiple invariant point. Both Poincaré and 
Birkhoff demonstrate that there will always be at least two geometrically distinct invariant 
points. 


3. GENERALIZATION BY BIRKHOFF 


Birkhoff proposes a generalization of the original theorem of Poincaré in the following 
sense [see his paper in 1913, р. 22]: The circles of the radii r—a, r—b, may be allowed 
to be any simply closed curves, one within the other, bounding a ring R. We may again 
state a similar theorem, for we can make a preliminary transformation, for instance a con- 
formal one, to take these curves into concentric curves, when of course the integral invariant 
merely changes form. Birkhoff mentions that it may be necessary to consider with care 
—12 i 


` 
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the nature of the integral invariant near the boundaries after the transformation of coordi- 
nates. In 1917 Birkhoff modified the theorem of Poincaré in a more general sense. The 


modification of Birkhoff is the following (Trans. A.M.S., 1917, р. 294) : 


THEOREM 3.1 


“Given an infinite ring 0<a<r in the (r, 8)-plane, and a one-to-one continuous, 
area-preserving transformation T of the ring into itself, which advances points on r—a 
and regresses all points а< R«r by at least an angle 0,70. Then there will exist at least 
two points of the ring a<r<R invariant under Т.” 

The proof of this theorem is exactly the same as the one given above. 

In 1925 Birkhoff provided a further generalization of Poincaré's theorem. Let 
us consider in the (r, 6)-plane a doubly* connected ring К, bounded by the circle C of the 
radius “а” and a closed curve Г encircling C, as well as a second like ring R, bounded by the 
same circle C and a like encircling curve Г,. The two rings R and К; are taken to be related 
so that a one-to-one direct, continuous point transformation T carries R into R, We 
write : 

C, = T(O) ; Г,=Т(); R = TR); (3.1) 

C = T-D(C);T = TOD (Г); В = TO” (Ку). (3.2) 

The Birkhoff extension of Poincaré’s last geometric theorem is as follows : 


THEOREM 3.2 


“If T and Г, are met only once by any radial line 0 = constant, and if T carries 
points on C and Г in opposite angular directions with respect to 9 to their new positions 
on C and Г, respectively, then either (a) there are two distinct invariant points Р of R and 
К, under Т, or (b) there is a ring in R (or R,) abutting upon C which is carried into part of 
itself by T (or ТС? )." 

In the form enunciated by Poincaré the boundaries Г and Г, coincide, while the 
alternative (b) is excluded by means of the hypothesis that an area integral is invariant 
under T. It is worthy of note that the extended theorem does not involve the hypothesis 
of an invariant area integral, and so falls essentially in the domain of analysis situs. 


The proof of the theorem, given above, can be found in Birkhoff’s paper (1925). 
- In 1931 Birkhoff furnished another form of a generalization of Poincaré’s theorem. 
Suppose T is a continuous, one-to-one and direct transformation of a region R into 
a region T(R), R being simply connected and surrounding an invariant point “О”. Suppose 
moreover T is a conservative transformation, i.e., preserves the areas. Then the theorem 
of Poincaré may be expressed in the following form : 


* A closed curve is defined as the common boundary of a finite, simply connected, open continuum and the 
complementary open outer continuum. A ring is the region bounded by two closed curves, one within the 
other. If these curves do not touch, the ring is a doubly connected open continuum. 
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THEOREM 3.3 


“If a transformation T rotates all the points of the bounding curve of R in one and 
the same direction around О, and all the points, sufficiently close to О in the. opposite 
direction, then there exist at least two other invariant points." 

Birkhoff demonstrates that obviously this theorem is closely tied with the following 
theorem : 


THEOREM 3.4 i 


“If the transformation T does not advance around O none of the points of a closed 
curve, C, surrounding O, and cut only once by oot radial line originated in LO; then there 
exist at least two invariant points on such a curve.’ 

The demonstration of this theorem is immediate. In reality, the image Т(С) cannot 
contain C in its interior, as well as it cannot be contained inside C, due to the invariance 
of areas. This implies that Т(С) must cut the curve С at least in two points, and the points 
of intersection are necessarily the invariant points. 

Birkhoff indicates how this theorem can be. generalized to n—2m dimensions. 

4. INVARIANT GROUPS AND REDUCTION OF INDEPENDENT VARIABLES 

The author of the present work was inspired by some results obtained in the field of 
differential equations to apply the concept of the reduction of the number of independent 
variables to the present problem. Dickson in 1924 (see references) showed how some 
differential equations can be integrated with the aid of group theory establishing a link 
between the techniques of algebra and those of differential equations. In 1949 Garrett 
Birkhoff suggested that the reduction of independent variables in systems of partial differen- 
tial equations could be attacked by algebraic methods. The method of reducing the number 
of independent váriables by means of a transformation from one space into another does 
not appear amenable to the standard methods of the classical theory of functions since the 
Jacobian of the transformation vanishes. However, algebraic methods do not break down 
under the above conditions. 

Michal (see references) undertook the following task : “Given a differential system 
in the space A of n-dimensions, transform this system into the space В of (n—r)-dimensions 
(1<r) such that a solution of the system in B determines a solution of it in A: The trans- 
formations involved are not to be one-to-one." The resulting theorems involve operations 
in the Banach space and some elements of the theory of continuous transformation group. 

Morgan (see references) applied the above method to two practical cases where the 
transformation was from n to (n—1) dimensions. In-one of his papers (v. Krzywoblocki 
and Roth, see references) the author of the present work applies the general theory to some 
specific problems. Та particular, he deals with the transformation of systems of partial 
differential equations of n-th order into systems of ordinary differential equations through 
the use of one-parameter groups. Each appropriate one-parameter group reduces the 
number of independent variables in the system in question by one by transforming the 
variables of the group into the invariants of the group. А method is developed for 
obtaining the proper groups for a given system of partial differential equations, 
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The general fundamentals of this technique are applied below to the problem which 
forms the main subject treated in the present paper. Before we shall provide a proof of the 
generalized Poincaré last geometic theorem, we have to put down a few mathematical 
notions necessary to proceed with the derivation of the proof. Suppose we deal with a 
transformation of coordinates of the form : 


T: fix. „х®; al,.., a), (i=1, .., n), (4.1) 


where x*eB,, XteB,, and the Вџѕ and the Hys are Banach spaces. The numbers а?» are 
parameters. Equation (4.1) may then be thought of as representing а transformation of the 
product space Р (B,x В,х.... X By) into the product space P (B,x ВХ... х Вл). If 


a transformation T transforms а neighborhood of Р into a neighborhood of Р then the 
transformation is said to bea continuous one. A transformation Т, Equation (4.1), denotes 
a group if and only if it possesses an inverse, contains an identity and satisfies the group 
properties, i.e., 


(1) there exists an inverse transformation : 
(2) there exists identity element ; 
(3) group property, i.e., the product transformation is also a transformation of T. 
Consider an r-parameter continuous group of transformations : 
Tri oxi—f(x .., x" 3 al,..,a@)=f€x 5 a); (4.2) 
yl-fXy ; а), (i-1, .., m; j=1, .. п); m22. (4.3) 


Obviously, the group Г; possesses a sub-group, ST; : x*«—X!. This is exactly 


the transformation group in question (X —f*(x ; a)) which is independent of y. If a numeri- 
cally valued (scalar) function F, 


Е=Е(хї, .., xm; yl .., уп), (4.4) 


is unaltered by the transformation Г,, i.e., if F(x!, .., x, yt, .., ут) = FR, .., Xm, yt, .., yn), 
under Гу, then the function F(x, y) is called an absolute invariant of T,. (4.5) 


Let us consider a set of m-+n functions, Р(х, у), .., Fmyn(x, у); the functions 
Е are said to be independent if and only if the determinant : 





DE, Pin 

axt əx | | 

OF, OF nin #0, (1=1, .., m ; j=l, .., n). (4.6) 
ду ду 


There are various terms used for defining the concept of independent functions, like 
the term “functionally independent” [see Morgan’s paper, References]. To the sub-group 
8Г,, [Eq. (4.3)], (in a Banach space), the following theorem applies Е 
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THEOREM 4.1 
The group Sp, has (m—p) functionally independent, differentiable (and therefore 
continuous) absolute invariants (11, .., 7 т_р), Where p(p<r) is the rank of the matrix : 
ax! 
да! 


дж |, (i—L .., m) (4.7) 
да’ 


The proof of this theorem is in Eisenhart [Ref., рр. 20-21, 61-62]. The successive reduction 
through one-or multi-parameter groups of the number of independent variables particu- 
larly in a system of partial differential equations was elaborated by V. Krzywoblocki and 
Roth [see References]. Here we can propose that the (m—1)-tuply invariant transforma- 
tions and solutions of partial differential equations may be reduced to solutions of ordinary 
differential equations. The author would like to point out that the technique, presented 
above, is actually inseparably associated with the fundamental notions of the synthetic 
(projective) geometry. In reality, a n-dimensional surface can be projected (parallelly or 
centrally, i.e., by the use of the perspective geometry) from the n-dimensional space into 
(n—1)-dimensional space, thus furnishing an association between surfaces of different 
dimensions (п to n—1). Аз an example, a projection of a sphere on a plane furnishes 
a circle. Synthetic geometry provides an association between geometric elements of differ- 
ent dimensions (a pencil of lines or planes and a set of points on a straight line, etc.). Baer 
[see references] had actually shown the existing relations between linear algebra and projec- 
tive geometry. Thisitem generalizes in a still broader sense the concept of the reduction 
.of independent variables in differential systems. A ring located on a sphere corresponds 
to a ring located in the circle. A transformation of a ring on the sphere into itself in the 
sense of Poincaré’s theorem corresponds to the transformation of the ring in the circle into 
itself in the sense of Poincaré. It seems that there is the entire class of possible solutions 
of this problem as there is the entire class of possible projections of sphere onto a plane. 
Some of those projections cannot be accepted. A circle located on a sphere may be pro- 
jected as a finite segment of a straight line. Such an association of the (m)-and (m—1)- 
spaces has to be rejected. 


5. N-DIMENSIONAL HYPER-RING 


The use of topological methods in proving existence theorems like (as an illustrative’ 
example) the “‘fixed point method,” related to ideas of Poincaré, was already envisioned 
by G. D. Birkhoff and Kellogg, [see references], and developed into a powerful tool by 
Schauder and Leray [see references]. The Schauder fixed point theorem is an extension 
to infinite dimensional spaces of a celebrated theorem due to Brouwer. 

The proof of the Brouwer fixed point theorem can be found in most texts on topo- 
logy. The proof of the Schauder fixed point theorem is given, between other references, in 
[Courant, p. 403, see references]. Both the theorems were announced years after the last 
geometric theorem of Poincaré, which refers to two fixed points. Below, we attempt to prove 
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Poincaré’s theorem—at least in some particular cases—in n-dimensional space. The 
considerations, given below, represent formally some sort of a continuation of the dis- 
cussion contained in previous chapters, and consequently refer to a Banach space, В. We 
propose to use the following symbols: 5 for a closed curve, У for an open surface. 
Assume that any system in В is described by means of (x!, x?, .., хт), т>2, indepen- 
dent variables ; the function y(x1, х?, .., х; а) = E) denotes an open hypersurface 
depending upon x's and on a parameter a. Let us also assume that on 20? there is located 
а doubly-connected hyper-ring R€?, -bounded by two closed hyper-curves, 5. and S,™, 
having no common points one with each other, i.e., non-intersecting. 


Assume a one-parameter group : 

Gy 3i = f за) ; E0 = Ply за) ; Sm = p(T"; a), (5.1) 

j = 1,2, х=м, .., xn, 

y= = UM, 6=1,2,3, .., 
which possesses a sub-group, Эа ХіХ, This sub-group is assumed to possess (m— 1) 
functionally independent, Fréchet differentiable, absolute invariants, 

n= (xt, .., x), .., тт a(x, .., x). (5.2) 
Suppose that we now consider the y, = Xe», 50"), (j—1,2), and у, = X», 50), 
(j=1, 2), 8—1,2,3, to be implicitly defined as functions of the xt and х“, respectively, by 
the equations : 

Zy (Xl, .., XP) = guns, Yo, уь Xl, a., хт); (5.3) 

Zt, ve Xm) = g; Öp Jo Jo X oes xm), (5.4) 
where the g, are the absolute invariants of the group Gj, i.e., the group G, possesses the 


` 


(m 4-3— 1) absolute invariants : 

ROC e Poo maa «a X), 

Bits Var Yas X, 55 XM), |., 88 Vas Yo Уз Xl ..› XM). (5.5) 
We then apply the theorem proved by Morgan [see references] : 


THEOREM 5.1 
A necessary and sufficient condition of ће уз, implicitly defined as functions of x, .., хт 


by the relations (5.3), to be exactly the same functions of х1, .., хт, as the ў, implicitly 
defined as functions x!, . ., хт by the relations (5.4), are of the X!, .., x^ is that : 


Za (x1, .., x) = Z (XI, .., x) = z, (51, .., хт). (5.6) 
The condition (5.6) can be replaced by : 
Za (x5 КЕ хт) Lx Р, (m; oe 7] т-1), 8—1, 2, 3, (5.7) 


where the ’s are the set of absolute invariants of the sub-group x*—! of the group G,. 
The proof of this theorem is in Morgan's work [references, p. 251]. 
It is easy to notice that the transformation of coordinates from the m-dimensional 
space to the (m—1)-dimensional space is not one-to-one. This implies that we shall be 
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able to find more than one set of the coordinate transformation functions x'+x!. With 
this in mind we assume that the hyper-ring R™-D in the (m—1)-dimensional space associa- 
ted through Eq., (5.7) with the hyper-ring R@ in the m-dimensional space is bounded by 
two closed hyper-curves, S,("-D and S,(-1 having no common points one with each other, 
and that the surface Z"-9 is ап open one. Assume that the hyper-ring R("-? js transfor- 
med in the sense expressed in the last geometric theorem of Poincaré*. Moreover, let us 
assume that under these conditions we had shown the existence of at least two invariant 
points of R("-D. Then we have a theorem : . 


THEOREM 5.2 
Under the conditions explained above there exist at least two invariant points of К. 


The proof of this theorem is a straightforwárd one. Let us denote the coordinates 
of these two points in the (m— 1) space by the symbols : 


т (Рит- 0) = т PO), .., та (Px), i=1, 2. (5.8) 


Since they are known and given, we obtain with the use of Eq., (5.2) (т—1) equations for 
the m-coordinates of the two associated points in the m-dimensional space, i.e., 


х(Ри?) = XP), .., xm(p), 1=1, 2. у (5.9) 


The last required equation is furnished by the condition that the points P;™ must be located 
on 209, Thus: 


LO) = уж (P), .., xm (Pi) ; а), i—1, 2. ` (5.10) 
Hence, the last geometric theorem of Poincaré in the extended sense is proved, for any 
m>2 ; for m=2 the proof was provided by George Birkhoff. 


This proves the theorem enunciated in the introduction of the present work. 


There remains the practical problem of finding the invariant groups in particular 
cases. This is not an easy problem and it will not be discussed here. In his and Roth’s work 
[see references] the author provides a thorough presentation of numerous particular cases 
of finding the invariant groups in various fields of mathematical physics. 


The proof, presented above, refers to a hyper-ring situated on an open hyper-surface. 
There remains the problem of proving the last geometric theorem of Poincaré for a hyper- 
sphere, i.e., hyper-ring contained between two closed, non-intersecting hyper-surfaces. This 
problem will be treated in the future in a separate paper. | 


The theorem, presented in the introduction and proved in Section 5 does refer to 
hyper-rings located on open hyper-surfaces. But it seems that a certain caution should be 


applied in using it. It certainly is valid if the transformation between R(?.and R(-2 is 
one-to-one. 


Example: Assume a ring located on a sphere projected on the horizontal 
plane. The ring R@ is located above the equator of the sphere, possesses two horizontal 


* Obviously, this implies that the hyper-ring КО) transforms into itself in the same sense, 
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circles (cross-sections of the sphere) as its boundary curves ; the centers of these two circles 
are located on the vertical axis of the sphere. But if one of the two boundary curves of 
Ко) is located below the equator, then the mapping between R™ (spherical ring) and 
Rœ- (circular plane ring) is not one-to-one. The circular ring is a two-sheet surface (ring) 
analogous to a Riemann surface in the theory of complex variable functions. It possesses 
a fold along the circumference of the largest sphere corresponding to the equator of the 
sphere. Such cases seem to require an additional attention. 

By a proper cut of the sphere in the first case, cited above, (ring located above the 
equator) and by means of the rejection of the lower part of the sphere one can establish a 
one-to-one correspondence between the sphere and its projection, i.e., a circle. 


6. BIRKHOFIF’S THEOREMS 
It is obvious that all the other theorems, but one, proved by Birkhoff, can be exten- 
ded to m-dimensional space. Thus, the theorems referring to the following cases are valid : 
(i) А ring bounded by any simply closed hyper-curves in m-dimensional space ; 
(1) Theorem 3.1a. — Corresponding to Theorem 3.1 in m-dimensions ; 
(11) Theorem 3.2а. — The same ; 
(iv) Theorem 3.3a. — The same ; 
(v) Theorem 3.4a. — The same. 
But, as yet, the present technique does not work in the case of the last Birkhoff's theorem 
explained below theorem 3.4, i.e., a generalization to n = 2m dimensions. 
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ON NEW THEORIES OF SPACE IN THE UNIFIED 
FIELD THEORY (*) 


By 
R. М. SEN, Calcutta 
( Received—January 5, 1964 ) 


1. Introduction 


In his last theory of unified field, Einstein (Einstein, 1956) proposed the following 
field equations for the four dimensional space : 


8, Day Г, Er LU. zx 0, (1) 
Thai а К zi Fori = Хв ` 2) 


. a * Р . . 2 
where E is a non-singular asymmetric tensor, Гун 15 ап asymmetric connection, К, 


pr = . P : Я 
= Ripo where R eo is the curvature tensor formed with P and x, is any covariant vector. 


Further, comma followed by indices denotes the ordinary derivative and the two brackets, 

ordinary and square, used in (2) signify respectively the symmetrie and the skew-symmetric 

parts of the entities to which they are attached. Hlavaty (Hlavaty, 1957), in his book on 

geometry of the unified field theory, has given a detailed exposition and implications of the 
- above field equations. 


It has been our object to study some general theories of space of п dimensions that 
arise from consideration of the above field equations and to present some equations and 
theorems obtained by Hlavaty from a more general point of view. We introduced in a 
previous paper (Sen, 1964) a concept of generalised covariant differentiation by means of 
which we reformulated some equations given by Hlavaty in connection with the equa- 
tions (1). In the present paper a concept of generalised curvature tensors based on 
generalised cavariant differentiation has been introduced by means of which some equations 
given by Hlavaty in connection with both equations (1) and (2) have been reformulated. 
Finally, by means of these concepts, a generalised form of the field equations (1), (2) has 
been given. 


It seems desirable to give here an outline of the generalised covariant differentiation 
mentioned and referred to above as follows : 


In an n-dimensional space let there exist several affine connections dénoted by 


epo, Я г”, А ог" ед ‚ where а, 6, с,...... are symbols distinguishing the different connec- 





(*) Presidential address at the annual general meeting of the Society on March 7, 1964, 


148 R. М. SEN 


tions. To form a generalised covariant derivative of а tensor, say T a ', with respect 


to one or more of these affine connections, we take the scalar 
хе. P ? 


where ир, Vd, И",......... are arbitrary vectors, and find the increment of the scalar when 
the vectors are given the desired parallel displacements in any direction dx”. Then the 


expression © ive appearing as coefficient of the increment, say 


is the required generalised covariant derivative. More precisely if, for example, the vector 


я : А P P 
Up, YN, МЕ... are given the parallel transports corresponding to go В T i ; diu QU 


respectively, then it is seen 


P... P. - . a P. a 

cs = Т, „. КТ + T аг? ‚Т = „Гм Е Tus „е . 
We shall always denote the ordinary derivative by а comma and the covariant derivative 
by а semi-colon. In а generalised covariant derivative of a tensor, symbols specifying the 
affine connections will be placed below the indices of the tensor to indicate the correspond- 
ing parallel transports which have been carried out. Coordinate indices will be denoted 
by Greek letters and their symbols by Roman letters. Thus the above covariant derivative 
will be denoted by 


Generalised covariant derivative has the following properties : 
(1) Generalised covariant derivative of a tensor is a tensor. 


(2) Generalised covariant derivative of the sum, difference, outer and inner pro- 
ducts of tensors obeys the same laws as ordinary derivatives. 


(3) - Generalised covariant derivative of a scalar is the ordinary derivative ‘аз long 
as every pair of indices of contraction, if any, have the same symbol. 


Repeated generalised covariant derivative of a tensor will be denoted by placing the 
. desired symbols below the given ones. Thus a generalised covariant derivative of the 
above tensor will be denoted by 


P. Р... 
Р = p.e а... 
МЕ о» хе ww ТР” 
s AP у 
ђе... з 
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2. Certain geometrical entities 


By forming repeated generalised covariant derivative of a covariant vector V, in the 
anner stated in the last section, we find 


M = pp Lo рта PT" q B Lo pq q^ r8 
У, ; Ву Vics ор а Ps Pigs + Г Г, Г, D. 
‚р! рз 
9 9 
PT? ..gp& Е ат рро = rp 5 
TY Ds 97.) + m ( Ds Te Vd Ты Viso D, ‘ (2.1) 
p Р 


The expression appearing as coefficient of V, in the first line of (2.1), namely 
Р 


t an p^ а а B me B 
Cipo (PDP g) =T p Tp ee A —”Т Te (2.2) 


may be seen to come out from the following geometical consideration : 


Consider an infinitesimal parallelogram PQRS whose adjacent sides PQ and PS, 
regarded as vectors having P as the initial point, are the elementary vectors dx' and 6x! 


respectively. Let a contravariant vector и" at Р be given the parallel displacement corres- 


ponding to ? Ta along PQ and then parallel displacementcorresponding to “Г ч along ОК. 


Then the change т и° on passing from P to R along the path POR is given by 


Sdu" = 2 E om їр Je dx” 8x" — s иа. 


Similarly for the change in the vector when it is given parallel displacements corresponding 
to "E к? 1T Г successively along PS, SR respectively. Therefore when the vector is 


transported round the parallelogram, the change in the vector is given by 
(8d—d8)u* = e» (P.4,p',2)u dx 8x' — uum 8dx* -T d8x" | ue, (2.3) 


where e (P, q, Pp’, 4’) is defined by (2.2). If, however, p—p', the second term on the right 


hand side of (2.3) may be omitted by neglecting the very small quantity (84—48) x". This 
is the required geometrical significance. 


Suppose now each of the symbols р, 4, р’, q’ is either a or b which are supposed 
to be two distinct symbols. The different cases that may arise are the following : 
(р, 4, р, 9’) 


=(i) (a, b, a, b), Gi) (a, b, b, ад, (iii) (a, b, a, a), Gv) (a, b, b,b) ү од 
(v) (a, a, a, b), (vi) (a, a, b, а), (vil) (a, a, b, b), (уй) (@, a, a, a) } @9 
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~ and 8 other cases that are obtained from (2.4) by interchanging a, b. Let us denote the 8 


expressions (2.2) corresponding to (2.4) by o C; Б), l =i,..., vii and ее (а). Thus 


(рр ` —apP Lap? ap P БРВ атр bp 
C s (e, B) à Ам, dut Вы tage Lo Tis (2. 5a) 
(Чур —bp? арР цар? bpP S. 
C, DIT, „т “ТТ " p oer (2.55) 
(iii) атр ат? b HP .apPa E 
Cy, CD =P, a ub I (2.5¢) 
(iv) aP b ат? ap? bpÉ | bp? bp > 
e py 09- n Peur AP D (2.5d) 
"A атр ap? apf ат? bx P j 
т TD (25e) 
Mor (a,b) —T^ -m UT, apf bp? Qum (2.57) 
Ару? dv, pb Bp № Ву | 
HOP авг аг? фаг? еи qut (2.52) 
Ару ^ °- dv, м, Àp,v Bu Ву | 
р ер? арР P ad . арР арр? 
and С w= Г), á Date Bu |a ap By e (2.5 Л) 


The 8 other expressions are dented by СЫ (b,a), e (b). As the indices can take values 


from 1 to n, each of these expressions is a geometrical entity of which Cay С UO 


are tensors, namely ordinary curvature tensors. They satisfy the following relations : 


© Cf (Ba) + co (a,b) + doctum v) Ch а.) 
(її) C, HD) + (v) C ,b) = 0, 


(iv) Co u.a) + (vi) Cyl) =0, (2.6) 


ve Ko a)-+ TES 0, a+ с, (asy CP (a,b), 


| 
Ару | 
(iti) e. e a,b)— (iv) Ch. (a, b)4- (ii) c C, e Б) = Cru J 


x 
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Therefore only the three entities.(2. 5a) to (2. 5c) may be taken as independent. Further, 
corresponding to the 8 cases (2.4), the formula (2.1) reduces to the following : 


Vy, po — Vy; p= C" elab) = 
а r 5 s 


+») обете)» (rr 0) о 


= =y auo = rp sp* 
v Tu a Ce?) У а Pes ж (2.76) 


a а b 


У 
а 
b 


1 — i)? 
Vy, po Vaz op 77 Va M Cy (a,b) + 
а + as 


a 


ap^ _bp* Y mp? әр 
um Ps I^) » ( Pa m (2.7с) 
а 
y —y =v С (ab)4 
XPV dive а во 
аг bs 
b b 
bp? _а а = „т“ sp 
+ P ( 5s T) isa mu is , (2.74) 
а 
v —y yc (ab 
MEU AU а PAG Date 
а! а 
а 5 
bpt . à а = a EN a 
+ ( i г) О: qu (27e) 
y —y =v PC (ab 
мә уш d м ® )+ 
ar bs ^ 
a b 
b art \_ ‚тё зт 
EY (Qui T. V ed Fe Pus en (2.7f) 
ees b | 
ат rr Y AE (ab) 
ar bs 
a b 
ът _ ат“ bp | ap? = int spt 
Tr» D. ге + ( D. г) гем P ы Г, , (2.7g) 
a 
i a = те apt | 
Vote ET y, C, „@ а p i) (2.7h) 
ar as a 


By virtue of (2.6), only the first three of the above formulae are independent. The last 
one becomes the well-known Ricci formula when r=s=a. 
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3. Generalised curvature tensors 
By means of the entities oc? (а, b), Су, (a) defined by (2.52) to (2.54) we now define 
new entities "R^, (a, Б), т=1, 2, 3, 4, as follows : 
р - () р @ р um (и) Р (и) Р 
iR? (ab) = « С’ (ab)+ с’ 0.2) = + ( с' (a) с" 9) 


бар? bp? ар? р? ат? bp? bp? ap? __ Pon® ьт? ap 
« est Eos as E bo ГЕ P m. Ta rs u^ E G.1a) 


"RS ев от (a,b) ae 6,4) = i о (a,b) + бы a) 
iar? bp? ap? ПР цар? ep? grasp p 
H ге gr^ ce M^ apo ero qi em capram. Ea Г.) 319 
aR? = y. P у Ha = vt Р (ri Po, 
R p OD i ( C (0) + C p A ) i XC, (45) + с? 6,9) 


— [ar bp? ар? bp? ap? ap? bp? bp? — ap^ bp? — op? ap? 
= PT Pus ES wt LX Тет Da Ea ns t V Г, г, ) ‚ (3.10) 


а= (PC (ов 96, а) =4 (сд +e) 


B P 


ap? ap? ат? bp? аг? ap? bp? b ар? a _bp? ap? 
= т PE eq ТН, TIT, i 


. (6314) 


due MU ME 


- 


Ву what has been said in the last sectio , only the first two of the new entities are indepen- 
dent. The last entity is half the sum of two curvature tensors. We shall however write 


С" „@ = № (а). $о* R' (ab) =: „9 +R (0) (3.2) 


If therefore in the formulae (2.7a) to (2.77) we interchange a and b and take half the sum, 
we obtain the following three formulae : 


in ha] ES M иш | 
ar br as bs 


a b a 


wen is nm] e бз 
уь) AL ay hl 
b 


b a a 


=v RY (a8) —4( haat? «) (т T ) (3.35) 


РА 
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(у) ш Му) 
аг bi as bs 
a b b a 


= aR (а) = (^. e». DT.) . (3.3.c) 


As said before, only the first two of these formulae are independent. Now it is at once 
seen from (3.3a) to (3.3c) that the entities 


ER бар), Rs, (2,0), ЗВ», (2) (34) 


Aku 


are tensors. As defined in (3. 1a) to (3.1c), they are symmetric in a, b, and satisfy the follow- 
ing properties 


IR „ (a,b) +R, (a,b) =0, (3.5a) 


К, (a,b) +38, „ (a,b)=0. (3.55) 


The tensors (3.4), of which the last two are not really distinct, will be called generalised 
curvature tensors (with respect to two affine connections). On account of the property 
(3.5b), which shows the nature of interdependence of the last two tensors, the curvature ten- 


sors aR (a,b) and us (a,b) will be called complementary to one another. Applying 


this criterion, it follows from (3.5a) that the curvature tensor AR (a,b) is self-complemen- 


tary (i.e., skew in the indices p, v). The following relations are seen to hold from definition 
(3. 1a) to (3. 14) and notation (3.2), 


1 P _% Р 23 Р 4 Р = 5 
R 0D К, D) R (9) - R (ob) 0, | 
р uum ^ > А | (3-6) 
1 2 3 4 m 
3[ AR. (eb) FeR (а) 9 а. (b) =R", (с) 
cep? __ ap? bp? 
where r^ = Pr T 
As usual, the contracted generalised curvature tensors will be denoted as follows : 
m =m pt m тр: (a,b), m=1,2,3. 
к (0) =" К. (a,b), y (ab)= R ) (3.7) 


It therefore follows from (3.5b) that 


зк (4,5) HR, (а) = 0, °R, (0) + PR, 6h?) =0, Ve (a,b) + "s (a,b)=0. (3.8) 
—14 
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4. Some generalised formulae 


P Я р | | 
Let В», be the ordinary curvature tensor formed with an arbitrary affine 


connection p the covariant derivative with respect to which is denoted by a semi-colon. 
P P Р А 3 
fs, =r - к В 5,=5, then the following formulae are known : 
P P Р 
(0 E s TE: TAE 


Р Р р са р са а : 
Se [5... р т T(S Sm 5,55 HS Sie) | : 
(II) It follows that the contracted curvature tensors are related by 
R —R +V =2(5 B eris ) 

ae № МЕ СОРА MG 


(Ш) For any tensor A, |... лм, 


Алу... утур» Ал... ant om 


1...т 
А i 5° | 
- У Apoc PH usum К —2 A, 
a 


хаво ger Mna ро" 


(У) If L = +4’ ‚ where А’ isa tensor, and I * is the curvature ten- 
. До № M apu 


sor formed with г ‚ then 


Р Р Р P P а P „а PA. 
Law К „т Ask E As pt AA A 4—24, 5: 
P P P 
(V) R eer Е +R 


` Hid Хор; 
P a P а P a^ 2 - 
аш: DX Bt e S Roe à | 


We give below the corresponding formulae satisfied by the generalised curvature tensors. 
For this purpose we adopt the following notations : 


ac fo ар? Y e =r op? P а (ар? op? 

5 im, 2^ , Se in, a^ D aC: г), (4.1) 

sats 55 = 25° Т = Т 
^ Ха › L3 Ха» А Ха. 
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P P a b a a b 
t : — = = — — 
It follows : T — = S + 5 T-r-—s-s. (4.2) 


Now it may be verified that corresponding to (I) we have 


EX , (ab) + C (ab) de WR (ab) 


Р р p 
a a b a 
rem К Зв 5, 


Boc р 
b bos b 
+ XN + Ө Ak EH EN 
bb aa aa 


Kiv 
bb 


ag? bg? pag? bot j ag? bot y bof act bo? ас | bo? act 
+2( COIE 'S E “5, SE a StS “б 4 bs? 5", (4.3) 


2R (ab) + *R' (a,b) + 8 (a,b) 


a a a b b b 
a a a 
= | Trent Ta Taea Lir" pm 
aa аа aa bb bb bb 
P a Рр < а Pa р а P па 
m 2 (т. T, FT, HT. Tata. qued d Т, )] (4.4) 


Similarly for the cyclic sum of R (a, b) and the sum of the above two cycles. These 


are generalisations of cyclic property of curvature tensor. Corresponding to (ID), the 
contracted generalised curvature tensors satisfy 


IR (а6)— 1R, (a,b) +17 (a,b) 
_ ma Wes C 
= (ss, + 5), : (s, + 5.) © (5. Si); n (4.5) 


a(R, (a,b) + "R (а) ) (вв, (a,b) ) Hd V DEV (e£) 


a 


= b "ER " a а b b a b b ) 
(es + S). (ss, s.) aa (s. SS HS). (4.6) 


Corresponding to (III) we have the following generalised formulae : 


P. (4.7) 
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a, ..@т С b, В a, Am а 
1. Om 3.. ат bi... m n 


L| 4 miu 4A. bi) -$ 4 (AA... am QUE Ан: m ive) 


1.m 5 
== > An, ‚ Àa—1P №+1.. Ат IR), PCA b,) 


Е Ar, amip HAN ано) (т е) (4.8) 


This is the generalisation of (3.3a). Itis a generalisation of the Ricci formula. 


| (мм; pvt АМА; ру Ам м; mt) №;у | 
Also T ma, с Е by a Р ЕЕ: ab b: b, d ii 
10a ауа» abı bias 


P P 
= A pà RA (абу) + Амр Кал) 


р p 
= Ad dasp+ Arne] (T Qs (4.9) 
а; а, bib, 
Ал... Amipy АА... Ат) ш Ам. Эти TAAL... Amy | 
Again 3 dst m x g bibas.. ‚ат d. а, һа, dad: Бааз amd T 
Ьа; . ат 24,43. am абай, ат Ваза. Am 
T O m Apm PR, (Cub) + AY pL Am R, (oba) 
3.m К 
+ 2 AX. wAa—1pratl. ... Ат R’, Ара.) — 1 (^... M pt А», —€— - (re, 
и bibsas ат : 
(4.10) 


This is à generalisation of (3.3b). It is also a generalisation of Ricci formula. 


$c 
ї 


Corresponding to (IV) the generalised formula is the following : 
р р р P pP р 
If аг, БОТУ a А ди? c au LA then 


р _— pP р р p 
TNCS EA +В, ) ut (ик). Р 


P P o P a (41 
X4 B HE e Ay Bi za- (4 +в? )5 . (4.11) 


Corresponding to (V) we have 


P р Р р 
b А 

OC (а,в) OCT, (a,b) ноо, (4b), FO b0 „НОС, (а), 
bbb ә bbb № ааа — aa Р 


( 
+ DE 
аа 


(b, а), = 
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=—2[ e b OC (ibo (op be? 
2| C ub) S + бы (a,b) SeT C wab) >a 
+o KOKA +c „Ф,а) “5° ec Фа) s ] 
P a 
+ Wi (ab) (T —r чь ab (Tt эте DELANO (еге —T* ), (412) 
where W^ (a,b) "T" ^p^ 0ге ep? 4 p? apf 7 ap? sp? 
Mv Be м BR рь ABO RB XE 


So Ws, (a,b) is skew in џ,уаѕ well as in a, b. It must however-be noticed that (4.12) is 


not a tensorial relation in the usual sense unless a=b in which case it reduces to (V). 


5. Space governed by certain equations 
Let there exist in our n-dimensional space a non-singular asymmetric tensor a. 
whose symmetric and skew-symmetric parts are denoted by hs and k, Ё respectively. Also 


let the tensor /,,, be non-singular, | a denote the Christoffel symbol formed by it and 


sie Qn be two asymmetric connections. Now suppose the space satisfies the property 


b Р E 
hu » =0, where i ET (5.1) 
On the assumption that the quantities 5, , are given and with reference to the notations 


(4.1), it follows from what was shown in a previous paper (Sen, 1964) that if the equations 


(5.1) admit a solution («T7,, *T5,), then this solution must be of the form 
ap? __ {Р] - ag P гаа AN 7. ba р 
Ет MI р EU. Ti. + Sae Tw (5.2) 


Р = Pa a т? т? T? 
where =й Us Spa Bap tar] 8а tant T ag Qu) p 


P А Ра T b 
yh 1 2h S +8 


Е TE TÊ —g T? n (5.22) 


B De] “Ва (АР) 
The equations (5.2) show that if ^S, "Sr. Tf, were known, the solution of (5.1) could 
be obtained. Also from (5.2) we get 


Drew харе dy "da (ts? —°5* ур T^ tk T^ tk T^ }. (5.3) 


Me QF) (AP) BAN Ba AB [Fe] вв D] Ва ОР) 
In this section we propose to establish some theorems involving the first generalised 
curvature tensor, its contracted curvature tensors and “S},, 25%,, Ti, on the supposition 
that the equations (5.1) are satisfied. It follows from (5.1) that 


= — T? = T* 
g 25, T), E, ы, 28 LT. (5.4) 
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oe b RE p a 
90 S ыо (е, Из v Ji - ul TAE г. de }, 
ааа b'b Ьа b'a 
b'b 
ВЕ n T а — 8 
1 5, vee =2 (e, T ) EM 2 fe Е 1; 28 E. тв } 
Bb’ а аа аа ‚ аа 
ta / 
Therefore Я 
ъа 
(0899 avs ae 8 
b'b' aa b'b/ aa 
а EN 
ar Aue Aenv ^а\ poses Ew о 
аа а b'a b'b' 
Tie left-hand side is, by (4.8), 
UC, (0), R (а) ils, p 


Therefore applying (5.4) again, we get 
Baa ав) нв, Rutas b? (Bip Tis е ha) Too 


a a а. а ё 
=g T? 1 x g Т? Те 
E мде уе, и Ха Еу; в ры: и 
ва ab b'a b'b 


This can be written as А 


[z [e NOSSA (5 та ) 


Av o. №; у 
аа ab 
5 i 1р? b)+ (rè р } 0 
+8, | КГ TT, na (ee | ® в 70 (5.5) 
bs b'b 


Hence we have the following theorem : 


Theorem 1. Zf the equations (5.I) hold, then the equations (5.5) also hold.. 
Note. The equations (5.5) can be so expressed that instead of the symbol b’ it shall have 
the symbol b. The result however will be big enough. 


хе |" 








As usual, denote gr = 8128, where g=det. |g 
gi 


So, gg, =8, Е = 8". 


$ 
vod 
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` Then from the first of the equations (5.4) we get 


gg | ——2T,org,—29"g = — 2 T' g. 
ХР; и ай _ 0 av ee 
aa 


Similarly from the second equation we get 


g,-2"I, g = 2Т я. 


Let the left-hand sides of the above two equations be denoted by g,, and g.,. Therefore 
‚а b 
writing 0,9 for g , and applying (4.2) we have 


g,—(? — 21, ) = and so E =2 (25 +5 -T )s; 


a NC (5.6) 
g,-(? —2vp )« and so =,=2(Т—25 —bS Jus 
b” v av b^ о о | v 
The quantities g.,, g;, are to be regarded as covariant derivatives of g and so 
a b' 
a : B 
Ги ( 8:0 = 28. ) 8—8; MEE 
a a B 
Therefore S, w = 8; = 2 ‘Cu = "Tu ) g 28. В oS 8 
+ : ET . 8. 
Accordingly 1 Bw +5) METTET " 
=( г —« yor —vI' \e+ (s. MS" +g as? \g : 
ae, au, aww avow a8 w b^ В vv 


—2[R (аЬ) + (т as) (57,0521. by (4.1) and (5.6). 


Also from (5.6) we get 


B 
= bs — — {[@ b —T \o 
быз 2 oF 5, T), ( Sit 5, у rt 5 


Similarly for g. . Therefore E 


‚ vO 
5’ а 

—3( +8, 
(57Р) (Фр Pe) 


=2 [ss - T) (5; +S.) | | 
В В В vw vw 
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Equating the two, we obtain 
1y (4,5) = 0 
or 1 = 2 
Ё (a,b) = 2 Sa 
Accordingly (4.5) gives 


ХР] за 
аа 


218  (a,b)=248 -(es; ау 
pu Del if 


Hence we may state the following theorem 


(5.7) 


(5.8) 


Theorem 2. Jf the equations (5.1) hold, then the equations (5.7) and (5.8) also 


hold. 


Again, the equations (5.6) can be written as 
Т EU ), y +( T > “5—5, ) 


or" (е) = (т —ag =s) 
ya 27 r Р У 


Adding 2 45, to both sides of the first equation and —2 ^S, to both sides of the 


second, we get 


va 


ap? =3 (2) +(т +45 —55 ) 
y y y ) 
лу (к<) P | T, —9S, +95 ) | 


Therefore aT Gaa = (^ e), , | 


T ы pua E (ne) ^y T2 “5, 


Now put P (a,b)=3 (г, or ар" pp? г" ay? ) 
МЕ Apa AP. BP ^a Br 


Ша а bpt а brt 
F eut ee TM Ls 


-( or” par") ju —( ELM те 


Then it may be seen that 
IR , (a,b) E P p (a,b) 


zou zo Qu E 
a 


a 


ak 


prt 
XT 5) . 


(5.9) 


(5.10) 


` 
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Substituting from (5.9) we ultimately get 


1 R (ab) +P (a,b)=3 | “5, +5, | (5.11) 


Hence we may state the following theorem : 
Theorem 3. Jf the equations (5.1) hold, then the equations (5.11) also hold, 


where P (a,b) is a tensor defined by (5.10). 
| jm - p Р Р 
. Finally, ifin (4.11) we write Гу = MZ R =H 
and denote the covariant derivative with respect to M, by a crooked bracket followed 
E. 
by indices, we obtain 
P р P P P 
EC БН] AL +в} Bo [aru 
P a P a Р а Р Р 
FAL Bys + В А A, S 


Now when (5.1) holds, we get from (5.2) 


P 
APO 


P P рь р 
A Е mw T Urpo В. Sd Vig 


Putting these values in the above equation and contracting for р and v, we get 
“Юль (a,b) Hy sl fes, +’S +U, + vite а { aS, p PS. + Us, zi "5j. 
ac? a b B B bo? B a B a 
+ Sou d: Us, S. arit 4 Sge + Vap Sy Ua 
—( “Sp + v) (52 + уе). (°з, 3b y, (esf, — e 
Interchanging А and и and subtracting, we obtain 
2 "Rau (а,Ь) =f isnt *5 + Un + тон a + Shay + Usa tet 
a a B B 
+ | "Spre + Use) | Sit v5) + | общ» 2А [355 4] 
г: 8 B В В 
| "Sg + uj | "Sha Vos) x "Spt 2 | Sante) . . (5.12) 


Hence we may state the following theorem : 
Theorem 4. . Jf the equations (5.1) hold, then the equations (5.12) also hold, where 
U “@ are defined by (5.2a) and the Christoffel symbols with respect to which the 


covariant derivatives are taken are defined by (5.3), all expressed in terms of Sr, oS T. 


and the tensor g,,. 
—15 . » \ 


162 В. М. ЗЕМ 


In conclusion it may be stated that a generalised form of the field equations given 
by (1), (2) of § 1 may be given as follows : 


b'p^ dp? Е 
Ee; 0, where мк = uj (5.13) 
ab! 
(i) S+ "S. =0, (ii) ! Ro, sy a,b) =0, (iii) Ray’ a,b) — X, p (1:5) ы. (5.14) 


The equations (5.13) may be regarded as an algebraic system of r? equations to deter- 
mine the 2л? quantities (D. n). If the system admits a solution and the solution is 
. substituted in (5.14), we get a system of n(n-+1) differential equations to determine the 
same number of quantities 5, X (а,Ь). On the other harid one could start with the п? differ- 


ential equations (ii), (iii) of (5.14) with respect to the unknowns (г, ; т" which un- 
knowns are subject to the algebraic system (i). The system (5.13) is then a system of 
' differential equations with respect to the unknowns g,,. However, if we take a=b, the 
equations (5.13), (5.14) reduce to the equations (D, (2) of $1, and all the theorems 
stated in this section become equivalent to the corresponding theorems obtained by 
Hlavaty (Hlavaty, 1957). 

Inany case, it is believed that the concepts of generalised covariant derivative and 
generalised curvature tensor given in this paper may lead to some fruitful results. 
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STEADY HYDROMAGNETIC FLOW IN A CHANNEL WITH 
POROUS AND CONDUCTING WALLS IN THE PRESENCE 
OF A TRANSVERSE MAGNETIC FIELD. 

Вх | 





М. Ray and J. C. AaRAWAL, Agra 


(Recetved—February 8, 1964) 


An exact solution of modified Navier-Stokes equations governing the steady flow of a conducting 
fluid between two parallel conducting porous infinite plane walls is given. When the suction or injection 
at the walls is made to vanish the flow reduces to the one deseribed by Chang and Yen 


Introduction. Hartmann and Lazarus (1937) were the first to experiment on the 
hydromagnetic flow of a liquid conductor, through ducts of rectangular and circular oross- 
section. The theory of flow between parallel non-conductmg walls has been reproduced 
at many places (e.g. Cowling, 1957). If the magnetic field H, is perpendicular to the non- 
conducting walls having equations (z = +L) and 1f Р be the pressure gradient and М the 
Hartmann number [М = 2Н,[(0[0,)#], the velocity is given by 


pis cosh M—oosh Ез 
uz 





РУМ sinh М 
whioh shows that if M be large, v 1s practically constant except in a narrow region—a layer 


L 
of width ~ ГЈ М at each wall, the velocity away from the walls being approximately Bic ; 
0 
ie. proportional to L and inversely proportional to H,. The electric current density in the 
central part of the channel is uniform, there is a return current in the boundary layers, which 
balances the central currents. The magnetic lines of force can be supposed to move ш the 
channel with velocity w such that in the central part of the channel P is just balanced by the 
v 


drag —oH?(v—w), (because of a polarization electric field). Thus v—w = oH == F 


Thus the lines of force in the fluid move with a velocity v ( 1— и 3 only a little smaller than 


v, this reduces the drag. If the polarization is cut down (e.g. because of the conductivity 
of the walls) the drag becomes клан, and v is correspondingly reduced (Chang, 1961 
and Shercliff, 1956). 


The theory of flow through ducts of rectangular and circular cross section was consi- 
dered by Shercliff (1953, 1955, 1956a,b,c) Uflyand (1960) and Chang and Lundgren (1961). 
Shercliff (1953) gave an exact solution for the rectangular case with non-conducting walls, 
the magnetic field H, being perpendicular to the two walls. Chang and Lundgren (1961) 
considered ‘the effect of perfectly conducting walls on the flow in rectangular and circular 


1 
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ducts. For large M they have shown that except in the boundary layer of thickness of the 


1 1 фм _ ; = РТТ 
order of и. и М1 where ф = 0 for non-conducting walls and p со WE pe {н у 
conducting walls. Thus v ~ a for non-conducting walls and, v ~ E for perfectly conduct- 


ing walls, inoreasing the wall conductivity decreases the, velacity.. 


The stationary flow of a conducting fluid in channels with non-conducting, porous 
walls has recently been decribed by Agrawal and Agrawal (1963) and Agrawal (1963). 


The object of the present paper is to consider the effect of wall-conductance on the 
M—H—D channel flow when channel walls are porous and provide exact solutions, for 
this problem. Numerical results and detailed discussions have not been reproduced to avoid 
the increase in the length of the paper. 


The Governing Equations. The fundamental equations of magneto-hydrodynamics 
are the simultaneous equations of modified Navier-Stokes and Maxwell’s equations taking 
account of the interaction between the field and motion. Ignoring Maxwell’s displacement 

‚ currents and accumulation of charges, and assuming Lorentz force to be the only body force 
in the field, equations of the hydromagnetic flow are : (Cowling, 1957). 


Curl H = 4nj (1) 
Curl E = —А n (2) 
div H =0 | (3) 
у = e(Et pvo X H) (4) - 
div p =0 (5) 
i 30 (руд = — = vptw'et ^ jXH (6) 
ді р р 


where Н is the magnetic field, E the electric field, p the velocity, j the current density, д the 
permeability, p the density, v the kinematic coefficient of viscosity and p the pressure and 
o.g.8. electromagnetic units have been employed. 


Eliminating Е and j in (1), (2), (4) and j in (1) and (6) making use of (3) and. (5) we 
get, - | 


ЭН. = owl (ox Н)-+ АН (7) 
_ 1 
where A= | tae ) (8) 
and 
9 evo y (РН Нар (НН 00 


at 


We select a righthanded Cartesian system such that the z axis is perpendicular to 
the walls and the walls have the equations z = +L. Walls have been assumed to be equally 
electrically conducting, of equal thickness h such that AJD <<! and to have the same 
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permeability as that of the fluid. The fluid flows between these walls in the direction parallel 
to thes axis and a uniform magnetic field Н, is applied in the direction ofz axis. The 
equations governing the flow are simplified on account of the following assumptions : 


(i) The flow is steady and laminar and hence д 0 


Жо 


(ii) Velocity, magnetic field and the pressure are independent of the space function 
y and therefore 


до | OH _ др _ 0 
ду ду ду | 


(ii) The fluid injection rate at one wall is equal to the fluid suction rato at the other. 





Thus | | 
vL) = v,(—L) = »,(z) = vy = constant, : (10) 


where v,(z) is the cross flow velocity (parallel to Oz) at any point (x, y, 2) in the channel. 


(iv) The component of velocity parallel to the walls is taken in the direction of x 
axis so that v, = 0 and equation of continuity (5) then reduces to 


до, 

Tm 11 
ато (1) 
where v, denotes the longitudinal component of velocity. Thus v, is independent of x and 


on account of assumption (ii) vy is a function of z only. ` 


r 


(v) The externally applied magnetic field H, parallel to Oz fixes the normal compo- 
nent of the magnetic field at the surfaces of the planes z — 4- Г and that this is the only field 
impressed. There is no applied electric field and also there are no free charges, and hence 
E=0. Е | 

Since the liquid near the meridian plane is moving faster than that near the walls, 


it tends to pull out the lines of force in the direction of motion and the field thus acquires 
a component H, parallel to Ох. 


Equation (3) reduces to 


ан, _ А 
aa =0 (12) 


which again shows that H, is a funotion of z only. 





Now we have : 
о = (vs; 0, vo) 


and H = (Н 0, Но), wae 

where quantities in the parentheses denote respectively the x, y, z components of the corres- 
_ ponding vectors. 

Thus, 


ox H= (0, pH ,—v.H,, 0) (13) 
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Since Е = 0, components of equation (4) are : 


j.—0 | (14) 
»= до(о H,—v,H,) (15) 
»=0 | (16) 


Equation (2) has only у component, which gives 








oH А 
| = й, (17) 
Equations (15) and (17) give 
0H, Е 1 
At = 4л}, = x (Hav. Ho) | (18) 


With the above assumptions and results obtained, the equations (7) and (9) reduce to the fol- 

















lowing three equations : 
gee = A TH. (19) 
dz 
9p а Н 
wae а c 09) 
dv, 1 др d*v, рН, ан, 9 
and wg co HU р ub en 
Differentiating (20) with respect to z, D ДА 0 = = (2) showing that op is in- 
дд д д 
dependent of z. Differentiating (21) with respect to we have Е | 2 — 0, which shows 
that 2r is independent of z also. We, therefore, write : 
—ÓP — p — constant. (22) 
Equations (20) and (22) give : д: 
7 H2 = constant. (23) 


After determining H,, the pressure p can be determined. 


Non-Dimensional form of the Equations. Equations (19) and (21) are the 
simultaneous differential equations for v, and H, and (23) gives the variation of pressure. 
We define the following non-dimensional quantities : 


H, 
— (2/7. — 2 — Ho = 
(211), п PL’ Н H, , U = Ur 





P en = 
Do | Oo 
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Е = Reynolds number for the longitudinal flow 














ND LS (25) 
р У 
Ey = Magnetic Reynolds number 
- 4] PL.L (26) 
р. А 
S? = (Magnetic pressure number)? = .^ Hi (27) 
4nPL Ў 
М? ; 
= —p5- where M is the Hartmann number 
RR, 
and 
R, — Reynolds number for the cross-flow ' = 
еза РЕ RS (28) 
p vo 
With these substitutions equations (19), (21) and (23) reduce to : 
dv 1 dH 1 ФН 
+ = 0 29 
X R4 Ry а vy 
dH 1 dv ,1 d» | 
1 2 = = 0 
qe TR uta aa 9) 
and i пП--Е-+Н? = constant. (31) 
Boundary Conditions. (а) No slip conditions at the channel walls z = +L are 
represented by ү | 
£—1, v=0 
and (32) 
6——1 v=0. 


(b) The whole space can be classified broadly into three regions 
(i) the fluid region, 
(ii) the channel walls each of constant thickness № and electrical conductivity о, and 


(11) outside of the channel walls. 


А uniform magnetic field H, acts in the Oz direction. The two boundariesz = L and 2 ——1L 
are the interface of regions (i) and (ii)'&nd the two boundaries z = (L--À) and z =—(L-+-h) 
are the interface of regions (ii) and (iii). Since we are interested in the physics"inside the 
channel we need the bundary conditions on H at the interface of (i) and (ii) i.e the boundaries 
€=-+1. Chang and Lundgren (1961) have investigated these boundary conditions in case 
of a parallel sided duct to be 


ф —+t+H=0atfC=1 
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and - 





ан m at 9: 
в Gp —H =O att = —1 (33) 
(Chang and Yen, 1962). 
where ф = we Я | 


The electrical conductance ratio ф may b different for the two walls. 


If the thicknesses and conductivities of the upper and lower walls be respectively 
hı and ky and ow, and vw, then the boundary conditions will take the form 


фу qr eee 
and ' ф бу 8—0 ot б = —1 7 


and these are more general boundary conditions than (33). However, we have taken boundary 
conditions (33) for simplicity of results. It may also be noted that the cases of non-conduct- 
ing walls о, = 0(Agrawal and Agrawal, 1963) and perfectly conducting walls о’, = co are 
included in the boundary condition (33) with $— 0 and $— со respectively. 


Solution of Equations. The firet integrals of equations (29) and (30) are respectively 


1 ан 1 р 

—— '———— Hpo = 0 34 

E ur m S 
um 1 w 11545 0 (35) 

Ва RES = OE 


Eliminating H in these two equations we get: 











dy ү R--Ry | dv ВВ» а Р 
de (E Jeti m) v 
^ IRR, m _ RE, | 
= &—В— MC, т. 0; (36) 


Solving the equation (36) by usual procedure and feeding the solution in (35) to get Н 
and taking account of tho boundary conditions (32) and (33), the solutions are :.. 


v = Cen — et) 4-0 eo et) + 


RR (1—0) 
"RO um oN 


ap 
and А 
SH = ( L —&) (аф sinh a+cosh a—ett)0, 


+( В 2 (Ав sinh B-+-oosh f.—eft) e 1 m t (38) 
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where а, f are tho roots of the quadratic equation 





(Eide) v (Ae a) <0 ^ 
RR Rm 1 
р "EE ds сой 20) E (#ф cot A++) " 
= ——— eA Lc 
: sinh «| $ (a coth a—f coth 8-5 (a3 coth a—f* coth 8) — > @—/4)] 
and 
ЕВ ф Em 1 
ens E af (a coth «—1)— R, В (аф coth «+1)—(¢+1) УТ 








sinh f Е: (о coth «— В coth )— > (à? coth a—f? coth 0—5 (a—f) | 


Pressuro variation may be obtained from equation (31) after substituting tho value 
of H from. (38). 


This completes the solution of the hydromagnetic equations. It may be noted that 
the results apply equally well for either direction of cross-flow (due to fluid suction at one wall 
and injection at tho other). Positive value of R, corresponds to injection at the wall 
z= —L while tho negative value of В, corresponds to injection at the wall z = Г. 


Limiting Forms of The Flow 


(I) When the walls of the channel are non-conducting, there is a change in tho boundary 
conditions for the magnetic field which is obtained by putting ф = 0. For the case ф = 0, 
results agree with those given by Agrawal and Agrawal (1963). 


(II) Ifthe cross-flow be stopped i.e. v, = 0 and 1/R, = 0, tho results reduce to 
those obtained by Chang and Yen (1962). 


(III) Results in the case of perfectly conducting walls can bo dorived from (37) 
and (38) by making фэ oo. 


Only the values C; and C, are changed. 














In this case: 
ВЕ, 1 Be 8 
js 2 op (В coth £—1)—^7g. S coth 8—1 
. a coth а — В coth Й о? coth a—f? coth f 
sinh а | Е, Е | 
(R Rm/ В? ав) (© coth a—1)—(a Ry/PR_) coth a—1 
and C, = 








sinh f [ & coth =. coth В _ о? coth я coth FI 
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(IV) Jn the limiting case (I) if the oross flow be stopped, i.e. ө, = 0 and hence 1/R, 
= 0 then «= —f = M. The results in this case agree with those of Hartmann flow 
when E applied electric field is set equal to zero. 


AGRA OOLLEGH, 
AGRA. 
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HYDROMAGNETIC FLOW OVER А PERFECTLY CONDUCTING 
PLANE WALL WITH UNIFORM SUCTION 


Ву 
М. Ray ахр J. C. Agrawat, Agra 


(Received —December 24, 1963) 


Iniroduciton. In the present paper is studied the problem of steady flow of an 
eloctrically conducting, incompressible, viscous fluid of constant electric and magnetic pro- 
perties over a perfectly conducting plane wall with uniform suction in the presence of a trans- 
verse magnetic field. Gupta (1960) has treated the problem of flow past a non-conducting 
porous plane wall (for both cases of suction and injection). Due to some inconsistencies in 
his paper the problem was taken again by Kakutani (1961) who has shown that no steady 
solution can be obtained for the case of injection. However, for the case of uniform suction 
he has obtained an exact solution for the steady state when the magnetio pressure number 
ig smaller than unity. The solution to the problem of the hydromagnetio flow over & perfectly 
conducting infinite plane wall with uniform suction in the presence of a transverse magnetic 
field does not appear to be given anywhere. Тһе paper has been written with the object 
of providing an exact solution of this problem. 


The Governing Equations. The basic equations expressing the interactions between 
the fluid motion and the magnetic field are contained in Maxwell’s equations and in the equa- 
tions of hydrodynamics suitably modified. ‘Since in this problem we are not concerned 
with the effects which may be related in any way to the propagation of electromagnetic waves, 
we are justified in ignoring displacement currents in the Maxwell’s equations. Variations 
of the charge density affect the equation of conservation of charge by terms of the order 
v3Íc* and terms of this order we have ignored. If H is the magnetio field, E the electric inten- 
sity, j the current density, д the permeability, р the density, v the Kinematic coefficient 
of viscosity and p the pressure and c.g.s. electromagnetic units are employed, assuming that 
the only body force in the field is the Lorentz-force, the equations governing the flow of an 
electrically-conducting incompressible, viscous fluid in the presence of a magnetic field are 
(Cowling, 1957) | | 


ухН = 4л (1) 
3H 
| MESE 78 Эр (2) 
yH-0 (3) 
j = o(E--uV x H) (4) 
yV=0 (5) 
: OF урур -— 1. зр Ё j xH 6 
ar TU OY р yp+yy? V+ a das (6) 
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Eliminating Ё and j from (1), (2) and (4) and between (1) and (6) we have respectively 


ae Xx(V x H)--Ay3H (7) 
where A = (14тро) and 
ду . Е р Иа 
Hwy = у (2+5 ||?) +45 (Нч. (8) 


Now we take a right handed system of coordinate emn origin O at an arbitrary 
` point on the wall which is assumed to be perfectly conducting and to have the same permeabi- 
lity as that of the fluid, and use the Cartesian coordinates (2, y, 2) with axes Ox and Oz 
along and perpendicular to the wall respectively so that equation of the plane is z — 0. 
Equations governing the flow described alovo are simplified on account of tbe following 

assumptions : 
(I) All physical quantities are supposed to be the functions of space coordinate 

2 alone. 


(II) Velocity field is assumed to be two dimensional i.e. y — (v4, 0, vz) where 
the quantities in the parentheses denote respectively the x, y, z components 
of the corresponding vector. 


Equation (5) on the above assumptions leads to 
9v, 
де 

(III) A uniform magnetio field is applied parallel to Oz. Since the liquid away from 


the plane z = 0 moves faster than that near the wall it tends to pull out the lines of force 
in its direction of motion. Thus the field acquires a component H, parallel to the motion. 


Thus Н = (Hs, 0, Но) 


—( ог v, = 0 constant (9) 


(IV) The flow is steady and laminar hence (9/0?) = 0. Now 
V = (ve, 0, wy) 


Н = (Н, =, 0, H o) 
and hence 
VxH = (0, «H,—v,H,, 0 7 (10) 
E Since there is no applied electric field and hence charges, equation (4) for the current- 
density gives the components of the current : 
в = 0. (11) 
= до(»әН„—%Н). ^ (12) 
м = 0. (13) 


Obviously, in this problem, curl H, V x H and j have only y component. 
Equation (1) gives 





(Curl H), = one = 4n jy (14) 


~ 
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and equation (12) with (14) gives 


OH. ў 1 
x UT Чт, = {Molle —9„Но) (15) 


With these assumptions and the consequences of assumptions stated above, the equa- 
tions (7) and (8) reduce to the following three equations : 














de, | dH, |, dH, _ 
m а ATE ө 
dp , u dHi _ 
Um b de == 0 (177) 
dv ‘day Н, dH, 
1 2 [4 Г 0 2 
anc *o = iro T E (18) 


The boundary conditions for tho velocity. are : 
No slip condition at the wall, given by 


2= 0:0, = 0 (19) 
The component of velocity at far distance from the wall tends to a uniform value U. 
2—9 00:0. U (20) 


The boundary conditions for the magnetic field are : 


Since the wall has been assumed to be perfectly conducting (conductivity of 


the wall = oo), and its permeability same as that of the fluid (Chang and Lundren 
1961) 





=0 (21) 


Since the x component of velocity, at far distance from the wall tends to a uniform 
value U, the x component of magnetic field tends to 0. 


2200: ЯН, 0 (22) 


Since the velocity and magnetic field both tend to uniform values at far distance from 
the wall, their derivatives with respect to 2 tend to zero. 


E il (23) 





z> со: Te — 0 and 


Solution of Equations Equation (17) on integration, taking account of boundary 
condition (22) gives 


pt 


^ H-n - (24) 


where II is the pressure at infinity. 


The first integrals of equations (16) and (18) making use of boundary conditions at 
infinity are respeotively 
dH, 


Hw, xs еН, + А a 





= H,U (25) 
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Н 
апа 0005 = У 26 T A, +U (26) 


Elimination of H, in these two equations gives 








Bq v dv, , % q. gw, — % 1—8)U 2j 
dà y it Pm) di F X (1—8) = wx (1—8) (27) 
where : 7 
Pm = the magnetio Prandtle number = (v/A) (28) 
: H? 
S = the magnetic pressure number = -#20 (29) 
Solving the equation (27) by usual process we get 
v, = U+Ae™+ Be8* (30) 
where « and £ are the roots of the quadratic 
E (1+p_)6+( S.) а—8) =0 
y УА А 
ог 5 
a, В = EN +m V (1—p,,)*--48p4] . (80 


and constants of integration 4 and B are to be determined from the boundary conditions 
on the wall. We discuss the solution (30) first. 


Positive value of v, represents injection at the wall whereas negative value of v, cor- 
responds to suction. In both these cases the sign of 8 depends on д and not on vo. 


Firstly we take v, > 1 which corresponds to uniform injection. In this case both 
а and f are positive when S < 1 and v, given by (30) diverges at infinity. When 8 = 1, 
one of о and f is positive the other being zero and again v, diverges at infinity. When S > 1, 
one of a, f or вау о is positive and В negative. From the boundary condition (20) we see that 
А = 0; B can be determined from the boundary condition (19) alone and there remains no 
freedom to satisfy the boundary condition (21). Thus for all values of 8 in the case of in- 
jection, no steady solution is obtained. 


Now we take v < 1 which corresponds to uniform suction. When S > 1 we again 
see that no steady solution is obtained for similar reasons as in the preceding case. When 
S « 1, both « and f are negative, so that the boundary condition at infinity for U is satisfied 
for any values of A and B. Equations (26) and (30) give, 








H, = pus [(v9—va).Ae** 4- (vy —v f) Be8*] | | (32) 
апа 
= Е pis (ео varo ent (0, —v f) BeP*] (33) 
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Equations (30), (32) and (33) already satisfy the boundary conditions (20), (22) and (23) 
respectively. Boundary conditions (19) on equation (30) and (21) on equation (33) give res- 
pectively 





A+B+U = 0 (34) 
and a(vy—vx)A J-B(v9—vf) B = 0 (35) 
Solving (A) and (B) 
Pu (1+Pm—y)(1—Pm+7) U 36 
4урт (96) 
and 
B= (1+0»-7У)(1—рт — У) U (37) 
£YPm 


where we write y for Y (1—Pm)* 48р, 
Writing the values of A and B given by (36) and (37) in (30) and (32) we get 


nc 1 (14-25 —Y)(1. pmt y) — (12-9 + У) от —y)e?*] (38) 
Урт 
апа 
H 
HN Xu [(14- 29 —y)e** — (1 - m -y)e?*] (39) 


Equations (24), (38), (39) constitute the exact solutions for the magnetohydrodynamic flow 
over a perfectly conducting plane wall with uniform suction when a uniform transverse 
magnetic field is impressed. 


The electric-current density has only one component which can be obtained by substi- 
tuting v,and H,from (38) and (39) in (12). 


Since suction checks the growth of the boundary layer thickness, the asymptotic 
steady state may be obtained. But the magnetic field counteracts this checking of boundary 
layer thickness by suction and as S$— 1 magnetic field balances with the checking effect of 
suction. Hence no steady solution can be obtained for S > 1. 


AGRA COLLEGE, 
AGRA. 
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CALCULATION OF ONE-ELECTRON LEVELS IN A DISORDERED 
LATTICE BY THE MOMENTUM-TRACE METHOD 


Вх 
РатудмуАрА San, Varanasi, U. P. 
(Communicated by the Editoral Seoretary—Recetved—December 18, 1961) 


Introduction. The method of moments has been used for determining the frequency 
spectrum of the vibrations of an ordered lattice (Montroll, 1942) and of lattices consisting 
of isotope mixtures of different mass ratios and concentrations (Domb, Maradudin, Montroll, 
Weiss, 1959). A similar method can be used to determine the electronic energy spectrum 
in liquids. However, it is important to remember that the number of modes of vibration 
in a finite solid is finite, whereas the electronic energy spectrum extends to infinity. The 
moments of this matrix are infinite, i.e. they do not exist. It is therefore necessary to 
consider energies only to some finite upper limit. This is formally achieved by replacing the 
Hamiltonian H by НР (to be denoted by W) where P is a projection operator. An &pproxi- 
mation to the spectrum of H in the neighbourhood of the wave number k can be obtained 
by taking a suitable P such that HP is an уху matrix containing all those elements Hg, 
which are not negligible. By taking a larger v the spectrum of HP can be made to approxi- 
mate more closely at least in principle to the spectrum of H obtained by the exact diagonali- 
zation of the infinite energy matrix. 


The Momentum-Trace Method. Let А; be the eigenvalues of an mx m matrix 
A; then Af are the eigenvalues of A’. 


Trace A=DA, 
Trace AT = DAE r—1,2,8,.. (1) 


If A's are во closely spaced that a distribution function D(A) can be defined which 
denotes the fraction of eigenvalues in the range (A, A--dA) then | 


Ла 

Trace AT _ 

пе = [№ Day (2) 
ry 


where Ау, is the lowest and Ag is the greatest eigenvalue of A. But the average of the r^ 
power of the eigenvalues is defined to be the r^ moment. Therefore 


А 
My = | А" Dada | (3) 
A, 
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Montroll and others have given in the above mentioned papers a technique to calculate 
the various moments of the matrix whose eigenvalues give the vibration frequencies and 
then the distribution function D(A) is calculated by expanding it in Legendre Polynomials 
ог power series. ~ i ons d i í ` WA 


In the following, a method for caloulating the moments of HP is: given. H is the 
energy matrix for an electron in a one dimensional disordered lattice representing a liquid. 
The Model. The model consists of a lattice of length L of N atoms randomly distri- 
buted, such that the interatomic distances are statistically independent and have the same 
probability distribution s(r) The Fourier transform of s(r) is f(k). 21,2, ..., xy denote the 
positions of the atoms and 1, 7, ..., ry the interatomic distances. 
ti = fy м, = Гр. Sy = ЕН... try (4) 


The potential energy U(x) of an electron is 
N 
U(x) = X u(x--aj) (5) 
*=1 


where « is its potential energy due to ono atom. In weak binding approximation the un- 


perturbed wave functions arc 
i I 
—— güs 


E 


When periodic boundary conditions are applied. then 


pm EAT MS ... (6) 


The potential energy is treated as perturbation. The matrix elements ug, ,' of the pertur- 
bation are 


e 


Е b L 
) r_ l [зв sa, 
Ur + = fe U(x)e*'*dx 
- 0 
= Тир kk (7) 
5r Ж 
Uz, Е = 0 
where v(k’—k) = fuel? dy (8) 


and p is the structure factor : 


р) = Зохр {i(k Ra 


, N 2 / $ 
e. = à exp {i(k px ғ) (9) 


CALOULATION OF ONE-HELEOTRON LEVELS ETO. 179 


Thus the matrix elements are not fixed but are functions of ғу, ғ, ... ғу. Hence 
the moments are functions of 71, fa ..., ғу. These moments are statistically averaged with 
respect to the distribution function F(r,, rg, ..., ry) = a(r) 8(rg) ... s(ry). The mean moment 
provides the mean distribution function D(H). 


. Statistical Averages of the Products of Phase Sums. То determine the 
average of the moments the averages of the products of the phase sums are needed. If 


p(k) = eri еб) р еб trit ту.) 
then in the limit №-эсо 


<р(Ё,) p(ks) ... plkn) > A X g(K)g(Kg-c..-—- X  g(K)g(Ka) -e gKn) (10) 


1, А5 Ki,. Kn 


where K, = k,+k,+-...+, and in the j-th sum Кү, Ka ..., Ку are distinct partial sums of 
ky; hy, ...,&, such that Ka СКь 1. If the numerical values of E,, ky, ..., Е, are such that a 
certain К; = 0 then 


gK) = М 


otherwise, 
gE) = Кп —fU o 


This is a generalization of the result established earlier (Sah and Eisensohitz, 1960). For 
' example, if k, # —&,, Ё, 5 0, k 40 








o Дь+ Fu f) лы 
<p(h,) plk) > = ТЕТЕ) [2+ І.) E АЛЕ | Е 


and if k, 5 0 





<p(ky) p( —k) = № [+ 8 i 5 | (12) 








— Анны) x L(t) 
<р) pk) alle)> = ү си [14 3 I 





v ЛЫ) fü) fü) 
+2, x ee (+ js + Tos 1 (13) 
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Calculation of Moments. Let k vary from k, to Ё, in HP = W and let 


Z (bh) = v (say) 


Th D (14) 
en SS a 
bo V cds 
Doy (18) 
= — r БЕ 
A^ Y kzki 
1 fa ГА t 
из = = X Им Wy (16) 
УК, k 
DEL X Wy Wy" ... Wg-pok (17) 
У k, ks. BORD 


where in the above sums k, Ё’, ..., "№ vary from k, to kg. 


The diagonal elements of W are 


Wa = a (18, а) 
2m 
and non-diagonal elements 
Wu = Uw = rule) p(k’ —k) (18, b) 


The multiple sum for 4, is divided into subsuins д, ШС), ... и) where и is the 
sum of those terms which have j diagonal elements and n—j non-diagonal elements 


Ш = WBF BE БШ? (19) 
i.e. «uU m Pd cu +... <> (20) 


|, consists of terms of the kind . 


X (Wr)? Ukk’ Орт" T 0-3-0, 
b, ^, .. td 


к } 1 


Б RRA 1 рф. ово), (Е —h)... pkk"), 
M E ges rr uk OM Bt ) 


РА 
OALOULATION OF ONE-ELEOTRON LEVELS ЕТО. 181 


The average of these terms are 


j 
gb Я dod : MOM 
iip 3 р ges iUo sem s e pct E pos 


In the limit Loo 


then the above expression becomes 


Gra | m | ( IE ыю 2. v(b— kein). 


-«p(k' —k) ... р") 5 акак... dk- 


Equation (10) gives the <p(k'—k) ... p(k—k'"-"7U > as a function of k, k’, ..., 97") 
and thus the subsums < u, ™ > and therefore < да> can be calculated. 


The method is general, and in principle, it can be applied to calculate moment of any 
order. 
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ОМ А GENERAL TYPE OF EVERYWHERE DIVERGENT 
TRIGONOMETRICAL SERIES 
By 
Fu Cunene Hsrane, Taspet, Taiwan 
(Communicated by the Editorial Seoretary, Recetved—February 16, 1962) 


1. In 1926, Kolmogoroff (1926) constructed a well-known integrable function whose 
Fourier series diverges everywhere. His example is, however fairly complicated. Later 
in 1929, Steinhaus (1929) proved that there is & trigonometrical series with coefficients 
tending to zero which diverges everywhere. He showed that the series in the simple form : 


s сов k(z—1log log k) 


L -log k 


diverges for every z. Other examples with the same properties have also been constructed 
by Hardy-Littlewood (1914, 1931) and Wilton (1934). In this note, we generalize Stein- 
haus’s series into the following 


Theorem. Let ф(в) and A(n) be two positive and monotonic increasing functions of n, 
both of which tend to infinity withn If А 


(1) —nAd(n) <k « үу (n> лу) 
for some k, where AA(n) = A(n)—A(n--1) and 

(ii) $(n) = O(n) (n— со), 
then the series 


x (фп) cos n(z—A(n)) 


diverges everywhere 
| If we take ¢(n) = logn and A(n) = log log n, then, since log n/n— 0 and —nAA(n) 
= n(log log (n4-1)—1og log п) — 0 and n— oo, (n) and A(n) satisfy respectively (ii) and (i). 
Thus, our theorem includes Steinhaus's series as a special case. 


2. We are in a position to prove the theorem. Let us denote 


В нЕ А 
T(z) = X (Øv) оов v(z—A(v)), 
penal 


п-т» 
T, = ® OOS 


where {m,} is a sequence of positive integers which will be given immediately after. 
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We have 
T, > M NHM). 


By taking m, = [ф(л)], we see that 


[tn] 
T^? mpm г. 


as тэ со, since d(n) = O(n). At the same time, 


ътт 
0 < T,—T,(z) = E ($(v))7 {1— cos v(z—A(v)) 


— 2^ Ы) sint XD 


vot] 


n+m, 
<. OUTA 


Now, ifn < y $ n+m,, then A(n) < A(v) < A(n-+m,). Hence, if ж belongs to the interval 


In: (A(n), A(n4-1)), 


then 
|2—2A(9)] < Alm+1)—Aln) = —AA(n). 
Thus, 


0< т.т. < Же елуу (bm) 


< -у (rtm, arn? 


1 


-у (n-Hde)AAqy 


which is less than unity, for n > n, > n by (i), since $(n) = O(n) аз n— oo. Moreover, 
for a given 0 < є < 1—#*/2, we can choose a positive integer n; such that 


Ta > 1—6 (mm. 
It follows that 
T l£) = T,—(T,—T,(x)) > 1—e—#/2 > 0. 


for x sI, and п > max (n, п). This inequality is periodic with period 27. Since every 
х belongs mod (27) to an infinite number of the intervals Г„, the series 


X (0) cos v {2—Aly)} 


diverges for every value of x. This proves the theorem. 
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LIOUVILLE'S FORMULA FOR THE ABSOLUTE CURVATURE 
OF A CONGRUENCE IN A RIEMANNIAN V, 
Вх 
К. NrgMALA, Dharwar 
(Communtoated by Prof. О. М Srinivasiengar—Received-February 23, 1964) 


Let V, be a subspace imbedded in a Riemannian V, with а" (i = 1, 2, .... n) as the 
coordinates of any point P and g;, dz da? as the fundamental metric. Let уза = 1, 2, ..., m) 
be the coordinates of any point of V,, and а,в dy* dy® the fundmental metric of V. 


Consider т mutually orthogonal congruences in Г at any point P on V, such that 
one curve of the congruence passes through each point of Тм and hence through each point 
of V,. Let o, (c = 0, 1, 2, ..., m—1) be the unit tangent vectors to the curves of the oon- 
gruences that pass through any point P on V,. Let ©“ and ола (a = 1,2,... m) denote 
the contravariant components and covariant components of о, respectively. Since the 
oongruences are mutually orthogonal, we have the relations 


Osj * @ = б} (1) 
or авв®@| wf, = 8° - 
Os) Фа = б (2) 


From the well-known relations concerning mutually orthogonal unit vectors (Weather- 
burn (1957) § 30) we have 


Я ооа ов = Gap (3) 
х а? о? = д8 (4) 


Let О: xf = 2? (S) be а curve in V, passing through the point P. The derived veotor 
of o,, along the curve О is given by 


боа а 
mue. i 
08 Dol ý (6) 


where e* are the components of the unit tangent vector to C. 


Let us denote the projection of E OD Ws; 88 У, which is given by 





a 
Vos = ©оа; i o ef (0) 


| 
This can be also expressed as 


a ei 
= оз ; © 
Yas al- + öle 


‘Since the derived vector of о, along C is orthogonal to ол, we have for all values 
of g, / 
Yoo = 0. 
4 


Р 
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Again we have the identity 


apo. ol = 0, (с #8) (7) 


Differentiating intrinsically with respect to C, we have 


a . а . 
Osja; £O, е%- да; о е? = 0 
5] ol 


Yos Yos = 0 (8) 
Hence the invariant y,, is skew-symmetric in its suffixes. 
Also we have 
Е. yo, = Ў Yos 9| 
or, Oc|a е — Я Уда (9) 
3 
a 1 n a 
and E = 2 У. 


The first curvature vector of the congruence @,| With respect to C in V,, is given by 


бос Let К, be the magnitude of the first curvature vector of the congruence with respect 


' to C. This has been called the absolute curvature (Pan, 1952) of the congruence with 


respect to ‘C. Let Их be the unit veotor along the derived vector eu. 
From (9), we have f 


1 


dog, mE - a 
5 = Ka Wi = E Yao: 


Squaring we have 
Kj = È (Yos). 


Elsewhere we have defined an absolute geodesic (Nirmala, 1963) of the congruence 
as а ourve in V, such that the absolute curvature of the congruence vanishes at each point of 
the curve. 


Hence the necessary and sufficient conditions that the curve C should be an absolute 
geodesic with respect to the congruence w, are that | 


Yoo =0,  (0—12,...,m) 


The number of these conditions reduces to т—1 since у,; vanishes when ¢ = о. 
In virtue of (8) these conditions can also be written as 


у = 0 (8 — 1, 2, ..., m) 


Let now д be another congruence of V, such that one curve of it passes through each 
point of V,. Let де be the contravariant components of the unit tangent to a curve of the 
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congruence д at the point P. Hence we can express 
| =E ба (10) 
where d, = сов б, 0. being the angle between the vectors д and wo. 
Differentiating (10) intrinsically with respect to C, we have 
| et =z dy. eor +X daos e PM 


› 


Using (9), this can be written as 





др" m a a 
aS cag a A Yao, 


éd, 
= TE", "s x ds) Хуро 


| 


х[ Fe +B do) vae |, 


The left side is equal to K,,Wz where К, is the absolute curvature of the 


congruence # with respect to C and И is the unit vector along the absolute curvature 
vector of the congruence р. 


Hence we have 


E =| Se х dme] (11) 


ul 


We shall call this as Liouville’s formula for the absolute curvature of a congruence in 
a Riemannian V,, on account of ite resemblance to Liouville's formula for the geodesio curva- 
ture of a curve on a surface in ordinary space. 


ТЕ the curve О is an absolute geodesio of the congruence д, we have 


Ки! = 0. 
From (11), it follows that 


ёа, 
38 Sd. dy Уве = 0. 


i.o. —sin 6, S. +Œ 008 биду» = 0 (12) 


But we have 
x 60820 == 


Differentiating intrinsically with respect to О, 





X оов б, sin бә ba o | (13) 


38 
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From (12) and (13) we have 

Ў сов б, 008 був, = 0. 

0,6 
Hence if curve C is an absolute geodesic of the congruence р, we have the identity 
х сов б сов Оу, = 0 where 01, Og), ..., б, are the angles made by the vector д with 
the orthogonal ennuple of Ум at the point P. 


This work suggested itself in the course of a perusal of an unpublished thesis by 
H. В. Nagaratnamma. 


I am very grateful to my Professor Dr. О. N. Srinivasiengar, D.So., for his kind 
guidanoe in preparing this paper. 


KARNATAK UNIVERSITY, 
DHARWARE. 
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APPLICATION OF MELLIN TRANSFORM FOR THE EVALUATION 
OF CERTAIN INTEGRALS INVOLVING PRODUCT OF 
JACOBI POLYNOMIALS 
By 
К. N. SgrvasTAvA, Bhopal 
( Recetved—Ooctober 18, 1963) 


1. In this paper we shall apply Mellin transform for evaluating certain integrals 
involving product of Jacobi polynomials. We write for integers К and n withO<K<n 
and —1<8<1 


т (2) = ATE ЕСЕТ; 9—1) 7 РЕА Qa D, M 














(K, B) a — (n—K-F1)! 2) Е+В-1 2 —1, B) 
Q (0) = зр Еи Е (228—1), (1.2) 
GB, (n)! ap pKtB-1-B) 
В, (=) 9K- 3ЗГ(и--Е-- р) (22— тув Е P (222 —1), (1.3) 
G,B,.  ' (n—K)l зук. р(К-В, В) 
8" (=) ЕВ) z(1—23) Р ы, QU (1.4) 
2. We shall first prove that for u> 1 
J(u) = l : pe Pts v) а dy = {22K (2K h- - (ц3——1)4К. 22-28-41 (2.1) 
1% + 
This integral can be written as 
чё J(u) = № (wo «PE (шь). ОРЫ). vat, (2.2) 
l/u 


This integral can be rewritten as a standard form of a convolution for Mellin transformation 
[Titchmarch, 1959 or Erdelyi, 1954, 6.1(13)] à 


[ КС оа Р P tuo) - Ufuv—1) 58. ay) - I U(—1)]- di (2.3) 
where U(z) =0,2<0; = 1. я> 0. Thus we have 
Mfu J(u); I= 
= SMEER (и). U(u—1); S): #{и-#@ (и) -[1-T(u—1)]; 1-8}. (24) 
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From Rodrigue’s formula [Erdelyi, 1953], we have 





vu рН (a) IY tm, О аш 
and | m 
uea P (u) = PIA Е J Que . ива, (2.6) 


Furthermore if the Mellin transformation of a certain function Mg) is k(S) then the Mellin 


transformation of | t )" ме) will be а" (8. —») : k(S—2n). Using these results 
E л) 


and the tables Erdelyi, 1954 6.2(31), (32), 6.1(7)] and after some simplification, we have 


" К Г ( +n— 2 TD (-*—=— 8 — г) 











m [wer P qu) рш); 8} = T 2 (2.7) 
овчар ( 7g ) -га-#—9/2) | 
(Е, B) E (5°) | d al 
я { weg Pew) 1 U(u—1)]; 1-8) = : — ‚ (2.8) 
E ар (2+5 )г (s =a -п+к) 
hence - 
B (а-к S-i, 2x-+1 | 
28 J(u); S) = 2.9 
But from the tables [Erdelyi, 1954, 6.2(32), 6.1(7)] 
i [2:£(2&)1]-1(u8—1)8E © ц#л-®Е+1. D(u—1) 
has the same transform, hence the formula follows. 
3. Next we prove that for u> 1 
Ta) = f? REP ow) S5 Podo = perpe aga, Qu) 
1/u Ы 


As before, this integral can be written іп a standard form of a convolution for Mellin trans- 
formation 


(К, В) 


278 J (u) = | x (uv)-38 В (uv) - v*&- Sg > yd 
Шы n n 


(Е, В) 


п 


m | © (uv)-98 A (шо) - U(uo—1) - i6 Po 0001) dv, (3.2) 
0 n 


where ` U(x) = 0, for ж < 0; = 1, for z > 0. 
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Thus we have 


Mius (u); S) = яве Puw) - U(u—1); 5} и u[l—U(u—1); 1—8}. 


From Rodrigue’s formula [Erdelyi, 1963], we have x (3.3) 
пав RC P) = Е FEES a s) {(ut— уния А п?н-28у, (3.4) 
«28 87 Pu) B REA a EE ]—wu*yn-8-1 . y?n-E 2438-3) (3.5) 


Using these results and the tables [Erdelyi, 1954. 6.2(31), (32), 6.1(7)] and after some simpli- 
fication, we have 


Г! n+1— 
f| изе Pu) - U(u—1);8}= | 





(3.6) 


п 


— 8). _8 
Ял 2m u) L-U(u—1); 1—8} = cau иг 2) ‚ (8.7) 


2T »41— 5) | г(2—п+=— 3) 





Siu (u), 8} = SOR at 


But from the table [Erdelyi, 1954, 6.2(32), 6.1(7)] 


(3.8) 





А [28Е(9к)1]-0из—.1)2Е - utn-3E-2U(u — 1) 
has the same Mellin transform; henoe the formula follows. 
4. If in (2.1) and (3.1) we make Рея 
ш) 1 = g(u?— l), 2 = 2—1, 


after some simplification we get 


(2K)\(n)(n—K-LD)! 


@+ = vx Pen 1 ПЕ 
ep gE-B(1 —aK*8- apes Bont 1). аи Qs Der ae аа 
(Ley = CX) (17 (x9) 





T(n-FK-- 5) T (n—f) 


x [ 2818-4. ({—-дуя-#. pth P Baer) Р PP [B Den) dz. (4.9) 


These were the integrals to be evaluated. 
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5. Particular cases : If in (4.1) and (4.2) we write f = $, we get 


| ае п Tn) - TEn IKF) 
xf. Ml — S AER) as (5.1) 
xf — Om ае) OK Á( eu а. (5.2) 


If we take the standardization О (ж) = lim K 0 K-!CE(x), we can easily obtain the values 
of similar integrals involving product of Chebyshev polynomials by writing K = 0 
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ON THE SECOND ORDER DIFFERENTIAL EQUATION 
WHICH HAS ORTHOGONAL POLYNOMIAL SOLUTIONS 
By 


SAMuEL D. SHonz, Pennsylvania 
(Communicated by the Editorial Secretary, Received —November 17, 1962) 


l. Introduction. For any sequence of orthogonal polynomials {P,,(x)}, where 
P,(x) is of exactly degree n with leading coefficient unity, three consecutive polynomials 
satisfy a linear recurrence relation 


Р„(ж)—(—в„)Р„_(ш)-„А„Р„_,(®) = 0, (1.1) 


for» > 2, с, and A, constants. Moreover, the orthogonal polynomial set {P,} satisfies a 
differential equation of the form 


AP, | (%)+BP,(2)+C,P,(z) = 0, (1.2) 
where A and В are polynomials in x, independent of n, of degrees not exceeding 2 and 1 res- 
pectively, and C, is a constant depending on n, 1f, and only if, (P,) is a set of classical ortho- 


опа] polynomials, a set of Bessel or related polynomials, or a trivial type a«"-Lba" 
(Szegg, 1939). 


In this paper we wish to consider other classes of orthogonal polynomials 
(nonclassical) which satisfy a second order differential equation of the form 


АР» (2) -В„Ри(т) -С,Р(а) = 0, (1.3) 
where An, B,, and C, are polynomials in 4 and n with fixed degrees (independent of n), and, 


conversely, to find & necessary condition for the polynomial coefficients A,, В„, and On in 
order that equation (1.3) have orthogonal polynomial solutions. 


2. А Derivation of a Second Order Differential Equation. У. Hahn (1940) and H. L. 

Krall (1938, 1940) have found several fourth order differential equations with nonclassical 

‚ orthogonal polynomial solutions. Hence it is quite natural to investigate the existence and 

actual construction of a second order differential equation which has the same polynomial 

solutions. Such an equation may not exist (as Hahn has indicated in his work), but, as we 
shall now show, this is not the case for the sets found by Krall. 


Consider the differential equation 
Lgs) = (2° —1)?ygi (2) + 8200? —1) yp" (2) + (424-12) (23 — L) yp’ (а) + Валуа) = Алуна), (2.1) 
for which Krall found the orthogonal polynomial solutions {Y,}, where 


+1 


| Yale) Yale) dyla) =0 (n В), : 


-1 
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- and lta tl 


yiz) = < ax ‚ ~l<a<l; 
—(l+ a), = = —1. 
The first step is to show that the orthogonal set (Y,) also satisfies a self-adjoint differential 
equation of the sixth order. Differentiating (2.1) twice, we obtain a second sixth order 
differential equation which is satisfied by (Y,). By combining the sixth order equations, 
we obtain another fourth order equation. Finally, we combine this newly derived differential 


equation with (2.1) to obtain the desired second order differential equation (since the third 
and fourth derivatives are eliminated simultaneously). 


The most general, self-adjoint, sixth order differential equation is 
Lu) = au!) + Заги) + but" + (26'—5a"’)u"’+-eu" + (c’—b" --3a)u' = pun, (2.2) 


where a, b, and c are arbitrary polynomials. The formula of Lagrange corresponding to the 
operator Llu) із - 


vL,(u)—uL,(v) = i [P(u, v); 


where А 
vL,(u)—uL,(v) = AWog - Зав bwoq+(2b' —ба"')аюоасшо + (c — b" --3a( ug, 
P(u, v) = GU, ао — (2a — Б) — (За —b' Jwa- (Ba — b" -- c)wy, 
— AW 4 — a wa (3a* —b)w,_+ awgs, 
and E Wy = Фи gu. 


Forming tho Stieltjes integral of vLZ,(u)—uL,(v) with respect to y(x), we have 


Рори) аута) = аР, v) Т ноди) аа) | (2.3) 


-1 


For a = (202—1)3, b = 60(2—1) and с = 12(2-31a--90)(1—23)--24, the right side of 
(2.3) is zero, and we have 
+1 


J (и) иә) уа) = 0. (2.4) 


Moreover, using these values of a, b, and c, and a suitably chosen value of р (say, ди), the 
equation (2.2) has a polynomial solution of degree » with leading coefficient unity, so that 
ИР») = АР». | 
Now letting u = P, and v = P, (п 5 k), (2.4) becomes 
+1 
(Hn — Hr) 1 P, P, di/(z) = 0; 


hence, P,(z) = Y,(z). We conclude that the orthogonal polynomials { Ү„} are also solutions 
of the differential equation 


(22 — Ly, 9 4-182 (23— Пу, G0(3— 1)y, ә (2.3) 
600r (2 I )yq'+[12(02 + 31a.+90)(1—a*)-+ arly, —24(а®-_31ш)лул = ину 
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Proceeding to find & second order differential equation, we form the derivatives of 
(2.1) and combine these equations with (2.5) to obtain the fourth order equation, 


Lé(Y,)—(2*—1)4(Y4)—2zL4(Y4) = ns Y 4—ÀA4(2*—1) Y, —2А Ур. 





To this equation, we add 4(x*—1)-1L,(Y ,)--(96--4a)L,(Y ,) to obtain the desired second order 
differential equation, : 


(z*— Пай 4o 3- A4) — (422 — 4a -- A4)] q(x) --221(402--40:-А,)а? 
—(4a*—12a--A,)] ҮҮ, (2) [Mn+ 421-96) — (Ug + 400+ 96 —4Aq)] Y (2) = 0, 
where from (2.1) and (2.5) respectively 
Ay = n(n4-1)(n*--n--4a—2) 


and 
Ly = n(n-4-1)(n*4-2n3 —97n* —98n--192—372a —122a?). 


The resulting equation is of the genoral form 
А„Р, (=) В„Ри(т)-+С„Р„(х) = 0, 


where A,, В,, and C, all depend on z and n, and is satisfied by the nonclassical orthogonal 
set {Y „(2)). Moreover, the method of construction can be applied to other classes of poly- 
nomials, given by Krall in (1940). 


3. A Necessary Condition 


On the other hand, we might find possible restrictions on the differential equation 
(1.3) in order that it may have orthogonal polynomial solutions. In partioular, we wish to 
find a condition which restricts the polynomial coefficients Anp, Ba, and Opn- 


In quest of such a general result, let us consider the recurrence relation (1.1) along 
with the differential equation (1.3). In what follows, Q with any subscript represents a func- 
tion of A,, B,, C,, and their derivatives 


The differential equation (1.3) is also satisfied by P,_, and P,_, so that we have 


A,P4 (2) + B;Pi(x)-+C,Py(x) = 0 (5$ = n, n—1, n—2). (3.1) 
Repeated differentiation of (3.1) yields the following sets of equations : 
APY QP: +@ыРГЕОР, = 0 (i= 0, nl, n—2); (3.2) 
APP HP, Han Piti Pi +GPi=0 (i = n, n—1, n—2); (3.3) 
AP Hn PLi PT + PtH- nP HO Pi = 0 (i = n, n—1, п 2). (3.4) 


Also, by successive differentiation of (1.1), we obtain 
PO —(z—c,)P,09 + АР. Рр = 0 (ғ = 0, ..., б). (3.6) 


Consequently, by treating po (îi = n,n—1,n—2, r = 0, ..., 5) as unknowns, we 
see that the equations (3.1) through (3.5) represent eighteen linear homogeneous equations 


198 SAMUEL D. SHORE 


in eighteen unknowns. We conclude that if these equations have a nontrivial solution, then 
the matrix of coefficients of PX? must be singular; that is, the determinant of the matrix of 
coefficients must be zero. This establishes the 


Theorem. If a second order differential equation A,P,+B,P,+C,P, = 0, as pre- 
viously defined, has а set of orthogonal polynomial solutions, then the polynomial coefficients 
A,, В, and C, must satisfy an eighteenth order determinant defined by the matrix of coefficients 

| of the above equations. 


Acknowledgment. The author takes this opportunity to thank Dr. H. L..Krall for 
his valuable suggestions. 


References 


Hahn, W. (1940), Deutsche Math., 5, 278-278. 


Krall, Н. L. (1938), Duke Math. Journal, 4, 705-718. 
(1940), Pennsylvania State College Studtes No. 6. 


Shohat, J. A. (1939), Duke Math. Journal., Б, 401-417. 
Bzego, G. (1939), A.M.S. Colloguim Publication, 28. 





ОМ SUBSERIES OF CONDITIONALLY CONVERGENT SERIES- 
Bv 
С. В. Banursen, Barrackpore, West Bengal 
(Received — January v0, 1964) 


Let Хи, be a conditionally convergent series of real terms and ё be any point in (0, 1] 
expressed uniquely in a non-terminating dyadic scale as " 
é = 0-£,6,...&, ... where ép = 0 or 1. 
A one-one correspondence between the points in (0, 1] and all possible infinite sub- 


series of Xz, is established by associating to the point & the infinite subseries Ж ви. 
1 


The purpose of the. present note is t, prove the following theorem. Throughout the ~ 
note subseries will always stand for infinite subseries of Ум. 


Theorem : Each of the’ following sets ъв everywhere dense in (0, 1] 
(а) the set of points ё for which the corresponding subsertes converge, 25 
(b) the set of points ё for which the corresponding subseries diverge to +-co{or — 00), 


(с) the set of points & for which 


Lt sup X éru, < +00, Lt inf È буць = —00, 
n- kml n k=l 


(d) the set of points ё for which 


Lt sup X ёки, = +00, Lt inf X £p % > —оо, 
n -keal n bml 
(e) the set of points ё for which Ses? E 
Lt sup X suy < +œ, Lt inf bj в > —оо, 
п Ел ^ C 


(£) the set C of all points ё for which the corresponding subseries converge to the given 
number c. | 


To prove the theorem we shall require the following lemma. 
Lemma: If Xu, 13 а conditionally convergent series then whatever be A, д 
(“о < # « Ax +00), there ts an infinite subseries L us; such that 


$ Lt sup Ў us; = À and Lt inf È us = д. 
^ 1-1 ^ 4—1 
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The lemma can be easily proved by following arguments almost similar to those used 
in proving Riemann’s rearrangement theorem (Knopp, 1947). 


Proof of the theorem : Let é be any point in (0. 1], then £ can be repressented 
uniquely as : i 
ё = Oé iés ... Én ... where ё, = 0 or 1. 2 

1 


Let є > 0 be arbitrary and select the positive integer m во large that эт < € Let 


Ext 50+... +b mum t+ Emits = d, where ёт = 1 or 0 according as ё, = 0 or 1. 


e 
Since the series У и, is conditionally convergent,by the lemma, given any A,4(—o0 2 ш 
rom+2 


o e 
< А < +оо) there is a subseries Ў us, of X и, such that 
iml rm +2 


Lt sup Ў us = À and Lt inf È us = p. à 
н t=1 n 


te] 
Let £' = 0.2.2, ... бы Emma Mmaa e TIR + Where 9, = 1 or 0 (k = m+2, m-F3,...) 
according ав и, occurs in У us; or not. Obviously | £—£' |< 1/2" < e. 
i=1 


By taking A = р any finite number ; А = д = +œ( or —o0); А < 4-00, д = —00; 
А = +00, ul» —00; A«-Fo0, и> —оо and А = р = c—d the proofs of (a), (b), (o), (d), 
(e) and (f) follow because e > 0 is arbitrary and £ is any point in (0, 1]. 


Hill (1942)has shown that the set of pointe £ in (0, 1] for which 


Lt sup Ў ёш = +00 and Lt inf È и, = —o00 
я #-1 n k=l 


is a residual set and so it follows that each of the sets with the properties under (a), (b), (0), 
(d), (e) and (f) is a set of the first category in (0. 1]. 


The author is thankful to Dr. B. K. Lahiri for his kind help during the preparation of 
the note. ' 


В. В. М. COLLEGE, ВАВВАОКРОВЕ, 
WEST BHNGAL, INDIA. 
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CALCUTTA MATHEMATICAL SOCIETY 
Report of the Council on the state of affairs of the Society for the year 1963. 


The Council of the Calcutta Mathematical Society has the pleasure in placing 
the following reports on the state of affairs of the Society for the year 1963, as required 
by Rule 25 of the Society’s Constitution. 

At the outset the Council regrets to state that on account of circumstances beyond 
control the Annual General Meeting of the Society could not be held within the scheduled 
date viz., the 31st January, 1964 as required by Rule 30 of the Constitution. This was, 
however ratified by the members of the Society at a Special General meeting. 

The Council. The Council of the Society for the year 1963 consisting of officers 
and other members elected at the last Annual General Meeting and the Editorial Secretary 
and a new Secretary owing to resignation of the old Secretary was as follows: 


President 


В. М. Sen. 


Vice-Presidents 


С. Banerjee 5. К. Basu 
К. Chakrabarty В. 5. Вау 
С. М. Srinivasiengar. 


А. 
5. 


Treasurer 
S. С. Ghosh 


- Secretary 


U. R. Burman 
(upto November 11, 1963) 


А. Gupta 
(from November 12, 1963) 


Editorial Secretary 
M. C. Chaki X 


Other members of the Council 


Ram Ballabh N. C. Bose Majumdar 

P. L. Bhatnagar Sakti Kanta Chakrabarty 
P. L. Ganguli N. L. Ghosh 

Amritabha Gupta А. К. Mitra 

D. М. Mitra D. М. Mukherjee 

М. К. Paul В. М. Prasad. 


General. The normal activities of the Society were carried more or less smoothly 
throughout the year. А brief report of the same under different heads is as follows: 
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Publications. In 1963 the Society published two issues of the Bulletin viz., 
Vo. 53, No. 4 (1961) and Vol. 54, No. 2 (1962). In this connection, the Council thanks 
the authorities of the Calcutta University for printing some of the Bulletins free of charge 
and the officers and members of the staff of the Calcutta University Press for their valued 
services. Also, in order to expedite the publication of the arrears, the Society has entrusted 
.parts of the job to two other presses viz., Eka Press and Sadhana Press. The Society also 
thanks the officers and staff of these presses for their cooperation. 
The Council is happy to announce that the publication of the Second past of the 
. Golden Jubilee Commemoration volume has already been completed. 
The following members were on the Board of Editors of the Bulletin of the Society 


for the year 1963. 
г BOARD OF EDITORS 


N. M. Basu Ram Behari 
А. С. Choudhury S. Gupta 

В. М. Prasad М Вау 

R. М. Sen В. R. Seth 


M. C. Ghaki (Editorial Secretary) 


Yachange of publication. The Bulletins of the Society have been sent, as usual, 
to the various countries of the world. The exchanges of journals done last year have also 
been maintained this year. Arrangements are being made to exchange the reputed 
journal “Tensor’ (Japan) with our Bulletin: 

Library. The subscription of journals which are not available on exchange basis 
has been continued during the year. 

Membership. Twenty-one néw members (including one life member) have 
been enrolled during the year under review. 

Meetings. During the year under review there have been six meetings of the 
Council and five ordinary general meetings of the Society which were mainly devoted to 
the reading of papers to be published in the forthcoming issues of the Bulletin. 

М. В. Sen Memorial Fund. It was resolved that “М. R. Sen Memorial Sub- 
Committee" be formed to advise. the Council on this matter, and that the Committee be 
constituted of the following members, with power to co-opt more members as necessity 
arises. i 

Prof. P. K. Bose DR. R. N. Bhattacharya 
Sri U. R. Burman (Secretary of the Committee) 


The Council also resolved to open a separate Trust Fund designated as the “N. В. 
Sen Memorial Fund", the: тешерүү and the Treasurer being authorised to operate оп 
the same. 

Finance. This year the accounts of the Society have been audited by Chartered 
Accountants Messrs. A. M. Paul and Co. as required by the West Bengal Societies Regis- 
tration Act, 1961, and the Council offer its heartfelt thanks to them for their sincere co- 
operation in preparing the Final Accounts and Balance Sheet. Thanks are also due to 
the Internal Auditors’ Dr. A. C. Ghoudhury and Dr. В. K. Lahiri for their initial examina? 
tion ,of the Accounts. 


ANNUAL REPORT 203 


The Society received the following grants-in-aid of publication during the yea 
under review. 


i) Government of India ут os .. Rs. 4,500.00 


. ii) Government of West Bengal .. К .. Rs. 2,000.00 
iii) National Institute of Sciences of India  .. .. Rs. 1,000.00 


The Council is happy to declare that these grants have been utilised for the purposes 
for which they were made. The Council takes this opportunity to offer its grateful thanks 


to the Government of India, Government of West Bengal and National Institute of Sciences 
of India. 


Obituary. In October 1963 the Society lost one of its honorary members, the 
world-renowned Prof. H. Hadamard who died at the age of 98. The Society deeply . 


mourned his death and paid respect to his memory. The Society also condoled the death 
of another member Sri Sisir Kumar Banerjee. 


THE CALCUTTA MATHEMATICAL SOCIETY 
92, Acharya Prafulla Chandra Road, Calcutta 


AUDIT REPORT : 1963 


We have audited the attached Balance Sheet of the Calcutta Mathematical Society 

as at 31st December 1963, and Income and Expenditure Account for the year ended on 

‘that date annexed thereto with the books of accounts, vouchers and other records of the 

Society produced to us and have obtained all the information and explanations which 
to the best of our knowledge and belief were necessary for the purpose of our audit. 

The said Balance Sheet of the Society is its first Balance Sheet and the same has 
been drawn up on the basis of the valuation of the assets as on 1-1-63, as valued and certified 
‘by the management of the Society which were not capable of independent verification by 
us. The opening balance of the General Fund represents the total net values of the assets 
as оп 1-1-63. We understand that there is staff provident fund account but the same 
has not been shown in the Balance Sheet drawn up. This fund aceount should be brought 
into the books of the Society at the earliest opportunity. 

In our opinion and to the best of our information and explanations given to us the 
said Balance Sheet of the Society subject to our remarks in the second paragraph of the 
report and our note in the Income and Expenditure Account, exhibits a true and fair view 
of the state of affairs of the Society as at the end of its financial year, and the Income and 
Expenditure Account gives a true and fair view of the Income for its financial year. 


Dated, Calcutta, А. М. РА & Co. 
the 16th March, 1964. ‚ Chartered Accountants 
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All correspondence with the Society, subscriptions to the Bulletin, admission foes 
and annual contributions of members are to be sent to the Seoretary, Calouita 
Mathematical Sooiety, 92, Acharya Prafulla Chandra Road, Caloutta-9. : 


Papers. intended for, publication in the Bulletin of.the Society, and all Editorial 
porrespondence, should be addressed to the Editorial Seoretary, Caloutta Mathematical 
Sootety. | 

a ' - hee 

The publications of the Calcutta Mathematical Society may be purchased direct 
from the Society’s office; or from its agents—Messrs. Bowes & Bowes, Booksellers and 
Publishers, 1, Trinity Street, Cambridge, England. 








NOTICE TO AUTHORS 


The manuscript of each paper communicated for publication in this Journal should 
be legibly written (preferably type—written) on one side of the paper and should be 
accompanied by a short abstract of the paper. 


References to literature in the text"should be given, whenever possible, in chrono- 
logical order, only the names of the authors and years of publication, in brackets, being 
given. They should be cited in full at the end of each paper, in the following manner, 
viz., name or names of authors; year of publication; name of the journal (abbreviation) ; 
number of volume; and lastly, the page number. The following would be a useful 
illustration : 


Wilson, B. M (1922), Proo. Lond. Math. Soc. (2), 21, 235. 


Authors of papers printed in the Bulletin are entitled to receive, free_of cost, 50 
separate copies of their communications. They can, however, by previous notice to the 
Secretary, ascertain whether it will be possible to obtain more copies even on payment 
of the usual charges. - 
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SOME NEW RESULTS ОМ THE DISTANCE SET 
OF CANTOR SET 


By 


М. С. Bose Masumper, Calcutta, 


(Recewed—December 28, 1959.) 


Introduction. Steinhaus (1917) proved that the Cantor (1883) set С, though it is 
non-dense and is of measure zero, possesses the remarkable property that given any 
4(0<451), there exists а pair of points =, y, £e C, yeC such that y—z = й. Or, in 
other words, the distance set of Cantor set fills the whole interval 0<4<1. А set whose 
distance set fills a continuum is called an S-set. Steinhaus’ (1920) remarkable result that 
any set of positive interior measure is an S-set may be recalled here. The special feature 
of the distance set of the Cantor set is that it no* only fills а coutinuum, it fills the whole 
interval 0<=<1, in which the Cantor set lies. Such в ве his been called an SD-set in 
our previous paper (1959). 


Various proofs of this property of the Cantor set, viz., that it is an SD-set have been 
given. The first, which is geometrical in nature, was given by Steinhaus (1917) him- 
self. Randolph (1940) later on proved this property arithmetically. Besides proving 
that the Cantor set was an SD-set, he pointed out thab some distances could be realised 
for more than one pair of points, i.e., there are some d's, (O<d<1), such that the 
pairs of points (x, y), #80, у: С, у— = d із more than one. 


Taking cue from this, Sengupta suggested if something definite could be said about 
every din 0<d<1. The author of the present note succeeded in proving some results 
(1959) which are embodied in the following theorems: 

Theorem 1. Except possibly for an enumerable set of values of d(d = C), the aggre- 
gate of pairs of points ш, у, xe C, ув C, and euch that y —z = d, has the power of the 
continuum. 

Theorem 2. For each of an everywhere dense sot of values of d(d «cC, comple- 
ment of Caniorset) the aggregate of pairs (г, y), c € C, ysC auch that y —z = d, has 
the power of the continuum. 

A conjecture was made in the paper (1959) that if ad e cC is such that 

d = 8,1 8,1 8,1 6.1..., 
where d contains an infinity of 1's, while 844,, contains 2's only or is void and 8,4 contains 
O’s only or is void, then Његе 1з only one pair (2, y), of points, xe C, y € C, such that 
y-x=d. In partituler the result was proved Юг d = -1111...... = 4. £ 


Here > a(sC) = ‘020202... = 1 
and ye) = 202020...= 1 





- 
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The proof of this result, was given by а geometrical method In the present paper 
we prove the conjecture made above in & more definite form (this is given in Section 1) vis. 


The necessary and sufficient condition that a d, such that 0<4<1, be expressible ав 
d = y—a, where в О, y «C, for only one pair (z. y) of points, is that, d must be of the 
form d = ‘8,1 5,1 8,1 8,1..., where there ore infinity of 1's and а 8,44, is composed of only 
9's or is void and а бу ів composed of only O's or is void. 

In section IT, of this note we have proved results more definite than what is given in 
Theorems 1 and 2, mentioned above (1959) and we confirm all the results of the previous 
paper (1959) and what was claimed therein as lower,Lound is now found to be precise 
power in each саве, | | à 

Lastly an indication has been made regarding the corresponding theorems for the 
equation у +2 = d. | > 
SECTION I . 
Theorem. А necessary and sufficient condition that a d(0<d<1) may be repiesen- 
ted by one and only one pair of points (x, y), whore we С, y О and such that у= = 1, 
C being the Cantor middle third set, is that d = ‘8,1 8,1 8,1 8.1... 1 83.1... ,- cantaining 
an infinite number of 1'8, (8 being a block О'в, and 2's—following the notation of Hurwitz, 


which may be void) where no Saz- should contain а sero nor any 8,4 should contain а two. 


"We have 8ee in & preceding paper (1959), ‘On the distance set of the Cantor middle 
third set’, that if d is в number representing a left hand end point of a contiguous interval 
of the Cantor set (1.6., d = °8,1), then the number of pairs of points (=, y), 2е С, уз С 
and d = y —z, is at least = 9-9'5. where °S,- = number of zeros in - 832-1) and the least 
value of 8:25» is 8, | E 

Tf d is a number representing an external point (i.e. d='8,, 5, being a block containing 
infinite number of zeros and twos) or а number representing a right hand end point of 
contiguous interval (i.c., d = °8,,8, containing a finite number of 0’s and twos), then 
the number of pairs of the 6 pe mentioned above, is, in each case, infinity, (the power 
being that of the continuum). ; . 

Hence there is no deC, whose representation by (=, y), дё C, ysC, such that 
у—ж = d, ів unique (neglecting the trivial case d = 1). 

It has further been shown (1959), that when d'scC and is such that: 

(1) d= "8,1,1 61 8,1...8,,.,1 8,418,541, (containing an even number of 1’s). 
Whether 8,n4, ів void, finite or infinite the number of pais of pcinte of the type 
mentioned above isin each case infinite (the po ver in each case being c, -that-of the 
continuum). : 

(2) d = °8,18,1 8,1 8,1...854 31 Sanat бат -1 [бат containing an odd number of.1’s). 

The number of pairs of points of the type mentioned abovo, corresponding to the 


cases бл, void, finite and infinite are respectively, at least 3.2.2, U2:41 95), at least- 


9.23 hoc) -1, and infinite with power c, when *d.% = the number of 28 in 8. Во 
the number ‹ f pairs is never less гд 3. Р 
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From what we have said above, 1 13 now obvious that our search for а 0(0<4<1), 
whose representation by (=, y), ceC, ye C, and d = y—z, may be unique must be 
confined to decC, where d = °8,18,1 6,1 8,1...8-{1 9281... containing an infinite 
number of 1’s. 

Firstly, we propose to show that the condition stated in the theorem, ia necessary, 
i.e., in order that the representation of d may te unique, itis necessary that no ôsk-ı 
should contain a zero and also that по бл should contain a two. 

We argue on the line as indicated by Utz, (1951). 


Let the line y = 2+4, be such that 16 meets only one square A,, of the four squares 
that remain after the first cross 18 deleted from the unit square A corresponding to the 
first step in the formation of the Cantor sets on the two axes, 

After deletion, corresponding to the second step in the formation of the Cantor sets 
on the two axes, let the line be such, that it cuts only oue squore A, of the squares that 
remain. 


Let us assume that this continues to happen for the line y = +4, at every stage 
of deletion of crosses, 1.в,, the line cuts one and only one square at every stage.. 

It therefore follows that the line = = +1, so chosen, will pass through one and 
only one point fæ, y), «eC, y «C and the condition of our problem ijs therefore satisfied, 


Now, let us write down the value of a d satisfying the above condition, namely 
-that y = 2+4, cuts at-every stage, one and only one square. 





Fie I 


In order that y = z-d(dscC) may cut only one square A, (after the first stage cf 
deletion of а cross) it is necessary that d > OC,, i.e , d 7» +. "Therefore, И d = "fifsfs..., 
where f's are successive digits (0, 1 or 2), then f, cannot be zero ('.' all numbers begming 
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. with 0 must Не in O and C, and a line y = 2+4 passing through such a point will cut 2 
sqq.). Therefore f, is either 1 or 2. 

( Iff, = 1 (the line у`= z-* d cuts the y axis between C, and C,), then, in order 
that the line may eut only one square A, (after the second stage of deletion of a cross) 

d must lie between О, and D,, and therefore the line y = 2+ d must cut the right hand 
vertical line m C’, and D’,—the border points of the sqq. numbering Oand 1). Therefore 
f, must be 0 or 1 but not 2. - 

Therefore ‘fifa = ‘10 ог’. 

(ii) Itf, =2 (the line y=a+d, cuts the y axis betwren С, and C,), then in 
order that the line may cut only one square A, (after the second stage of deletion of 
crosses), d must lie between D, and Ca, the border points of the sqq. numbering 1 and 2 
on the left hand vertical line), Therefore f, = lor 2 but not 0. Therefore ‘fifa = '21 or 
'22. 

Therefore wa have combining (i) and (i), and writing them in their ascending 
order of magnitudes, ‘fifa = 10, '1l, "21, “22. 

(а) Consider now the least one, vis., fif; = "10. We are now moving between 
C', and K and because we want to cut only oné sq. A, ‘after the third stage of deletion 
of crosses) our movements are restricted between С”, and E',—which is the region of 0 
and 1 and not 2 and hence f, = 0 or 1 but not 2. Therefore 'f,fif, = °100 or ‘101: | 

(b) Consider the next higher one, wiz., ‘fifs = 11. DM 


We are now moving between K and D', and becau.e we want to cut only опо squard? ^ 
A, (after the third stage), our movéments are restricted between Е”, and D',, i e., be- 
tween Е’, and р",, which is the region of 1 and.2 -and hence f, = 1 or 2 but not 0. 
Therefore 'f,f.f, = "111 or 112. : 

(c) Take the next higher one, viz., ‘fifa = ‘21. 


We are now moving bebween D, and L and and because we want cut only 1 са. A, 
(after the third stage) our movements are restricted belween D’, and Е’, which is the 


region of O and 1 but not 2. Hence f, = 0 or 1 but not 2, 
Therefore ‘fafafa = °210 or “211. 
(d) Consider finally the last one, viz., "fifa = `22. 7 


Li 


We are now moving between L and C, but b-cause we want to cut only 1 sq. A, 
(after the third stage), our movements are restricted between! E, and C, which is the 
region of 1 and 2 but not 0. Hence f, = 1 or 2 but not 0. _ | 


Therefore "НЫ = '221 or '222. 


This prosess of constructing f's is continued indefinitely. 


M 


Let us now write down, what we have obtained so far at the successive stages in 
< x 1 "4 


terms of 8 notations: ` : FU oue чы ua 
è 3 Y ` - КЕ 


ж %-% 
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Ist stage: fp = 1 = 8,1 ) 
t Therefore 8, does not contain 0, but it may be void. 
"+ =‘9= `8, 
2nd stage . ‘fifa 40 = 85,18, 
‘fifa = ‘11 = °8,18,1 | Therefore 8, does not contain 0 aud 8, does 


f 


‘fifa = `21 = 6, | not contain 2, but 8's may be void. 
‘fila 22 = 5 | 
3rd stage: "ВЫ = '100 = 75,18, | 
"ПР = 7101 = `8|18,1 | 
‘fiffa = 111 = `8(18,'8,1 | 


Therefore 8, and 8, do not contain 
'Һ = 7118 = °8,18,18, 


"ҺЫ = 7910 = 78,18, 
fff, 27211 = °8,18,1 
"НЫ = 221 = 8,1 
fifa = °222 = 78, 


О and à, does not contain 2, but 


8's may be void. 


Note: We notice that when we want to prepare any stage from the preceding 
stage, we start with the lowest number ‘f,/,..., and go upin ascending order. We first 
use the region of 0 and 1 (and exclude that of 2) and then we use the region of I and 2 
(and exclude that of 0), and this goes оп alternately. 


Hence our rule is; ‘Exclude 2’ and then ‘Exclude 0’ for any stage (excepting 


while preparing the 186, when our rule is ‘Exclude 0’). Let us prepare the 4th stage 
from the 8rd stage by using this rule. 


Taking ААР = `0,18,, we have "fifa = 8118,0 | 
ог '8,18,1 
ог `8\18, 
‘Exclude 2’ 
*8,18,1 
Taking next, 'f,f,f, = '8,18,1, we have, "НЫ! = "8,1811 | 
ог '6,18,1 2 
or °6,18,16,1 


| ‘Exclude 0’. 
*6,18,18, 
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8o on. 


This process is continued indefinitery, 


Thus, in order that d = y—a, y О, x б, may have one and only one solution, № 
is necessary, geometrically, that the line у = 2+d, must cut one ара only one square 
after every stage of deletion of crosses in the formation of the Cantor sets on the two axes. 


And according to the demonostrations made above, analytically, the condition 
necessary for the unique solution of d = y~z, yeC, 230, is that decC and 
d = '8,18,18,18,1...9,4.,19,41..., containing infinite number of 1's, where no 9,4., should 
contain a zero and no $,» should contain a two, one or more 8's may be void. 


Hence the first part of our theorem is proved, 


To prove now, that the condition is sufficient. We now propose to prove that if, 
d = °8,10,18,18,1...9,6,10,1.. ad inf., where по 2,6, contains a zero dnd no б, contains 
a two, then there ів опе and only one pair of points (т, y), xs C, y C воду-х = d. 


In order io prove this, it is enough to show that the above line у = z-- d intersects 
one and only one sq. after every stage of deletion of crosses in the formation of Cantor 


sets on the two axes. 


Proof. Let us first see how the group Gy (= 8,,.,18,,1) guides the line y = 2+4 
in cutting sqq. after successive stages of deletion of crosses, where б.у conta'ns only 2's 
(or it may be void), and бу, contains only 0,8 (or it may be void). 


In what follows, if should always be remembered that ‘0’ means bettom square, 
‘1’ means middle square and ‘2’ means the top square along side a vertical border line at 
the rth stage where 0 (or 1 or 2) is the rth digit у, in 7,2, . (= d). | ' 





Fre. IL. 


Since 6,4, contains.only~2’s, therefore Gy leads y=at+d to out the left hand 
vertical line in A, B, then in A,B, then in A,B and во on, ub successive stages of deletion 
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of crosses and therefore cuts only one square at every such stage. We now arrive at 1: 
follow'ng ôs-, (if 8,2_ із void, we directly start with this Г. 





-Re M. 


| Therefore, at this stage Су is leading the line y = = +0, во as to cut the left hand 
vertical line in КАь in such a manner that it meets one and only one square A; MNB and 
Mas after this stage, we reach бр containing only O's (ог № may be void), therefore the 
ine cuts the right hand vertival line MN in ME,, then in MR, and so on (which aro all 
O-sqq. i.e., bottom sqq.) at successivo stages of deletion of crosses and therefore cuts one 


and only one sq. at every such stage. We now arrive at 1 following 2, (if бк is void, we 


come to thia 1 after the 1 following д _,). 





Не. М. 


At this stage Су is leading the line у = +4, во as to cut the right hand vertical 
lne in Р,9 and cuts only and sq. MR,T,T and we arrive at 5444, belonging to the group 
Ges. (= arpi lôr +21) containing 2's only and therefore cuts the left hand vertical line 
T. T somewhere between T,T, and then somewhere between T,T, and soon. Thus we 
find that Gy leads y = «+d in such в manner that at every stage ib cuts one and only one 
8q.- and this is true for all k (= 1, 2, 8, ..oo).: д 

Therefore у = = +4 cuts at every stage-one and only one sq. and therefore passes 
through one and only one point (x, у), 2 e C, y € C. 
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That is, if, d = °*,18,18,18,1...8.,-,15.,1...ad inf, then there is one and only one 
point (2, y), æ e C, y e C such that y —2 = d, if 8,,., does not contain а 0 and бк does 
not contain a 2. 


Hence the condition is sufficient. 


Note. І ів to be noticed that at ell stages, whenever we are passing в ‘1’, following 
a 8, we are thrown from one vertical line (the extreme left hand border) to the other 
vertical line (the extreme right hand border of asq.); 6.9., when cons.dering 8,, we are 
on the y-axis; as we pass ‘l’ fo'lowing $; we go to the vertical line (|| to y-axis), the right 
hand border of the sq. we are considering at this stage; as we now finish considering à, 
on this line and pass ‘1’ following 8,, we are back to the left hand boundary of a square. 
Moreover when we are on the left hand vertical line and are playing with 1 and 2 we cut 
one and only one square and when we are on the right hand vertical line and are playing 
wit': 0 and 1, we cut one and only one square. 


Corollary, A necessary condition that a ‘d’ can have one and only one representa- 
tion as d = y-z, ye С, д О is that 4>$ | 

For, from what we have discussed above, such & ‘g’ is given by d = '5,15,1 8,181 m 
ad inf, 
| = :100...01100...01100...011 . ad inf....(1) | 
the block of ‘s may contain any number of them as we like. (Since: 8,,-, contains 
no zeros and also no 2, because we want to make d аз small as possible; hence 8.61 18 
chosen void for all Е. Also 8,, contains no 2, but it may contain any number of zeros— 
in fact more zeros we choose, the smaller becomes the number а.) 


Therefore from (1), it is evident that such a 'd' satisfies the inequality, d>4 always. 
Hence 0224 is в necessary condition for its unique representation as d=y-a,ye0, eC, 


It is moreover evident from (1), that d = $ is a point of condensation (i.e., a point 
of unenumerability) from above, of the set of d’s, each having the property of uniquely 
representable as d = y—a. ув О, z eC. 

It is now found that: 

(1) each d(0<d<}$) must have more than one representation as y-2% = d, y *C, 
zeC; у 
and (ii) each d>$, may have one or more such representations. 

These results are als» obvious geometrically. 

Section II | 

In our earlier paper ‘On the distance set of the Cantor middle third set’ (1959), we 
have given some results, in some of which we concluded that our formulae gave the 
lower bounds of the possible number of pairs (x, y), y € = d, y $C, z «C, where 001 
(e.g., На = 8,1, the number of pairs of points læ, у), z«C, ys С, у-а = d is at least 
9.2/5, thus giving the lower bound of the possible number of such paurs,) 
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In this section, we propose to deal with the same problem which we now consider 
in the light of а new method. We shall now show that, not only, all our earlier conolu- 
sions are correct, but our formulae at various stages give precisely the number of pairs 
(2, y), y-2 =d, y $0, eC, 0<1<1, and not merely the lower bounds as was then 
claimed under the prevailing circumstances. 


Before we start considering our proposed problems, we first discuss the. behaviour of 
the line y = 2+4, where'd = °8,18,18,18,1 . , with respect to the sqq. generated at the 
various stages of deletion of crosses in the process of constructing the Cantor sets on the 
«and y-axes. Firstly, we observe that the digits in 8,,_,1 play on left hand vertical lines 
(like AB figs. V, 1st set) of sqq., whereas the digits on 34,1 play on right hand vertical 
lines (like CD figs V 2nd set) of squares (Sea Note, on page 8). 





3 4 
ist Ser 
D D D D D 
2 2 | 2 2 
1 Д 4 
с з’ С “4 C 5’ c 6' с 
Е 7 fnd. Ser 
` Ба. V. 


In what follows, we shall call a middle sq. like KLMN, which cannot give rise to 
any new square in future stages of deletion of. crosses (and therefore contains no Cantor 
points, excepting the corner points) a §-square, and a corner square like RSTU, which 
will give rise to more sqq. at subsequent stages of deletion of crosses (and therefore 
contains infinite number of Cantor points), we shall call a y-square. 


It will now be evident from the above 12 figures (figs. V) that if at any stage in бк -,, 
d stops at a2 [(figs. V 5)], we shall have arrived at a y-sq and then we begin to get (imagine, 
that, we attach an infinile number of zercs after the final 2—corresponding to the infinite 
number of successive stages of deletion of crosses succeeding the stage of final 2 in 
8,6-1), 2 1-ваа. [(fig. У 1)] at each successive stage, coming out of euch у-ва. of the previous 
stage, which the liue у = «+d may have cut, thus pointing out the existence of at least 
2 points corresponding to each such 2 sqq. Therefore these infinite number of zeros give 
rise to infinite number cf pairs of sqq. and therefore infinite number of points with the 
power с. of the continuum. 


га stops at Lin 8. - 11 Г fig. V 3], then at all successive ТАРУ only the same 8 points 
9—9028P—1 
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keep оп coming-because at по stage, the line can cut any y-sq. in points besides thete 8 
points. 

If d stops at в 2 in бк [(figs. У 8’), then at all successive stages, only the same B 
points keep on coming-because at по, stage, the line can cut any y-sq. in points besides 
these three. | | 

If d stops at the 1 in 24,1 [(fig. У 5’)], we shall have arrived at а 1-84. and then we 
begin to get (imagine, that, we attach an infinite number of zeros alter the final 1, 
corresponding to the infinite number of successive stages of deletion of crosses succeeding 
the stage of final 1 in 84,1),—6wo y-sqd. [(figs. V 1’)] at each successive stage, coming out of 
each y-sq. of the previous stage, which the line y = 2+4. may have cut, thus pointing 
out the existence of at least 2 points corresponding to each such pair of 8 ваа. It should 
be noticed that when we write any number of zeros after 1 in 54,1, we consider Lin 2,1 
to have been passed and these new zeros belong to 2,4; and therefore we consider now 
the set of 1st 6 figures of which we use only the fig. 1. | 


Now, to be definite, let 8,,.,1 = 20201 and let us find out how many new sqq. we 
generate by this portion only of d. Now first 2 means [(figs. V 6)[ one 1-ва. to be associated 
with 2new y-8qq corresponding to the next O'[ (figs. V 2)] to be associated with one new y-8q., 
corresponding to the next 2 [(figs. V 6) ] to be associated with 2 new y-sqq. corresponding to 
the next 0 [/figs. V 2)] to be associated with one new «-sq. corresponding to 1 [ (figs. V 4). ] 
Thus in all we get 4 sqq. from this part of d, thus indicating the existence of 4 portespond 
ing points (z, y), œs О, ysC, y-2 = d. 

Now, weconsideró,,1 = 02201 say. First 0 means 1 у-ва. [(figs. V6") ] to be associated 
with 2 new y-sqq. corresponding to the first 2 [ (figs .V 2’) ] to be associated with 2 new 1-ваа. 
corresponding to the 2nd 2 [(figs. У 2) ] to be associated with 1 new «-sq. corresponding to 
the second 0 [(figs. V 6’)] to be associated wilh 1 new y-sq. corresponding to the final 1 
[(figs. V 4)]. Thus in all, we have collected 4 ваа. from this part of d-indicating the 
existance of 4 points of the required type." - .- . 

We are now ina position to consider the results of our previous paper [ (1959) ; 
mentioned in the introduction as theorems 1 and 2, ], in which we discussed them in two 
parts I and II and then in three parts а, b, c under the head I and in three parts A, В, C 
under the head IT. 

Га). Let = °8,, consisting of finite number of 0’s and 2's and ending with a 2 
(which represents a right hand end point of a contiguous interval of the Cantor set O). 

From what we have seen above, each 0 in it gives two new 1 sqq. and each 2 in it 
gives а new y-8q., at each of their corresponding stages and finally because the final 2 
is supposed to be followed by an infinite number of 0’s, we have for each such 0 a pair of 
new ү-99., we observe that there exist an infinite number of pairs of points (х, y), 
- geC 980, у-2 = d) having the cardinal number c of- the continuum which confirms the 
conclusion made in the previous paper (1959). 


I(b). Consider now d = ‘8,1. (This represents a left hand end point of a contiguous 
interval). : 
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By what we have said above, we observe, that each Oin д, generates two new 
1-599., each 2 in it generates one y-sq, and the final 1 generates 3 points (corner) and at 
all subsequent stages, we continue to geb the same 8 points. Hence aseociating all these 
cases, the number of pairs of points each satisfying the condition of our problem is 


-precisely 8.2°:. where ?8, = number of 0’s in 8,; and this-confirms our previous conjec- 
ture (1959). 


I(c). Consider now d = '&, where 6, contains an infinite numher of 0’s and 2’s 
that ls d is the distance from the ongin, of an external point. 


Giving the argumentas in (a), the number of pairs of points satisfying the condition 


‘of our problem is infinity and the set of these Pairs has cardinal number с, which agrees 
with our result in the previous paper (1959) 


ПКА). Let d = '8,15,18,18,1...844.., 18,5184. 4,, containing ап even number of 1'g. 
(A)i, Let 8anti be void, i.e let d = '8,18,1...8,4. dad, 


We have seen before that when we arrivo at any group (8,ь-,18,1), we play first 
on lefthand vertical lines while we consider (8,,-,1), that is our figures of reference 
will be the first set of 6 diagrams (figs. У) and then we go to play on right hand vertical 
lines while we consider (8,,1) and our figures .of reference will be the second set of 
6 diagrams (figs. У).. - D 

Hence, for our present d, we finally arrive at 3,41 and therefore we play on a 
right hand vertical line’ till we arrive at the stage 1 [(figs. V 5’, )], which places us on 
the diagonal of a 4-sq., and because after this we can attach infinite number of 0’s (which 
may be considered to belong to San¢;—and we are therefore on a lefthand vertical line) 
each of which generates a pair of y-sqq. Hence we get an infiinite number of pairs of 
points satisfying the condition of the problem and the set of these pairs has the power с. 
This confirms our previous result (1959). 


(А)й. Lot 8,14, be non-empty and finite and therefore ends with a 2. 
Therefore d = '8,18,1...8,,-,18,51 Sans 


„Та continuation of what we have said in (A)i, we have after the stage 1 in (8,41), 
pass on to a lefthand vertical line and start playing with Sexy, until we finally arrive 
at the last 2, which places us on the diagonal of a 4-89. [(figs. V 5)]. Now following the same 
argument as is given in (4)i, we prove the existence of infinite number of pairs of points 
(satisfying the condition of our problem) having the power с, thus, agreeing with our 
‘previous result (1959). . 


(AMii, Let m+, be an infinite complex of 0's and 2's. 


As each 0 in it gives two y-8qq. and each 2 in it,-one y-sq., therefore (as there are 
an infinite number of zeros in 2,,,,) by associating these sqq. among themselves and 
also with all the eqq. obtamed atthe previous stages, we have infinite number of sqq. 
and therefore infinite number of pairs of points satisfying the condition of the problem, 

- having the power c, which confirms our previous conclusion (1959). 
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| I(B). Letd contain an odd number of 1's. Then d is of the form, d = *§,18,18,1 
$1.8, Е L 18. ' . 


(В). Let ın be void, i.e., let d = `8,18,1...8,—з185»—41 San-,1. From what we 
have said before, it is seen that, when we consider (6,,-,15,,1) and are playing with 8,6211 
(on a left hand vertical line), we get by association 2"e-4-sqq. (7. each 0 in 9-1 
generates 2y-sqq., each 2 in it 1y-sq., and 1 in it 1 т-ва.) and then when we are playing 
with 8,41 (on а right hand vertical line) we get by association 2" 4-sqq. (^ each 2 in 
$. generates two y-sqq , each 0 in it one y-sq. and 1 in it 1 ү-вд., if it is not the final 1). 
Therefore, by associating (844-,1) with (81) we get за all BatB) 4-gqq. for all k- 
But when we arnve at (8—1), (we are now on а left vertical line), we get first 2» 
y-8qq., but 1 in it, being the final 1, now gives 8 points [corner; figs. V 8 1, and these 
same 8 points will continue to appear at all successive stages (as corner points of 
subsequent y-sqq.). Therefore associating ail these results, we get pairs of points, 
satisfying the condition of our problem, the number of which is -precisely 


hen 
AU. it 256-4) . 
= 8,9 , which confirms the ecnjecture of our previous paper (1959). 
| (В)й. Let ên be non-empty and finite, that is 
let 4 = 'S 181831841. Вова. 


With the same argument as given in (B)i, we have, when we have finished 
considering, upto 8,4.,1, the number of y-sqq. and therefroe Lhe number of pairs of points, 
3 "Sak + БЕЛ ; | . 
во far collected = 9 a We now go to consider 5,4, which ends, with a2, 
for which we are playing on а rjght hand vertical line. Each О in it generates one 
у-ва. and each 2 in it, excepting the last one, gives а рат о y-sqq. Ви; when we arrive 
at the last 2 [(figs. V 8], we pass through 3 corner points (of 8 4-sqq.) and we shall 
continue to pass through the same three points (corner points of 3y-3qq.) of y-8qq., 
` generated at all subsequent stages. 


Therefore associating all these results, we have now the pairs of points, satisfying 
the condition of the problem, the number of which is precisely 
n n-1 н 
Х "b-i t X84 X (85, , 78.) - 1 
(2°=-1.8) = 8.2 


Læ] kel kæ 


confirming the cojecture, we made, in our previous paper (1959). 
(B)iii. Let 9,4 be an infinite complex of 0’s and 2’s, 
i.e., d = '5,15,1 8,18,1...044 31044 41 — 844.1853. 


After we have finished consider/ng §,,-,1, we now go to play with д.» on a right 
Һара vertical line. As in the preceding case, each Oin ô,» generates one y-sq. and each. 
2 т it generates а pair cf y-8qq.; associating all these results among themselves, and 
also the results obtained at the preceding stages, we have (' there are an infinite number 
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of 2's in à, infinite number of y-sqq. and therefore ecorrespondiogly infinite number of 
pairs of points, satisfying the condition cf our problem, having the power с; and this 
. confirms the result of our previous paper (1959). DP. 

II(C). Let d contain an infinity of 1's, Then dis of the fora; d = d. 18, 18, 15; I.. 
94 -118,,1..., containing the group (8181) in unending succession. 

(C). Tf an infinite number of 85,..,'s contain 0’s or (and) an infinite number of б.н В 
contain 2’s, then, following arguments given in the preceding cases, we have an infinite 
number of pairs of points, satisfying (he condition of our problem, having the power с; 
this confirms the result of our previous paper (1959), 

(C)it. If at beat a finite number of дь_1'з have О'з and at best a finite uet: of 
9,s have 2's, then arguing as in the preceding cases, we have pairs of points, satisfying 
the condition of our problem, the number of which 18 precisely = 2XC&.-.** ay, thus eon- 
firming our result in the previous paper (1959). А 

(@)iti. Let d be such that no 8,,.., contains а 0 and no 3,, contains а 2, 

Consider (5,,.,1 8,,1). Since 8,-; contains only 2's (15 may be void), therefore, 
when we play with (9,4..,1) on a left hand vertial line, we get 1y-sq, for each 2 [(figs V 6)] 
and ly-sq for 1 [ (figs. V 4)]; hence asscciating we get only ly-5q; then we pass onto в 
. right hand vertical line and start playing with (8,41). For each 0 in it (5,4 may be void), we 

get Гу-ва. [(fig V6’)] and 1y-sq. for 1 [(figs. V 4')] ; therefore associating we get ошу 1y- 
вд. Hence associating the result for (5,4 .,1) with that for (8,41) we get only ly-sq. This con- 
tinues at all stages and therefore we get only Iy-sq.(whose size is diminishing indefinitely) 
even alter the deletion of crosses infinite number of times and therefore, finally, we geb 
- precisely 1 pair of points satisfying the condition of our problem. This. confirms our 
result, obtaind in our previous paper (1959). 

Note I. Itis obvious that similar arguments with slight modification may be 
advanced for the solutions of y + z =, for all possible d's discussed in sections I and II. 
For nstance, we may enunciate, that, ‘A necessary and suffieient condition that а d may 

- be uniquely represented as d—y +=, увС, хе О, is that d=6,16,16,18,1...adinf,, where 
no 8,4, should contain а? and no 8,, should contain a 0. * 
Note 2. It follows that d = $ = (`111...а inf) is the only point in 0 < d < 1, which 
can be uniquely represented both as y +% = d, and y- т = d, where = «C, y eC, 

Таш grateful to Dr. Н. М. Sen Gupta for his kind help and guidance in ihe 
preparation of this paper. 
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ON AXIALLY SYMMETRIC SUPERPOSABLE FLOWS-II 


By 
J. М. Kapur, Delhi 


(Received—December, 12, 1959) 


4, Introduction. АхіаПу-вушпеі іс inviscid flows with poloidal components only 
were considered from the point of view of superposability by Ram Ballabh (1055). Bhatnagar 
and Varma (1967) considered these for viscous fluids, Lakshman Rao (1957) considered 
the superposability of axially-symmetric flows having both poloidal and toroidal com- 
ponents, Kapur (1959a) studied the problem of decay of vorticity for self-superposable 
axially-symmetrical flows when the velocities have both poloidal and toroidal components. 
In two other papers, Kapur (1959b, 1960), has extended these studies to axlally-symmetric 
hydromagnetic superposable flows. 


In the present paper, we extend the study started in Kapur (1959a) to discuss 
further properties of axially symmetric viscous flows with both poloidal and toroidal 
‘components. - -In particular we discuss the following : 


(i) Characterisation of steady axially-symmetric Beltrami viscous flows. 

(i) Characterisation of steady axially-symmetric self-superposable viscous flows. 
(iit) Most general poloidal and toroidal velocity fields superposable on each other, 
(iv) Most general velocity field superposable on a toroidal field. | 


(v) Possibility of axially symmetric superposable motions of the type 


> > > + 
ourl 9, = А9, Curl 4з = А19, With constant values for A, ара Л... 


The first two problems were also discussed by Lakshman Rao, but as we shall see 
below, his characterisations are тара for non-viscous fluids only. 


9. Steady axially symmetric Beltrami flows. Following Chandrasekhar (1956) 
and Kopur (1959), we let | 


> 
4=- = х ij 


19/7? 07,1997 
rs t тб" i: 


+++ 
where г, 9, в represent cylindrical coordinates and iy, i,, îs are the corresponding 


unit vectors. The velocity vector will be purely poloidal if Q = 0 and purely toroidal: 
# у = 0. The choice of for form (i) ensures that the equation of continuity, viz, 


> 
divg = 0 (2) 
is automatically satisfied. Again from (1) ы 
gd 1907 1 * 180+ 
шана e n ret rm (8) 
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3 = o = 1 5 e 
where D'z ad cu o 5; (4) 
For & Beltrami flow 
+ + 
curl q = Aq, (5) 
where А is a function =, y, я and possibly also of t. From (1), (3) and (5) 
99 _ „ду 
ac c (6) 
90 _ „бу 
Әт Аа; 07) 
D'y =-ло (8) ' 
aa, V) _ 
_ From (8) and (7) SET 0, | (9) 
во that Q fy) ; (10) 
and then from (6) or (7) А = (№, (11) 
Substituting in (8) Dy КУР) = 0. (12) 
+ 


(10) and (12) give conditions оп 4 во that it may give a Beltrami flow, but these are not 
enough. 1n addition, the condition of integrability of the equations must also be satisfied, 
These are [Kapur (1959), Goldstein (1988) ] 








Using (10; and (12), these reduce to 
20% = эре (15) 
ба = рта. . (16) 


If the fluid is inviscid and the flow is steady, (15) and (16) are satisfied зо that ап 
axially-symmetric steady Beltrami flow in an inviscid fluid is characterised by (10) and 
(12) only. Lakshman Rao (1957) deduced these by another method, but it is obvious 
from the above that his characterisation holds for inviscid fluids only. 

If steady axially symmetric Betrami flows are possible in viscuos fluids, then in 
addition to (10) and (12), the following should also be satisfied. 

D'o =0 (17) 
рч =0 (18) 
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From (10), (12), (17) and (18), we see that y must satisfy simultaneously the follow- 
ing three equ ions: 


D'[fg) = 0, Dy=0,  D*«urfWgM'() = 0 (19) 
_ Using the last of these equations, the first two become 
ty i? өү, (oy Y] -. 
fe f^) «re (S9 (Т = o (20) 
— (OP OTH) +E] 
£ рр «aree y + (5%) | =0 (21) 
- Tf y is not constant (20) and (21) give 
PEA 7 "ҮЗ" 
Therefore either (i) ј= 0 
or (it) 7 =0 
or 5 (#1) Р" + сз” n =0 (23) 


in the first case Q = 0 and the velocity is purely poloidal. Also A = 0, curl ME 0, 
во that the motion is irrotational. This is a degenerate case. 16 із even otherwise obvious 
that a purely poloidal velocity cannot be a Beltram: flow, as from (1) and (3), we see that 
if the velocity vector is purely poloidal, the vorticity vector is purely toroidal, and 
similarly if the velocity vector is purely toroidal, the verticity voctor would be purely 
poloidal. Thus axially symmetric Beltrami flow must have both poloidal and toroidal 


components. 


3 
In the second case A = 0 and again curl g = 0 
Thus the really significant case is the third. Now (23) can be written as 


P E 4 
.. Integrating thrice, we get | 
Ку) +a log (Ку) —a) = by +o, (24) 


where a, b, c are arbitrary constants, From (24) 


КАР) = bY) a) 


Thus steady azially-symmetric viscous Beltram: flows are characterised by 
ve ее Q = f(), Dy + [ЛЯ - a] = 0, (25) 
where ДУ) эв given by (24) Е. 
.. In particular when а = 0, с = 0, we get 
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D*y +53 = 0, | (26) 
which has been solved by Chandrasekhar (1956) 
3. Characterisation of steady axially-symmetrlo seif-superposable viscous flows. 
For self-superposable flows, 


-+ + 
curl [q x curlqg] = 0 








ies qx curl q = grad ¢ (27) 
Using (1), (8) and the axisymmetry of the flow, we get 
a, y) _ | 
Ә(т, а) . Q (28) 
1 eo 2,97] _ д 
оо - um) 
1 Q 2 _ 09 
Е From (28) а = f(y), (31) 
and then (29), (80) give 
Ley 2 _ 99 
a USD) +298 = 88 (82) 
1 " 219% _ Oo 
Fory + РУДО = 88 (85 
From (82) and (83) 
90-90 -0 9 = 000 (84) 
Dy + КГУ) = r'g'(y) (85) 


(81) and (85) were deduced by Lakshman Rao by a different method, but again it is seen 
that they characterise steady inviscid flows only. For viscous fluids, (17) and (18) 
should also be satisfied. Proceeding as before, we get in place of (20), (21) 


roia vere] +r oE eA] = o (36) 
САРА АВТЕК + Pat] 
+ РК «arro 1[(@) + (89) өт) 
From (36) and (87), we again deduce (23) and (24). Thus axially-symmetric viscous 


gelf-auperposable flows are characterised. by 
$ —2098P- 1 
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о = КУ), Рау) Ор = 79’), 
| = 


fA) +alog [f(J) 7a] = by +c 
4. Non-steady viscous Beltrami flows, We conider the simple case when 
Q = f(y) = №, ~ (89) 


where A is a constant. In this case (15) and (18) give 


p|¥- , | x | 
ot Оз 0 | (40 
[2%] = 0 (41) 
Both are satisfied if 
9) рту = | 
еч (49) 
Using (12) and (89) 
D AN = 0 142) 
From (42) and (48) 
ила, = 0, | (44) 
so that ф = pee (45) 
and О = af eo, | (48) 
where у, satisfies the equation 
Ре x Ay, = 0 (47) 


which has been solved by Chandrasekhar (1956). We next consider the question 
whether А occuring in (5) can be а function of t alone. If possible, let 


A = А) 
(6), (7) and (8) then give 
on — әу 
ae = а (48) 
oo 
Dp = —A(t)Q т 
From (48) and (59) 
Q = A(t a(t) | (61) 


Substituting in (50) 
D*y =X (t) Atat) - : (52) 
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From (15) and (16), we then get 


—2A(0A (y — (009$ Dt — A(Du'(0) МЫ) 
= vD'[-A*0)6— A(t)a(t)] 


= ›уАҖ(Ф)[А@) + u(t)] (58) 
and A (Cj + ACEO) [Ot + u(t) 
x —vA*(t) [ACE + к (0] (54) 


Multiplying (54) by A(t) and E to (58), we get 
(HAP  u(t) | = 0 

If i = 0, A(t) = constant. 

If A(t) + p(t) = 0, у becomes a functiun of t alone, then from (10) Q becomes а 
function of i alone and from (18) curl а 0, which gives us the degenerate case. Thus 
we fiind that А in (5] cannot be a function of t alone. This result is true for all Beltrami 
flows and was proved by Ram Ballabh (1940). The above independent proof of the 


result for axially-symmetrie flows is however interesting. 
8. Steady poloidal and toroidal velocity fields superposable on each other, Let 


ре 1947 + 19 
BF 0,05 т (85, 
апі ба (56) 


A 
bs superposable on each other. The necessary sufficient condition for this ia 


Be 1 0271 + 
^а [(- 1E + 195) (- д 8 180 Bi x( - ini) = 0. 


Е oY, Sth 0); | = 0 











Re T? O(r, а) 

Sr198(,0]. Of 1 әу, о) _ 
9 E efr, =] е0 SE atr 2] 0 &. E (47) 
во that 20, » = Ar, (58) 


where A is a constant. 
The conditions of integrability from (55), (56) as obtained from (18) and (14) are: 


f OLID, 9] | ney = 
=en D*y = 0 (59) 
ММО МР sg ра = 0 i | (00) 


6Q/ez = 0 | (81) 
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From (4), (60) and (61) 
( $.-19)a- (6.) 


or О = B+C. 
(58) and (01) give 


Using (62) 


A 
t == ш. . 
therefore y ap ^ +ọ(r) . (63) 


Substituitng in (59), we get 


v[r*o/! — 2r” + Br*o" — Bro’ | = gg i mgr 9" + Bro’ | (64) 
Integrating p(T) = а + gr? + үг“ + 7+4 ав») | (65, 
p "e 44+ = 3 
so thať ped ly + [ова +(24 2. pen J . i4 (86) 
r 2B 

F 3 

dm (Br+ oN. (67) 
T 


Since we require the modified pressure also to be axially symmetric, this would 
requie that А = 0, so that the most general poloidal and toroidal viscous velocity fields 
superposable on each other are given by 


+ 
q, = [р + Er? + Fr*logr]i, ~- (68) 


а, = ([Br+ ©], | | | (69) 


‘Thus the poloidal field is purely axial and the toroidal field includes the field due 
to a rectilinear vortex filament of strength 2nC along the axis. 
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6. The most general steady axl-symmetric motion superposable on toroidal 
velocity fleld. Let 


9: =- Y 


Md 19у” О?” 10" 
SS ap WU 70 
т 92° r r Әт * | 


? epereseut the motion superposable on the purely toroidal velocity field 
> о? 
9з = T ts (71) 


The conditions of superposability are 





Е (00) | - I gonr] 











- гіт? Әт Orlr! Әг (72, 
Sty, Q) _ ; 
Әй, г) |. (79 
For steady flows, the conditions of integrability give 
20 во 1 OY, Dy) , 2 ps, _ 4 
Pom O(r, =) M Qu IU MTM is 
1 BY, 0) 2.16 
x 0p. 9] = ур?о (75) 
22 аа ы 
^ 59 =0 (76) 
2:0 = () (77) 
From (76) and (77) 
0 = Br4¢ чё 
From (78) and (76) 
NDA. | 
у = ap ёі 97) (79) 
From (72) 
O2 
From (76) and (80) 
QE cde (81) 
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From (74), 79) and (81), we get (64) for determining 9(r). For determining A, 
we use (75) which gives 


К 1 2 80 229-182) 
n т 2B бт Ө т OF 
Giving Q = hr?-t+4/B» 4 M 
Since A = 0, we get 
y = ат? + Вт? + үт + sr? log т (82) 
Q=hr+M (83) 


Thus a purely toroidal steady velocity field 1n a viscous fluid is given by a vector or 
the type (69) and the most general steady axi-symmetric motion superposabie on it is 
given by a velocity vector of the type: 


ж F м\” 
а= [0+ Er? + Fr? logr ] ist (he jr (84) 
r 


Comparison with (68) shows that а purely toroidal steady flow is superposable on 
itself, Alternatively we could hava first proved this result and used it in conjunction 
with the result of the last section to prove the result of this section. 

*. For the superposation of the general axi-symmetric -flows the conditions of 


superposability are :— 


| Oh, а, Qj , 9.0, — 
“A(z, т) T) “A(z, T) T) =p | Ty 
7 Вод 19h ру, +2 Зери 
‚ = 2.2 Са :9,} + n D'y, + = ра} (86) 
oue EAST EP 


and the conditions of integrability аге: 


es 54 


20, 90, , 1 9%, DV) 12 Obi Day, ура . . (87) 
72 Os т 0,2) ts Oz : 5 CS, ran 
1 90.9) pro - (88) 
т Әт, т, в). i 
20, 6 +1 Әбу», р? Ya) 2 ps = D‘ Cpr А 83 
ин, ii ee "D 
Un 1 O(V,, Qa) = vD*Q, (90) 


т O(r, ғ) 

We have studied above the cases when (i) О, = 0, у, = 0 (И) у, = 0: ` Тве’саве 
when (iii) о, = 0, О, = 0 was studied earlier by Bhatnagar and Varma (1957) and Kapur 
(19594). The саве ‘iv) y, = 0, Ya = 0 is included in our discussion of case (it), We 
can disuss other cases in the same way as above. 
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: ^ T. Axisymmetric flows of the type curl d. = TA curi ^x = Aus Flows of the 

type have been considered by Ram Ballabh (1948) С. D. Ghildyal (1957) and Devi 

Singh (1959). We consider the question whether steady flows of this type with constant 

values of À,, А, are possible in viscous fluids, 
Using (1) and (8), we get 


Е 90, әу, до, Em әу, a = — 
Au ca Sh, Эз = „б, dy, = cua, (01) 
2 ‹ до, = 95 , 90, ау “ns Ё 

АЕ - А; —3 = G D ——A 
p ec. rr MEE D, = =й, (03) 
80 that ` D, = Аа, а, = АА | (98) 
{ DY, = AAt Dj, =— А Аа (94) 
D'y, = АА, ; D*y, = АА: (95) 


Using these, the conditions of integrability become: 





а 99. Au 9h) 
pH (s ae A, EUN ) vA Ash, (98) 
T Oy, Ya) —Q 
> Or, 8) 2) my, (97) 
Bp oh Ss 
A CC : 3 pars E 2 a | УЛА р, . (98) 
1 (у, ya) __ 
> ar, "bs УА Aga (99) 
From (97) and (99) 
y =-у, = 
and then fron (98) 
0, = 0, = 0 


hus id deduce thot steady aztally-symmetric superposable flows of the type 
curl ире = Му» curl di = Ана. are not possible in visous fluids, 1f A, and A, are constant, 
For ideal fluids, the above equations give 


9, Уз уз) =0; Ay, Sh Е Aha es = 0 


lr, 2) uoo 


These give Ау, ES RET =0 (101) 
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From (100) AY? —М#а van be в function of r only ond from (101) № can be a 
function of я only. | | | | 
„Therefore __ Ay, Asha” = const. . - (102) 


The constant can be chosen to be zero, then 


b= ye (М) о, л о, = (шың (108) 


where y is any arbitrary function of т and g. 


+ + 
Thus steady azially-symmetric superposable flows of the type curl q, = Ads, 


~ > + ^ : 
curl 4, = А.д, are possible in inviscid flows and are given by. 


| + 19/7 + тәу? | 
| nee 1 m Aat É E (104) 
O >. мү, Ур. i95 м), - (105 
L= таг, al il go А 0) 


Summary. In the present paper we have obtained the most general steady 
axially-aymmetric flows of the following types: 


(i) Beltrami Flows in viscous fluids. 


(ii) Self superposable flows in viscous fluids. . 


+ + + + 
(iii) Flows of the type curl d, = А43, curl d, = Aug, (with constant values for 
Ax, Àa) in inviscid fluids (For viscous fluids it has been shown that such flows do not exist). 


(iv) Poloida! and toroidal flows superposable on each other. 
(v) Flows superposable on a purely toroidal flow. 
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ОМ GENERALIZED HERMITE POLYNOMIALS 


By 


A. KnanADZE', Tbilisi, yssp 
(Communicated by Dr. S. 0. Mitra—Received October, 19, 1959) 


1. Introduction, The classical orthogonal polynomials have been generalized in 
different direction. For the basis of these generalisations in some cases Rodrigue’s 
formula is taken, in others generating function, differential equation, reourrence and во оп, 


Let к2>2 be a fixed natural number, We denete by D,'™*) the result of m—times 


. ® d 1 d &-0 1 d (mE+k=1) 
j LI u——. › р = EN D = 
iteration of the operator D, PEE Further on, 1f D; каў; then Пь 


1 d m5 Gam) qam Gm+1) _ {%т+1 


T ji; . Itis clear that when k — 5, D, == and D, IE The di- 


Ш 





| (m) (тЕ+Ё-1) , 
fferential operators Dy and Dj, generate the Rodrigue’s type formulas, As for 


example, the generalized Legendre polynomials introduced by the author of the present 
paper is defined by the following formulas (Kharadzé, 1985) 
2 1 (mk) " T 
Penis 4) Yi Gale, 

1 - (mk +k~+1) 


k?™41(Qm +1) ! k (аё — 1) m1, 


ть yy (в) = 


А. Sharma (1948) has studied these polynomials in detail. Р. Chatterjee (1955) 
hss ‘considered the generalized Hermite polynomials expressed by the Rodrigue’s type 
formulas with the cperators D,™ and Dy@*+k- ag well!) : 

Haw (2) =e? ED PP (0-88) | ET. (a) = — в" Ире, (1) 

In particular, when m = 0, 1, 2, we have 

Ho(2)=1, Hey (s)S24-1, H2) a?*—2( 4 ПАРК, 
Hay(s)ez, Hapy) = (r1). Hog y(z) Set? 20k + Пат + (Kk -- 1) (2k +1)z, 

The polynomial Hu (е) contains only the powers of species е? and Ноль, (2) — only 
the powers #2#*1, (р = 0, 1,...т). 


As it was shown by P. Chatterjee, (1955) the polynomials (Hq(2)), {H ть+ ,)(а)} 
satisfy the following relations of orthogonality 
(1) We write the exponential funotion ad Ње form 6—#*/ while P. Chatterjee prefers to write в-#. Ag it 


was indicated by A. Erdélyi (Math. Reviews, 1956. p. 987! the polynomials {H(mz)} and [Honk4-) are 
expressed by the Laguerre polynomials 
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D 
|] e" IH ay (z)Hqo(2)ds = 0, m-n, 
0 


[ a 29-7 omple) Новое = 0, men, (2) 
0 . D. 
For these polynomials the following identities are true 
Hay (2) = (mk +1)H enle), Н’ть (а) = mkz*-* H s ok en (8). (8) 
In the present paper some new facts are stated conberning these polynomials. In 
n°2 a generalized exponential function expresced by the Bessel functions is introduced, 
by. means of which a new generating function for the polynomials {Н qu (2)) апа 1H. тъ) 
is constructed. n°8 is devoted to Lhe application of Turán's method for the definition of ` 
the domain of zeros location for the polynomial f(z) representable аз a linear combination 
of geüeralized Hermite polynomials, a | T 
~ д. Тһе generalized exponential function Е»? and the generating function for the 
polynomials (H(4:,(4] and {Homkaa(2)}. In the above cited article, P. Chatterjee 
suggests two ‘different generatiag functions for each sequence (Habl and - 
{Hone +)(2)} separately. Thesa functions are expressed by means of an ordinary | 
exponential function. In the present n? we shall show that introdneing special integral 
function Ex(z) — generalized exponential — we can represent the generating function as 
е-еЉЕ (21), good at ouce for all the polynomials of both sequences. 


Let k>2 be a fixed natural number as if was above. We form the sequence (вк) of | 
integers of the species ink and mk +1, (m = 0, 1, 2...): 
(8) 0, 1, k, k+1, 2k, 2k +1,..., mk, mk +1,... 

The product of these numbers from unit to some mk or mk--1 presents the 
generalized factorial, associated with the sequence (вь) ^ we denote it by {mk}! or (mk +1}! 
respectively. When k = 2, we have, obviously, the ordinary factorial associated with 
natural sequence. By the same sequence (в) we form the generalized binomial coeffici- 


- mk mk-l] ^ . : - А а 
ents [ | р<2т or [ Я | 9<9т +1, according to the following rule. for arbitrary ` 


mk and given pxz2m we form the fraction, the numerator of which -presents the produ t 
of p factors from the sequence (81), beg.nniog with mk in a décerasiag order and the 
denominator is the generalized factorial consisting of p factors. Tbe similar fraction can 
be constructed for тК+1 and giveng<2m+1, "The two following examples show the 
structure of the generalized binomial coefficients : из 
[py = 282% „ ок +в _ 
| 08 ТАК нр — 0c 
[ 8k +1 ] X (8k--1)Bk(Bk--1)8k _ (Bk+1)Bk(2k+1)2k _ 8(8k + 1Y(2k +1) 
4 1+1 ЕН k+1 ` 
.. Furtheron, we introduce the generalized binomial [a+b ]™ or [a+b]™*?, associat- - 
ed with the sequence (s+); this is the polyaomial in a and b, the. algebraic structure of 
which is analogous to an ordinary binomial. Then, [a +b]™#+"' represents the sum 3M,a‘b’s_ . 
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where the exponent т takes the value from the sequence (34) beginning from mk +1 to 
zero, and в increases from zero to mk +1, taking the value from the same sequence (81). 
As to the numerical factors M,, they present the corresponding binomial coefficients 


Е pn wa = 
0 cim 1 ; 2 тт" 


For example [a+b] Et = аён + € ath + CEP age 


(2k +1)2k(k +1) pia, @Е + D2E + gua Ok + КЕЛ as 
1k +1) ТИК Lk(k + 1,2k(2k + 1) 











When k = 2 we have the ordinary binomial (a +b)’. 
Let ua consider now the integral function E,(z), the Taylor-expansion of which is 
z ak zkt1 gmk gmk-1 


Е (2) т evi DES" ЕН Fima ae 


gk gk+i 228 
IT + Vu 
Lk ТЕ ИГЕЗ Ы 





2 
=1+-+ 
1 


Tt is clear that E,(2) = e*. 
It will be shewn below that 


i UN + {Е peni p 
tb = cH ex Edo an er ГО ды a SE ч... м f 
e-t Ezt) = Holz) + 1 we) + Lk Но + үкү i) Нар 2)+ 1 ike ij eh в)  ...(5) 


i.e. the left-hand side of this equality presents tke generating function of both sequences 
of the polynomials {H (me)(2)} and {НЙ +(2)}. It follows that the function Е, (2) is mast 
naturally associated with the generalized hermitian polynomials. When k = 2, we have 
6—1" — the generating function for the classical polynomials. 

As it is seen from (4), this series consists of the two parts: the first component 
denoted by ehi(2) contains only the powers of species 2° and the second вһь(2)— only the 
powers of species 2*+?, 





Thus Elz) = chrl, + вЫ, (2), 
* ` f Г 1 zk gk 
where cha(z) = 1+ Ii TX IE +... 
а giti gu 
' Фк = rf X0 О) 7 


The functions chx(2) and sb;(z) are analogous іо chz and shz. We immediately 
obtain 
sh/4/2) = оһь'2), ch’, 2) = z^^?shi(z) 
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and, consequently, the funclion вһь'2) satisfies the differential equation 
wt —zk-*w = 0 
and the function ch;(z) — the equation 
zw! — (k —2)w —2*^w = 0. 
Bince, 8%, (0) = 0, sh'4(0) = 1,, еһ0) = 1, оһ' 0) = 0, 


we can express the functions сћь(2) and sh;(z) by means of the Bessel function as follows 


ch, (2) -(5 un E yen. A қ (Fan), 
ah; (а) = (E) rer "ts e), 


Before to prove the formula (5), we shall make some more preliminary remarks. 
Let {(2)} be the class of functions representable with power series of the following 
species : 

(Зы pig) = a, +418 а + ag 4. et! Надя aug, RTT +... 

We call A} — transformation of (Sx) the series, received from the (Sj) by substitu- 
tion of each power 2РЁ or 2»! by the corresponding generalized binomial [2+1 ]?* or 
[z+h]e*+1, We denote the result of this substitution by Ф[2; h]. 

Thus, е[#; В] = a, ra [2 h] + as [8 Fh] ans [o АЈА + 

When К = 2, it is obvious that the A,*— transformation is reduced to translation, 
namely, 

ofa th) = а, +a, (в +h) +4,(2 +h)? а, (а +h)? + 

One may represent the seriees (8+) as the sum of two series 


$(=) = vw (2) T Ponk-+1)(8), 
where the first component 9 (mys) cOntains only the powers of species 578 — this is the 
component of type І, and the second 9(mr+1(#) containing the powers of species 22+! we 
call the component cf type 11. 
It is easy to show that 


glz; h] —9(2) _ Pml) 
gk-2 


lim + 9 aero (2) . (7) 


. h-+0 

Obviously, when k = 2 we have the ordinary derivative 9’(z), In order to establish 

the equality (7) it 18 sufficient to arrange the right-hand side of (6) by the po vers ‘of h 
as follows 


h ВЕН 
h] = ыс a 
eles В] = Ag+ 7 4,+ № д НЫ (8) 


From here it is not difficult to calculate that 


A, = 90) = sube) eme); А, = TEBE) ные); 
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A, = ("юү co (2). 
Xy pa) Ta e 


gh- 


We introduce the denotation 


та а 
4,9 = gig; mb) tj mero (4). 


Thus, if $(2) is the sum of two components $« (2) апа equ, (2), then the applica- 
tion of operator dy to function e(z) denotes, that the operator (1/2*7*) djdz acts upon the 
` component of type I and the operator d/dz — upon the component of type II. Here we 
note that applying the operator (1/2*-*) 4/42 to component of type I, we have the series 
consisting from the powers of species 801 and, consquently, the component changes its 
type, i.e. it is transformed into the component of type IT. Similarly the application of 
the operator d/dz to second component changes its type. Hence, repeating the operation 
dz, we have 


2. - арта 1 ага 
diez d, (dye) = (as JE S S (Frano), 
where the first component is agaia of type I and the second — of type II. 


Proceeding the application of the operator -dy every bime the derivative from the 
component of type I is divided into enc and from the second component it is taken 
simply the derivative. 


Thus, if 2% = dy(dy^7!9) then we can rewrite the equality (8) as follows 


pls; №] = Ф(а) + È digla) + I. d,*o(e) + *o(g) +... (9) 


hh d 

Lk(k+1) * 

Thus is analogous to Taylor's formula. From here the equality (7) follows 
immediately. 


Let us now return to the functlon Еа). Asit is seen from the construction of 
the series (4), | 


d,E,(a) = Eye) 


and, consequently, applying the formula (8) to the function Е =), we have 





File; В] 2 14: BERE ү [th] [eh] _ 10 
тое: ПЕЛ: ЖЕТШ (10) 
ho h hm 
(1+ 2 + — Lik "iig Ex(e) Е (h) 


In other s the product E,(s)E,(h) gives the A4,*— transformation of the series 
ghi 
+ 
i LE l.k(k -- 1) 
the RM form 


Е›(в) = 1 + + — +... It is clear that when k = 2 the equality (10) takes 
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е2+й == eteh, 
as, when k = 2, the polynomials [2+ А1" and [a+h]™+? degenerate into ordinary 
bionomials and, consequently, the 4,^— transformation of the exponential series is 
reduced to the change of 2 by the sum 2+h. 

Now it is not difficult to establish the justification of the expansion (б). Indeed, it is 
easy to see that the left-hand side of the equality (5), as the function of t is developed 
into power series of the species 

e" E (et) = Qu) +10 (а) + #@ (а) + tt Quia)... (11) 
where the coefficients {Qp:} and {Qpk+,} represent the polynomials of а; at the same time 
Qyx(e) contains only the powers of species а" and Qox+,(z)— the powers 2+1. Thus, 
the expansion of the function e~*/*H,(zt) consists of the two c^mponents, one of which 
ів of type I and the second of type II concerning both variables 2 and t. 

Applying the operator d, to the equality (11), where 2 1s considered as variable and 
with respect to the invariability of the function Ёу(а) concerning this operation, we have 


te-"t Eat) = 807 +9) et ep, (а) +. 


or otherwise 


te1e-PEB (et) = Gol) (2) 4 pig а) +в SEM) ee G) ele) +... : 


Comparing this equality witb (11), we have 
Q.'(z) = 0, 9/(®) = Quz), Өг) = 22720 (2), Q'ias (2) = Ql), 
and in general E 
Qala) = 297 Qem—yetil2)s Q metil) = Әв"). 
Returning {о the expansion (5), we see, that E 
Но» (2) = Holz), Hay (а) = kH (в), H'asy(8) = (k-1)Hay(2),...- 
., H' impl) = mk H emio), Bonet (8) = (mk + 1) H(z), 
Since it is obvious that Hq(z) z1, H,,)(z)=z, im virlue of the equalities (8), we 
cunclude, that the cofficients {Нль(=) and {Hone+,)(2)} of the expansion (5) present in 
fact the generalized hermitian polynomials, defined by formulas (1), 


Let us note here an interesting expansion of the function Elz) by generalized 
polynomials, Putting (5) t = 1, we have 





" Нг), Hays), Нана) 
my =H 4 Ча» dy) + x 
retos c Pe SERERE! 
When k = 2 this equality gives the well known expansion by the classical hermi- 
tían polynomials: 


Es Hd CH od. s в 
Ż &=H SEZI p aU y Soe 
T o(2) + 1 + 21 + 31 +.. 
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At last we remark, that if w = 6/4, i.e, wt = —1, 
then 7 Еу(ша) = cela) + шк (в), (12) 


h Gis t unc MR. 
where | | kig) = ТЕ Tk(k+ 12k E 


gkt1 gini 


EAE NEN БиС. 23-35808, — = 
Sile) = т rai) ees BRR) U 


These functions are analogous to cosa and sing. When К = 2, the equality (12) 
gives the classical Euler's formula e” = cos z 4 i sin в. 


8. On the location ef zeros of some particular classes of polynomials. If the 
algebraic porynomial f(z) of degree п is written down in ordinary form, as the sum of 
powers of variable # 


TP f(s) = «а, +a? +... аз", ay 3-0 

then, as it is known, according to the formulas of Cauchy and Walsh, by means of 
coefficients a; one may define the circular region including within all the zeros of the ` 
Polynomial f(z). Р. Tura’n paid attention to the problem of the definition of the domain 
of zeros location depending on the coefficients of the expansion of the given polynomial 
by some orthogonal system of polynomials. In connectian with this problem Tura’n (1954) 
has considered the case corresponding to classical hermitian polynomials (H,(2)], when 


the given polynemial f(z) is represented by the expansion 
Кг) = b,H,(G +b, H (2) +... +b, Enl), 650. 

As it was proved by Tura’n, the stripe incl iding all the zeros of f(s) is defined by 

inequality : 

ly|< (1+ Б), М = шах | bi, i = 0, 1,..№-1; у = Yms 
which is analogous to Cauchy’s inequality”, The Tura’n’s method is essentially based 
upon the two properties of ordinary Hermite poiynomials: 1) all their zeros are real, 2) 
the sequence {H,(z)} belongs to the class of Appell's polynomials, i.e. H's(s) = nHn (a). 

In this n? we shall show, that, although the generalized polynomials {Н „ъ()}, 
{Н ть+ь(в)} do not belong to Appell's sequence and not all their zeros cre real, nevertheless 
one may apply Turán's method to this case аз well, and consequently, for those classes 
of polynomials (а), which are representable by linear combination of the polynomials 
{Н нь(8} or {Honzty(2)}, one may define the domain of zeros location by the 
coefflcients of linearrepresentati n mentioned above. 

First of all let us remark that in virtue of the property of orthogonality (2) it is 
easy to see that all the zeros of the polynomials На) and (Home+1(8) are disposed 
upon the К rays, issuing from the origin and making the angles 2zp/k, p = 0, 1,..., (k—1) 
with the real axis. 


1) W. Specht (1956) had studied the problem in general care 
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Now, following Tura’n’s idea we shall show that if the polynomial f(z) of degree 
mk-+1 may be represented as the linear combination of generalized Hermite polynomials 
of speeios Н ‹рё+ (2), р = 0,-1,..., m, then by coefficients of this representation one may 
define the domain of zeros lovation for f(z). 

Let Др denote the total straight llne upon which’ there lies the rey with the 


Qn 


inclination A p. 


Let zbe any point of a complex plane, not lying upon the lines A,, p = 0, 
1,...4k-1). We denote by ez, Ap) the absolute velue of distance from a to the line 
Ap; besides, let 


ha} = min e(z, ^g), P= 0, 1,..., (k— 1). 
We shall prove the following 


Theorem. If the polynomial f(z) of degree mk+1 is representable linearly by the 
generalized Hermite polynomials of species Нк) (=) 


а) = CoH ay) +CH (а) + CH ayy (а) +... CH ag (2), C0, 


then all the zeros of f(a) lie in the domain defined by the inequality 
Ел xr E 
M 
ho, pz 1+ (18 
(3, k) м font 7 ) 


where M = шах] (|, i = 0, 1,.:., (m—1). 

When k = 2, it 18 obvious that Ay, „ = У(2) and, thus in this case the inequality 
(18) defines the stripe parallel to the real axis; as to the polynomials {H,gm+1)(z)}, they 
represent the classical hermitian polynomials of odd degrees, When k = 8, the star. 
shaped domain, consisting of three intersecting stripes with common central hexagonal 
domain corresponds to the inequality (18); these stripes are parallel to three rays the 
4т 


inclinations 0, = 8 


The proof of the theorem is based on the following 
Lemma. If ғ does not lie upon the lines (Ар), then the inequality 


H +12) É (14) 
Н me +3)(2) he, yk m 9) 








takes piace jor all the integers q on condition 0«;q «m — 1. 


Let 2; me+1, Ё = 1,...mk +1, be the zeros of the polynomial Hor, (s). They all lie 
upon the lines (Ay) and, consequently, if 2 does not lie upon (Др), then [2 —2;, «i | 


` 


ha, » or otherwise 


— И 
[я — амь | he,» | 
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Since in virtue of (8) 


A’ mk (2) = (mk +1) Ню (в) 








How +1) (2) Н nt +1) (2) 
mkt j 
Bente Hole) | — 1 NE: fet mel 1 05 
(mb +1) (2) mk+1 S 8-8 mk mk+1 hg ha, b 


On the other hand, the second of these two equalities (8) leads up to following 
relation 


Н’ть{е) -mpera Hon- verla), 
Ног) Нод!) 
From here we have 
mk 
Hos e-+1(2) 2 1 = 1 s ic 
Нить (2) mk |a [7% 2 Z — 84, mk = [г |“, uy" 


where s, mx denote the zeros of the polynomial Hima (2). 


Since | g | >а) then the Jatter inequality takes tbe form 





А E 
Himen 2) < 1 2€(A,). 





= (16) 
Ноа) he е 
“In virtue of (15) and (16) we receive 
H (m —1)k+1)(8) i р 2€(Ay,). 
Hume +1)(2) hey 


If qzm-—1 then we can write 


Haie) | _ т 
Н (mk +1)(8) ll 

Applying the inequality (16) to every factor under the sign of product, we get the 
required inequality (14). е 


Нок ука) 
Н+) 











Моҳу it ів not difficult to show that in every domain, where 


k 
a M 
ha> V i+ Z 
(3,5) tay 


we have | f(z) | > 0. But this denotes that all the zercs of f(z) lie in the domain, defined 
by the theorem. 
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Indeed, from the given representation of Да) immediately follows that 


{ m-i } 
Cy Hon р! d f= Са | Н (gk +4) (2) : 
| /(#) | > | || Zonk +a) e 2 nl Hoa) | 


But acoording to the conditions (14) and (17) we have 





( \ 

Р li 1 
iray o Л ЛО з р, 

! t {Cm | hk T 

' | Gun J 





As г does not Не upon the lines (Ay), then H(2)imk +1) #0 and, consequently, if 


jeu co ЕЕ Т 
бы! hei) ==] 
then | (2) 1 2» 0. This proves the theorem. 
According to Tura’n’s reasoning by anlogous transformation one may obtain the 
inequality of Walsh's type, namely, all the zeros of f(z) lie in the domain 


m~] m-f 
| C. 
he, = 2 V NE 3 





We have considered above the expansion of f(z) by the generalized polynomials о! 
spevies Нук+(е} The corresponding results could be obtained in case of representaion 
of f(z) by the polynomials of species Нг (2). 
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ON А NON-MEASURABLE MAPPING 


By 
Р. L. (алкасы, Calcutta 


(Received -November 27, 1959.) 


А oue one mapping of a set E onto a set E* in the same or different spaces 1:8 said 
to b: measurable, if the mensurability of a subset A of E implies the measurability of its 
image A* cC E* and vice versa [Cacathéodory, 1927, р. 854]. For the measurability of a (1, 1) 
mapping of E onto Е*, 1t 13 necaszary thal every subset A(C E) of measure zero should 
Бо to a sub-set Á*(c- E*) of measure zero and vice versa. This condition is also suflieient 
for a continuous (1, 1, mapping In particular, every linear transformation of non-zero 
determinant furnishes a measurable mapping. Steadily;inereasing continuous functions 
which are absolutely continuous and whose inverses are also absolutely continuous provide 
simplest examples cf such mapping of an interval arb onto an interval ex;yz;d while 
a steadily increasing continuous function which i8 not absolutely continuous gives a (1, 1) 
continuous mapping of a linear interval axzexz;b onto a linear interval caqy<d which is 
not measurable according to the definition given above. Several examples of such func- 
tions exist in literature, The author of this note recentiy constructed functions of the 
latter type starting with a couverge >t series Sa, of positive terms satisfying certam 
prescribed conditions. [Sen Gupta and Ganguli, (1959) |. 


In this context, it is natural that we should be looking for examples of (1, 1) conti- 
nuous mappings of a closed n-dimensional interval onto a closed n-dimensional interval 
which is not measurable 1.6., а (1, 1) continuous mapping sending one interval onto the 
other such that there is at least one subset of measure zero of the former gomg onto a 
subset of positive measure of the latter. i 


In this note we consider such a mapping of the umt square fz, у} (0<2<1, 0<=у=1 
onto the unit square |X, Y], O<XS1, Oz Y «L', the method employed being applicable to 
mappings за n-dimensional spaces. Further, the method is such that given any preseribed 
point (x, y) of the unit square im the zy-plane, we can determine the point (X, У) in the 
XY.plane to which it 13 sent by the rapping. paa 


Let us take а function X = f(z) such that the function f(z) is steadily increasing 
and continuous but not absolutely continuous in О<дт<с1 with f(0) = 0 and f(1) = 1. 
We define such a function as follows: 
Let Ха, = 1, а > 0 such that 
0 «ац «b,/27! 
where In = Ung tang, tine oe 
and Ур, = с<1, (6.2 0) 
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Let S be the Cantor set on 0 2 < 1 so that points of S can always be expressed 


uniquely in the form 
d d,d,... ... (scale of 8) 


where each d, = О or 2. 


ItzeS audit а = d, d, d,... -. (scale of 3) 
where d, is О or 2, we define fix) by 
Га) = Ха’, where Wy = ал or 0 acc.us d, = 2 or 0. 


The function f(z) so defined on S is steadily mereasing and continuous on 8 with 
КО) = 0, Пи — 1. z 
lt (Ё, т), E< « be an interval constituting the complementary set CS, the above 
process gives f(£) < fen). In the complementary intervals we define /(2) linearly. - Clearly 
£ and п have representations of the form 
É = Uy Uy. Uy 02 
q = Uy Uy. 20 


where u,-00r2, т= 1, 2,..., К. 
А 
Obviously, f£) = За, tress 
1 
k 
aud Ка) = Bey Peles 


lf z lies between Ё and т so that æ is of the form 
z= £+Aq-f,0<0<1 
we define f(x) by 
fr) = fé + eG) І 


А 
= 5а, ть: t Olas trail 
1 


The function f(z) thus defined on 0<т<1 has been proved (Sen Gupta and Ganguli, 
1959) to be steadily increasing and continuous but nob absolutely continuous ia 0<5<1 


and 
тїз) = lim 29, > 0 
Next we construct a similar function g(x) on OS TS as follows. 
Let ХА, = 1, А» > 0 such that 
0< An— Ry < В„/2" ! Р 
where Ra = Ав + Аза t ne 
and SB = С <1, Ba>O 


If 2+5, and z = 'd, d, 4....... (scale 8) 
where d, = 2 or 0, we take, аз before, 


g(z) = SA’, where Al, = An or 0 acc, ав d, = 2 or 0 
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In a complementary interval $< z< т where € and т are necessarily of the form 
€ = U uy...u, 02 

| 7| = Uy Uy... 20 

C with u,—-00r2,r-21,9,..,k 

we define g(z), for æ= 4+0), 0<6 < 1, by 


h 
g(x) = =A Boa, Lu — By) 


The funeticn g(z), as defined above on 0 < 2 < 1, 18 steadily increasing and cónii. 
nuous but not absolutely continuous in Ozz-1 and mgís) = lim 2"В, 0, 
no 


We now. take the unit square Syy, 021, 0<5у<1, ш the zy-plane and consider Ив 

map on the XY-plane by the transformation 
X = f(z) 0<2<1 
Ү= 00) Osy<l 

Ву the above transformation, each point of the unit square Sxy goes toa point 
(X, Y) of the unit square Sxy (0 X, О<Ү<1) of the XY-plane. We shall show that 
to each point (X, У) of the unit square Sxy there corresponds one and only one point (z, y) 
of the unit square in the zy-plane во that the above mapping is onto and one-one, 

Let (X, У) be a given point of Sxy. Since f(z) is steadily increasing and continuous 
in 0251 with f(0) = 0 f(1) = 1, there is one and only one point &(0<&=1) such that 
X = Қ) or £ = f (X). Similarly, there is one and only one point q(0-5-z1) such that 
Y = g(q or n = 07У). Thus there existe one and only one point (€, 4) m Sa, which 
goes over to the given point (X, Y) of the unit square Syy under the given transformation. 
Hence the transformation 

X = f(z) 
Y= gly) 
gives rise $0 а one-one mapping of Szy onto Sxy. 

Again, since X = f(z, and У = g(y) are continuous in O<r<i and 0<у<1 
respectively, the above transformation throws an open set of Ss, into an open set of Sxy; 
and since the inverse functions z = f(X) and y = g-'(Y) are also continuous, an open 
set of ху goes over to an open set of Say. 

We now consider the product set S x S which consists of aggregates cf pairs 

Cd,d,d,..., `е363...) 
'whers each d, and e; take the values 0 and 2 at random, It forms а non-dense set of 
Lebesgue plane measure zero. It will now be shown that under the transformations 
X = flx) 
Y = gly) 


the set 8 x S 1s m®Pped into a set of positeve measure. 
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It is easy to verify that /(1/3^) = v, and g(1/8*) = R,. The square ((z, y)}, Uri, 
Üzyzz$, therefore, goes over to the rectangle (/X, У}, 0x; X«r, 0<У<В,. Hence the 
area of the map of the square (Ostas, Ozyz$)is 7,R,. Similarly, the area of the 
map of tho square Ozzz«1/8*, Oz ys 1/37 is г, В, and so on. 16 follows that the measure 
of the image of the set S x S is 


lim (4"r,H,) = lim (2^r,-9^R,) > 0 


п co 
Thus tho set Sx S, which is of measure zero, i8 mapped by X = f(x), Y = gly) 
into a set of positive measure. It follows that the mapping induced by the transformation 
X = f(z) 
Y = gly) 
is non-measurable. 
T am grateful to De, Н М. Sen Gupla for his kind holp іа the preparation of the 
paper. 
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ON THE ISOTONE MAPPING OF А LATTICE 


By 
А. С. Сноорнову, Calcutta 


(Receited—November 30, 1959} 


1. The object of this paper is to establish a connection between a lattice and an 
m-lattice by conaidering the isotone mappings of the lattice into itself, Such isotone 
mappings are endomappings of the lattice One can deal with these mappings just in 
the same manner as with the endomorphisms of an abelian group which form a ring. One 
can prove here that the isotone mappings ofa lattice form a doubly distributive m-lattice. 
To get this result, it will be useful to start from the more elementary system, namely an 
upper ,semilattice, 


A system P having a reflexive, antisymmetric and a transitive relation is called a 
posét. If every pair of elements of P has a іва: upper bound then P is called an upper 
semilattice. If one denote the least upper bound by the sum a+b of two elements 
а, b, then an upper semilattice is a commutative additive semigroup in which every 
element is idempotent. For, as the sum is the least upper bound, ab imply that 
ata+b and a+b2a. Hence аЬ imply that a=a+b, The commutative law 
and the idempoteney are evident. To prove the associalie: law, one notes that 
(2+5) +егоа, Б, с and hones (a +b)+ceDa+(b +c), Similarly one вап prove 
thata+(b+c)D(at+b)+c. Thus the associative law is true. Conversely ina commua- 
tive additive semigroup in which every element 1s idempotent, one defines an inclusion 
by the condition that a2) if and only if a=a+b, Then, as @+a = a, the inclusion 
is reflexive and as the commutative law holds, а = a+b, and b =b+a imply that a — b. 
This shows that the inclusion is antisymmetric. Similarly the transitivity of the inclusion 
follows trom the associative law. Lastly if ea, cb then a+c = с andb+c=c and 
hence (a--b)*c =a+(b+c)=at+c=c. Thus с=да +6; this proves that a+b is the 
least upper bound of а, В. Hence the given semigroup 18 an upper semilattice, 


A mapping of an upper semilattice U into itself is called an endomapping. А 
mapping which keeps the inclusion invariant is called isotone and those which reverses 
ib, is called-antitone. Let {Бе an isotone mapping of an upper semilatiice U on to 
another upper semilattice f(U); then-as a+bDa, b in 0, {(a+b)>f@, f(b) in f(U;. 
Hence, as /(U) isan upper semilattice, f'a+6)2f(a)+f(b}. A mapping of an upper 
sem.lattice which satisfies this condition is called an upper homomorphism. | Conversely 
if f ia an upper homomorphism of U onto f(U), then f is isotone. For, if agb,a4 b = b and 
Ка) &f.a) - f(b) ef(a-- b) = f(b). An endomapping which is an upper homomorphism 13 
called an upper endomorphism. 


Notions dual to that of an upper semilattice can be defined. If every pair of elements 
of a poset has a greatest lower bound, then the poset is called a lower semilattice: If 
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the greatest lower bound of two elements a, b is denoted by ab, then a lower semilattice 
is а commutative multiplieative semigroup in-which every element is idempotent. Ап 
isotone mapping of a lower semilattice is a lower homomorphism : f(ab) &f(a)f(b). 


A poset which is both a lower and an upper semulattice is called а lattice. An 
isotone mapping of a lattice satisfies the inclusions: f(a 4 5) 2f(a) + f(b); f(ab) ef(a)f(b). 
Now а homomorphism of а semilattice is isotone. Hence the equality in one of the above 
inclusion does not imply the equality in the other. Thus there are three special ‘сивев: 
homomorphism as a lower semilattice, homomorphism as ап upper semilattice and' 
homomorphism ав a lattico. The first type will be called l-homomorphism, the second 
type as u-homomorphism and last type as homomorphism of the lattice. 


9. Let us now consider the endomappings of an upper semilattice U whose elements 


will be'denoted by the Greek letters а, В, y etc. The endomappings of U will be denoted 
by the Roman letters a, b etc. If а 18 an endomapping, then a(«) = gsU. For 


simplicity, ala) will be written as a2. The set of all endomappings of U will be denoted 
by Q, Among the elements of Q, define a sum a+b by the rule (a+b)a = aatbe. . | 


This definition is evidently admissible аз U is an upper semilatlice. Then one can 
prove the ` 


Theorem. Q 18 an upper semilattice. 
Proof. For every JEU and given asQ, (1+@)а = a9 t dz = аз; Hence ata = а. 
Also (а+В)а = aa + ба = Ба аа = {b +а)2 for all a. Hence a+b = b a. 
Lastly [(a+b)+c]o = (a b)o + са = аа + Бо сз = aa (ba + са) = [a+ (b t c)]a. 
Hence (a+b) +с =a+(b+c). This proves the theorem. 
In Q, the inclusion is given by the rule: 
a+b = a if and only if (а+Ъ)а = da, i 6., аз + ba = dase, 
Thus ab if and only if a¢Dbe for every о. 


This inclusion is called the strength of the mapping and if а>5, ais called stronger 
than b and b is called weaker than а. 


Let us denote by а, the mapping >: where ё is the general element of U and a 
is a given element of U. Thena, is the topmost element of Q i e.,a&a,. For, 
a£&a,£ = 1. Q also contains the identity mapping i:££ Then ig = €. 


As af and Ẹ are both elements of U, they аге eith г ʻi) incomparable, 
(ii) аё5ё or (iti) aS. Hence a and {are either (i) incomparable, (i) a22i (iti) aci. 
In (ii) a is called inclusive and in (їп) а is called exvlusive Den-te the seb of inclusive 
mappings by Q;and that of exclusive mappings by Qs. Then Q; and О, are upper 
semilattices. For, if a, beQ,, аси, bei. 


Hence a--b&i, Also На, beQy, а, 2а, bi and hence a,2a-- bi, 
я 
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8. One can now define the product ab of two mappings a and b by the rule 
(ab)é = a(bé).., шр is associative. For, : 
` [labio] = (ab)(o€) = a[b(cg)] = а[(5о)ё] =-[a(be) é 
Hence - (ab)c = a(bo). 
-Also [(a+b)e]é = (а+Ь) оё) = (а 5) = af’ +6 = a(c£) - b(c£) = (ае) + (Бо) 
= (ac^ bc) where & = сё. Thus tho product is right distributive. But the left 
distributive law is not true in general. Indeed one ean prove the proposition : 
-Ifc is isotone, then с(а.+ b) 2ca 4- cb for every pair of endomappings and conversely. 
| For, if c is isotone, then [о(а+ b)]£ = с[(а+ b)£] = с(а@ +66) ac(a£) + (bE) = (са) ё 
+ (cb) = (са + сБ). 
Hence — — о(а+ Б) 2са+оБ. 
>this inclusion wil be called as the left distributive inclusion. 


^ Conversely le t left distributive inolusion.hold for every pair of endomappings a, b 
and a given mapping c, Then, operating on ths general elem ‘at & of U, 


200. 05 7 [eat+b]§2(ca+ob)€ i.e. с(а + b£)Do(ag) + e(b£) 
Putting af = £u 66 = &, с(ё, t£) 20$, + 06s. 
-The mapping с is thus an upper homomorphism and hence с is isotone. 


н follows, as a corrolary that c(a+b) = ca+cb if and only if c is a homomorphism. 


The set of idempotent endomappings of U will be denoted by Qa. The identical 
mapping i is idempotent., for i? = і, Also a, is idempotent. Indeed 2,2 = af = 1 
and а, = 1. Thus both a, and a,? map & into 1. It is evident that iu =a = ai, But 
aa =a, and ав, +а,, Define in an inclusion ab if and only itab = а. Then as 
4,4 = ау, 4,554 and as ai = а, асі, Thusa,SaG&i- The inclusion in Qa is reflexive 
ав а? = а. Also if a&b, ес, then ab = a and bc = b, so that ac = (ab)o = афо) = ab 
= а. Hence a£xc and the inclusion is transitive. Qa becomes thus quasi-ordered by the 
inclusion. If tle product is commutative, then the above inclusion is antisymmetric 
and Qa is a poset and 1в a lower semilattice, The absorptive laws need not hold here and 
consequently Од is not necessarily a lattice. 


A system Q is called an upper m-semilattice if (i) it is an upper semilattice with a 
sum a+b and (ii) is a right distributive semigroup for a product ab. Using the definition, 
one can state the above result as the. 


Theorem, The endomappings of an upper semilattice form an upper m-semilattice. 
The isotone endomappings satisfy the left distributive inclusion, The endomorphisme are 
left distributive. | 

One can state the dua! results by taking a lower semilattice L in which the product 
will be denoted by axb. In this case, а system О will be called a lower m-semilattice 
if (i) it is a lower semilattice with produci axb and (i) is a right distributive 
semigroup for a product ab, The right distributive law is here (axbjc = acxbe, 


6—2028P—1 
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The mapping а„:{—э0 is the lowest element in Q. One has therefore the theorem : 


The endomappings of a lower semilattice form a lower m-semilattice. The isotone 
mappings satisfy the left distributive inclusion. Then endomorphisms are left distributive. 


One can generalise the nolion of the upper m-semilattice into the notion of an 
m-lattice. A system is called an m-lattice if it is (i) an upper m-semilattioe with a sum 
a+b anda product ab, and (ii) a lattice with the same sum а +b and a product a x b. This 
lattice product will be called the primary product and the product ab will be called the 
secondary product, This definition of aa m lattic? 13 som what restricled than the one 
given in Birkhoff (p.100) as the associative law is assumed for the secondary product ab. 

As the m-lattice is an upper m-semilattice, the right distributive law hold: (а+Ь)о 
=ac+bc. Now if atzb, then a+b = b and by the right distributive law, ac +b: = be 
Hence асс which proves that the right multiplication is isotone, As axbtZa, b, it 
follows that (axb)cSsacxbe. Thus the right distributive inclusion holds for the lattice 
product, If (axb)o = ac x bo, the m-lattice is called doubly right distributive. One 


can now prove the 


Theorem. The endomappings of a lattice L form a dow ly right distrbutive 
m-lattice Q. p | 


Proof. Ав L is ап upper as well as a lower semilattice, the set Q of endomappings 
of L is an upper as -well as a lower m-semilattice. The absorptive laws hold. ` For, 
[(a+b) ха] = (a&+bé) хаё = a£ by the absorptive law in Г. Thus (a-b)xa =a, 
Similarly а+Ьха = а is proved, Hence Q isa lattice. As О is both an upper and в 
lower m-semilattice, the two right distributive laws hold. Thus Q is a doubly right 
distributive m-lattice. _ 

1n the m-lattice of endomappings of в lattice L, the left distributive inclusion 
o(a+b)2ca+cb imply that с is 180tone which again imply left distributive inclusion 
o(axb)Gicaxch. Thus с(а +5) 2ca t ob imply c(axb)&caxcb and conversely. Here 
the equality holds when c is any one of the three types of homomorphism. Thus one gets 
four types of the m-lattices of endomappings of а lattice L: one inwhich (i)c(a - b) 2 ca - cb, 
(i) c(axb) = caxcb, (iH) с(а+5) = ca--cb, c(axb) = caxcb or (iv) clatbs>D 
ca--cb, c(a x b) coa xcb, с ів а u-homomorphism of the lattice in (i) and a l-homomor- 
phisms in (iij. In (ii) c 18 a lattice homomorphism and in (iv) c is strictly isotone, 

In the case (iii), both left and right sided distributive laws are true. All mappings 
are homomorphisms of the lattice. The m-lattioe is called doubly distributive in this case, 


One can prove the interesting result: 
(axb)(a+b)Gsab+ba in the m-lattioe of u-homomorphisms. For, ав the right: 
multiplication is isotone and a x 6 55а, b 


(a x b)atzba, (a x b)b Sab. 


Adding and using the left distributive law, (axb)(a+b}Gab+ba, Similarly. 
(a x b)(a-- b) 2ab x ba in the m-lattice of l-homomorphisms. An m-lattice is called 
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commutativa if the secondary product is commutative. А commutative doubly right 
distributive m-lattice is doubly distributive and hence is an m-lattice of homomorphisms, 


Then in the m-lattice of homomorphisms both the above inclusions hold and hence 
(a+b)(a x b) = ab in it. 


If the secondary product satisfies the cancellation law : 
ax = bz or га = zb implies a = b, 


then the m-lattice is called eancellable. A commutative cancellable m-lattice will Бе 
called an integral mi-lattice.- It із wall known аё in an integral m-lattice, one of the 
distributive law can be'replaced by the law: (a+b)(axb) = ab. Further its lattice ‘is 
distributive (Choudhury, 1957), T 5 


4. The upper m-semilattice Q of the endomappings of an upper semilattice- U : 
contains a sub-semilattice isomorphic to И. Thus U can Бе embeded in Q. For the 
purpose of proof, denote the mapping €« > by a, where € is the general elemant of U 
and а is a fixed element of U. Then the mapping 4,4-9 is biunique. Also аз а, = а, apé 
= B(a, Fag)É = а. tap = a 4-8. If 2238, «+В = а and Вепоз (а, + ap) = a = a,£. Thus 
а, +ав = а, 1.8., аав. On the other’ hand, 1f aag, а, + ав = a, and hence (a, + ag)£ 
= 4,6 1.6,2+8 = а во that “28. . Thus the mapping 4,<-->« is bisotone. As this mapp- 
ing 18 biunique, 16 is an. isomorphism, Consequently, the mappings a, fcrm ап upper 
semilattice isomorphic to U, If one identifies a, with а, then U can be considered as a 
subset of Q. Thus U cen be embedded in а. | 


One shouid note here that when U is embedded in О, аә) can b» expressed as da 
and this means that the operational notation has been expressed as the secondary 
multiplication. Also as the mapping 4.15 not isotone, U remain outside the Q; of isotone 
mappings of Q, when embedded in Q. 


Let us now construct an example of an m-lattice. The boolean algebra 2 is formed 
by two elemenis 0 and 1. The endomappings of 2 are expressible as matrices 


e DTE оү. eei) 
-(11) < (оо). 01/7" UNIS ў 


1 : 
Here the matrix ( 9 в Jis the mapping by which 0->a, 18. 
а 


Then iz = а, la = 1, 0« = 0, аа = Ва. i is the identity mapping, 1 is the mapping 
а, and 0 is the mapping a, of е above notation. Here 151220 and 12420. The 
mappings i and a are incomparable. Indeed, iis isotone and a ig antitone, Thus the 
latlice of m-lattice of endomappings is the rectangular lattice. The table for the secondary 


product is 
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0 i a 1 





i 0 i a 1 
a 1 a i 0 
i 1 1 1 1 


One notes here that a(l +i) = a0 = 0, al ай = О+а = а. As 420, a(l +)Sal cat. 
This is true as@isentitone. More generally И a 1» antitone, ala +8) сах +ав. But the 
converse is not true always - Indeed ıt may happen that a, B are incomparable, bub aa, aß 
are comparable. Thus one gets as before that for antitone mappings, alb + с) &а) + ac 
though the converse is not true. 
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ON THE OSCILLATION ОЕ A CIRCULAR CYLINDER 
IN A VISCOUS LIQUID CONTAINED IN A 
CO-AXIAL CIRCULAR CYLINDER 


By 
B. В. КнАмвот, Jadavpur, Calcutta 


(Communicated by Prof В В Sen—Received-January 29, 1960) 


The flow of a viscous liquid in an annulus with porous walls has been investigated 
by Berman (1958). In this paper the flow of a viscous liquid between two co-axial porous 
circular cylinders when the inner cylinder is oscillating ia discussed. The solution of the 
problem has been obtained in terms of Hankel functions and from it the results in the 
two extreme cases of very small and very large frequencies are deduced. Аз a special 
case, putting the radial component of the velocity equal to zero, the solution is obtained 
for the oscillatory motion of a pistor, in a viscous liquid contained in a circular cylinder. 

1. We shall consider the oscillatory motion of a viscous liquid confined between 
two concentric circular cylinders of radii a and b(b 2 а). Let us assume that the rate of 
liquid withdrawn at one wall of the annulus is always equal to the rate of injection of the 
liquid at the other wall and that these rates are independent of the axial position in the 
tube. If we select a cylindrical co-ordinates t, т, 0, z-axis coinciding with the common 
axis of the cylinders and if u, v, w be the components of velocity in the directions of 
х, т, 0 increasing respectively then evidently w = 0. All the physical quantities are 
independents of æ and 0. The equations of motion and continuity are the followiug :— 








ди би (Ou 1 ди 1 
РУ atm) (1) 
до y — _ 1p, (dv 19+) (2) 
a "m vor a тт ap E 
w, (8) 
as 0 


where v is the kinematic viscosity and. о the density of the liquid. 
The condition that the suction rate at one wall be equal to the injection rate 


at the other wall 18 satisfied if 
5.15 = 4,04 (4) 
where vg and v, are the radial velocities at the walls of the smaller and larger tubes 
respectively, 
The contiuuity equation (8) and equatien (4) then give 


V.T = Q.Va = 0,0 
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Hence from (2), ussuming Va = constant, we get 


whero р = py when т = а. 

We can now write the equation (1) as 

би ата би _ (o 2j 
or ror 
To obtuin a solution of this equation, we put 
u(r, t) = f(r). exp (iot) 

where the real part of the right hand side 18 tuken. 

The cquation (7) reduces to 





df d3-Rdf ps; 
dri r un TAB 
where В = aug/v is cross flow Reynolds number and h* = —íiejv. 


Substituting 
f(r) = (г) +“) 
in (9), we get 





d'F 1 dF + (400) 7 
qu r atp ri o 


(7) 


(10) 


(11) 


This equation is Bessel's equation of the (R/2)th order, the mdependent variable being hr. 


An integral of (11) can be written as 


F(r) = А.Нвр(ћт) + В.Н (Ат) 


(12) 


where Н Ralhr) and H Bn (hr) are Hankel functions of the first and second kinds respectively 


of the argument hr, Hence by (10) and (8) 
u(r, t) = (r)?? , Re[[AHnp(hr) + B. Hij(hr)) exp.(iot)] 
where Re denotes the real part. The boundary conditions are 
и = U Re [exp Uot] when r — | 


= 0 when 7 = b 


where U i8 a real constant and Re denotes the real part > These conditions give 
[A.Hhp(ha) + В Hatha) ja"? = U 
[A. Hh (hb) + В.Н) 6" zu 


(13) 


(14) 
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Solving these equations, we get 


PER Нр) Ua- 1? 
Hprnlhb).H halha) — Н®к(ҺЬ).Н1 (Һа) 





В = Нац) а-а 
Hhplhb), Нав (ва) — — H'ip(hb) Hh (ha). 


Substituting in (13), we get 





u(r, t) = U(r[aj". Re ио. Hip(hb) – Hiyo(hr).H hyo (hb) | exp (ot). (18 
Hyjo(ha). Hpp(hb) — На). Hyja(hb) 


2. For small frequencies. in terms of the Bessel functions Jnp(hr) and J_pp(hr) 
we have (Sommerfeld, р. 91) 





Hpp(hr) = © (-1.B/2.0)Jyn(hr) — У) 
| —16П &Ё,т 


НЗ (Ат) = 9XP (i, R[2.2)J (Вт) — J.A n(hr) 
| ign {Ё.т 





Hint hr). Hal (hb)— — Hj hr). Hhyolhd) 
Нъгћа)- НЬ) — Hp(ha).H (hb! 





Z Jyn(hb)J_yr(hr) —J an(hr).J - ,nthb) 
Jan(hb).J ұр(ћа) — Јұп(ћа).Ј -,n(hb) 





(16) 


For small frequencies, the absolute value of lr is smali. We have (Sommerfeld, p.92). 


2 


"TARS | 1 m E acd Ha —g g? t... 
fiin = Ge" ерту auget clo testes) 


РА | 1 >. g? » 
Tonle = a [nisu] mte 


where 


fines a 1 ] 

^" TO241Y DO ATGR«3) 
(2+1 = XTQE-3) | T 

: Bd es 1 _ 
= арр = 


- R/2+1) Ges] 
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Hence neglecting terms containing powers of h higher than two, we have 
J4n(h4).J - nip) —J an(hp).J - yu(ha) 
4r 
( 4 ) „(або — ob AP’ — a,b, а*) 
р 


-( Е y (або —a,b,h*q* — a,b, hp?) 


OROCO 
— (a,b, q* + a,b, p?) (2) ] 


Therefore, from (16), we get 
Hhya(hr) На (ВЬ) — Нави”) Hnpthb) 
Ні (һа) Нь) — Нъз(ћа) Hng(hb) 


а [Ф [тут — (r/b)#® ] — h* (арт + a,b, b*) БР" — 
= аб, аи (a/b) – h*[ (as a? + a b,b*)(b Ja) — 





(aab b? + a,b?) (r[ b)? ] 
(agb ,b? + a,b a?) (a/b)# ] 








_ (br) — tr[b)37 h? а 2 
= (Лау (a/b) И СУ (авт? + a,b b?) (b /т)їЁ 
(ab, b? а, бот? (ба boib / a)? — (ajb, #1} — f(a,b,a* + @,b9b?)(b/a)*? 
— (a,b ,b? + a, Ба?) (a[ b) Руа Бо (В / 7) —(rjb)t"]. (18) 


Since 
h? = — іс 
v 


we have from (15) 
(Ь [т)%®— (т/Ь,їВ (c/v) sin ot 
EY үп ) 25 
ое алт ran 998 60 aE ale (oin 


x (фат +.4,b9b3)(b/r)4— (а,Ь, + a bur?) 0) аро [4)8? (ао 





§(agb a2 + а,Ь?) (Ъ/а)##— (ab, 0* + a b.e?) (a/b) ао f(b ri? — yy] (19) 


3. For large frequencies, For very large frequencies, |h] is very large and we 


have the asymptotic formulas (So nmerfeld, p. 160! 


i 
Hrplhp) = С) . exp [ifhp — (IE +4) =} ] 


Hithp) (Z1. отр [-Нр- GR Ы 
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2 : 
we have h = (-=) = B(1-i) 


where 


- 


Hence if д > p, we have approximately, 
H'mp (hp). Н? (Һа) — Н? (hp). Нар (hq) 


2 | 
Е n h(q — 
maga fx dp) 


Substituting in (15), we get 
nm t 
U. (t ) Ве [(2). өхр ihla- +01] 
а 


u(r, t) Е 


Il 


z „y EDR 7 
U. (2) {exp —B8(r—-ajj. coa íg8(r—a)—ot] (20) 


This result shows that the influence of viscosity extends only a short distance from 
the wall of the oscillating cylinder. . 

4. If wo put v, = v; = 0 then R= 0. In this case the two cylinders are rigid 
cylinders and the motion is due to the oscillation of a piston in a viscous liquid contained 
in a circular cylinder. 

Putting R = 0, in (15), we have 





H‘,(hr). H,?(hb)—H,*(hr), H,/(hb) loxp lic a] 


чєй) = U. Re Е Но? (№5) - Нова). H,’(hb) 


For small frequencis, и can be obtained from (19). As in tho limit В 0, it 
becomes %, the limiting value is determined according to De L’ Hospital's rule. 
We have (Sommerfeld, p. 94) 
(1) = -y IQ) = —ү+1 


(21) 


where ү is Euler's constant. 


. when E > 0, we have from (17), 


1 1 
a, —1, b >l, dc xd. 
and 
, , , -1 , =1 
а т, т в i р M - 


where dashes denote differentiation with respect to В. 
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Hence from (19), proceeding to the limit R — 0, we obtain 





u(r, t) = О. . cos ct 4 — [a-r log 2 log ? 
log — 4v (log — 
a 2 b 2 2 b ^ 
+ (62 —7*) log т^ nu) log 7 ( 2) 


The retarding force рег unit area on the oscillating cylinder is 


b 


a 





(=) _ АЙ. cogot " eU 
T EUR ч 


с 
b 2 
log A 4a(1og 2) 


-(*-«)] sin ot. (28) 


[ 2a? ( log zh + 24? log 
а 


For large frequencies, putting R = 0 in (20), we get 
i : 
u(r, $) = u(t) exp {—@(т—а)}. сов {8(r—a)—ot} (24) 


The retarding force per unit area on the oscillating cylinder is 


-w( 2) 5 UE cosot+pUB(cosci—sinct) ^ (25) 
Or /r-a a 
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NOTE ОМ THE TORSIONAL OSCILLATIONS OF DISCS 
OF SOME SIMPLE EXPONENTIAL PROFILES 


By 
A. K. Mirna, Jadavpur, Calcutta 


(Received - January, 29, 1960) 


Introduction. In this note some possible symmetrical modes of torsional 
oscillations of discs with simple exponential profiles have been considered. Assuming 
that the dises have no rotation, the case of dises with fixed rims has been discussed 

Method of solution. The general equation of all rotationally symmetrical 
oscillations (Biezeno and Grammel, 1955) is 


("+ )e-tü-o 
qp T r ad. (1) 


where 7 15 the distance of а narrow circular strip of width dr of the disc from the centre, 
y is the thickness of that strip and @ is one of the two components into which the angle 
at the centre of the disc correspoading to the tangential displacement is split up. Also y 
stands for the density, G for the modulus of rigidity of the dise ind g for the acceleration 
due to gravity. 

Dashes represent derivatives with respect to r and dots represent dorivatives with 
respect to time. 


We put 
9 = Wain 9лаї Gi) 
where а 18 the unknown {frequency to be found and y is a function of r. 
Equation (1) then reduces to 


y +(2 " ey aay =0 (aii) 


where rs 
А = 2ra Vi . Р (iv) 


Biezeno and Grammel (1955) considered oscillations of dises with some 
particular profiles like у = сут” for simplicity of solution, Неге also for the same 
reason some possible symmetrical modes of torsional oscillations of discs with exponential 
profiles given by 

y = Ае 
(k being a real number) have been considered. 
For a disc with exponential profile 


y = Авт" 
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where k is any real number, equation (ii) becomes р 


(+ в ey =0, 00Q) 


dr* 


Solution of (v) is given by 


po е-И-®+#} м [3 (1-2), 8, pr] (vi) 
2 8 
where B= /I'—AM. (vii) 
We may take the solution as 
т a ри 8 k Tn 
у = ¢ H В} М [2(:- =) 8, в], (viii) 
М denoting confluent hypergeometric function. Гог a fixed rim т = а, 9 = Оабг =a, 
ie, у = 0 аћт = а. 
Hence 
8 
M [30-5 } 8, ва] E (ix) 


is the frequency equation. 
We consider the following simple profiles. 
(1) We put 
k = 5[a and В = 8/4. 
The lefthand side of (ix) becomes M(—1, 8, 8) which is 2010. (Math. Tables боев; 


1927). From (vii) we get 
А = 2ja. 


_ ge 
к= Nie (x) 
giving a possible frequency when k = 5[а.. 


(0) We put К = 14/(8а) and 8 = 2/a. ‘Then the lefthand side of (ix) becomes 
M(—2, 8, 2) which is zero (Math. Tables Commission, 1927). 


‘Hence 


From (vii) we get 





Hence | vI JG 
a m — L— 
Bra № Y 
which gives a possible frequency when k = 14/ (8a). 
18) We put = 14/a and 8 — 6/a. The lefthand side of (ix) becomes M(—2, 8, 6) 
which is zero. (Math. Tables Commission, 1927). 


(xi) - 


N 
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From (vii) we get 
S 2710 
а 
Hence a = V10 96 (xii) 
ла 1 
giving a possible frequeney when k = 14/a. 
In conclusion the author expresses hie sincero thanks to Prof. В. Sen, D. Sc., 
Е. М. I. for his kind guidance in the preparation of this note. 
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BOOK REVIEW 


Gelfond, A.O., The Solution of Equations in Integers P. Noordhoff N. V., The 
Netherlands (1960), (Translated by L. Р. Boron). 


This excellent booklet 18 an out and out elementary introduction to the theory of 
Diophantine equations,  Diophantine equations of first and second degrees аге 
discussed 1n detail in a very clear and lucid manner. A brief beautiful elementary survey 
of Diophantine equations of higher degree {though not complete) is also added at the end. 


The booklet is based on lectures delivered at Mathematical Olympics at Lomonsov 
State University of Moscow. The mathematical prerequisite of the book 1s elementary 
(School) algebra. In the discussions, the properties of continued fractions have been 
frequently "used but these properties have been deduced explicitly in this booklet. 
Whenever possible, attempts are made to arouse the curiosity of the reader about higher 
topics as the theory of algebraic numbers, that of rational approximations of irrational 
numbers, and the like. Some relevent theorems namely, those of Thue, Siegel and of 
others (which cannot be proved by elementary methods) and higher notions like those of 
ring, ideal, ete. whenever required are stated clearly and explained lucidly. This book 
will really be accessible to the more advanced High School students who have an interest 
in Mathematics as claimed in the foreword of the booklet. It willbe also useful and of 
interest to amateurs and workers in the field of the theory of numbers and to teaahers 
of Mathematics, 


M. DUTTA, 


CALCUTTA MATHEMATICAL SOCIETY 


Report of the Council on the state of affairs of the Society for the 
year 1959 placed in the Annual General Meeting 
of the Society 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 
following report on the state of affairs of the Society for the year 1959, as required by the 
provisions of Rule 25 of the Society’s constitution 

The Council. The Council of the Society for the year 1959 consisting of officers 
and other members elected at the last Annual General meeting with the Assistant 
Secretary and Editorial Secretary was constituted as follows: · 


President 


8. N. Bose, 


Vice-Presidents 


Ram Behari, У. У. Narlikar, 
Р. С. Mahalanobis, В. М. Prasad, 
М. В. Sen, 
Treasurer 
S. C, Ghosh, 
Secretary 
P. P. Chattarji, 
Editorial Secretary 
P. K. Ghosh, 
Other Members of the Council 
G. Bandyopadhyay, S. К. Chakraborty, R. М. Sen, 
А. С. Banerji, J. De (Asst. Secretary), В. R, Seth, 
S. К. Basu, Т. С. Roy, С. N. Srinivasiengar, 


U. В, Burman, H. M, Sengupta, N. Ө. Shabde. 
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General. The year started in the midst of the celebrations of the Golden Jubilee 
of the Society. In this year, in addition to usual activities the Society has undertaken 
some new ventures, viz, the renovation of the Library of the Society, the organisation of 
Symposia on recent advances in different branches of Mathematios, the arrangement of 
publication of a supplementary number of the Bulletin of the Society such that no paper 
accepted for publication will be awaiting publication for a long time. For certain limita- 
tions, ib was not possible for the Society to undertake a few more important works, viz, 
the publication of the short report of the progress of the researchesin Mathematics in India 
in the last fifty years, the organisation of the symposium on t-aching in Mathematics to 
devise means for improving the standard of Mathematics in India, the increase in the 
number of subscribed journals in the Society. The short report of activities of the 
Society in different heads is given below: 


Special Lectures. On the 10th. January, 1959 at 4-30 P.M. Prof. А. C. Banerji 
formerly the Head of the Department of Mathematics and the Vice-Chancellor of the 
Allahabad University, delivered an interesting and informative lecture on ‘“Вразе Travel” 
in connection with the Goiden Jubilee Celebrations of the Society. 


On the 8rd. February, 1959 at 4-80 P.M., Prof. М. R. Sen, the Head of the 
Department of Applied Mathematics, Calcutta University delivered an interesting and 
instrustive lecture on ‘‘The Sun” in connection with the Golden Jubilee Celebrations of 


the Society, In his lecture he gave a short report of the recent progress of researches 
regarding the Вип. 


On February 16, 1959 at 11-30 A.M., Academician Гл. Janossy of Hungary delivered 
an illuminating lecture on ‘‘Statistical Evaluation of Measurements". 


The above lectures, though extremely useful for the active scientists in the field, 
could not be published for want of money. 


In a special general meeting of the Calcutta Mathematical Society Sir H. Jeffreys 
and Lady Jeffreys wero present and there was a learned discussion between Bir 
Н. Jeffreys and members of the Society regaridng rocent developments in some branches 
of Mathematics. 

Symposia. On the 2nd., 8rd., 4th., of October, 1959, а symposium on “Elasticity, 
Plasticity and Rheology” was held according to the following programme: National Prof. 
S; N. Bose, F.R.S. presided over the meetings on the 2nd. and 3rd. and Prof, В. В. Sen, 
D.Sc. on the 4th. 


Speaker: Topic: 
Prof. B, B. Sen Direct Determination of Stresaes, 
Dr. P. D. В. Verma Hypo-elasticity. 
Dr. G. Paria Poro-elastic media. 
Dr. В. С. Das Gupta Waves in Elastic Media. 


Dr. Saktikanta Chakraborty Disturbances in Elastic Media, 
Dr. B, Karunes Shock wave propagation Effects in 
Impact_Problems of Plasticity, 


- 


ANNUAL REPORT 57, 


Dr. D. N. Mitra - Application of Function-theoretic 
К Method-to Problems of Elasticity. 
Dr. P. P. Chattarji Finite Strain Theory. 
Sri M, Mitra The Source Problem in Seismology. 
Sri Avtar Sigh Thermo-elastic Problems for Anisotropic Media. 
Sri 5. Dutt. Effects of Cross-elasticily. 


For want of funds, the lectures could not be published. The abstracts of these 
lectures will be published in the Bulletin of the Calcutta Mathematical Society. 


The work for organisation of a symposium on Teaching of Mathematics is going 
ahead. 


Publications. During the year under review the Society has published four issues 
of the Bulletin, viz. vol. 60, No. 4. and vol. 51, Nos. 1-8. The Council takes this 
opportunity to record here the Society's indebtedness to the authorities of the Calcutta 
University for printing the Bulletin free of charge and to the officers and members of the 
staff of the University Press for their valued services. It may, however, be mentioned 
that the Society bears the cost of paper and blocks and the matter of the bulletin is 
composed by the Society’s compositors. 


The Council is glad to announce that the printing of the Golden Jubilea Commemora- 
tion Volume is in progress and is expeoted to be completed within a few months. The 
Council expresses the Society’s indebtedness to the University of Calcutta for the 
benevolent patronage in connection with this publication, 


The Council is also glad to announce that the printing of the supplement number 
of the Bulletin containing the arrear papers is in progress and is expected to be completed 
within three months. The Council expresses the Sooiety's gratitude to the Central 
Government and to the Government of West Bengal for their grants which have enabled 
the Society to undertake publication of this supplement number. 


For want of funds the Bocieby is not at present in a Position to publish the short 
report of the progress of researches in Mathematics in India during in the last fifty years. 


Exchange of Publications. The transmission of the Society’s publications to various 
countries of the world has been carried on regularly during the year and seven new 
exchange relations have also been established. Altogether one hundred and forty journals 
have been received in exchange of our Bulletin this year. 


Library. Inspite of the hard financial position, the Society has purchased several 
journals in this year. In this connection, the Council expresses thanks to the American 
Mathematcal Society for agreeing to send the ''Mithomatical Reviews” regularly in 
exchange of our Bulletin. For want of funds, the Society is not able to purchase a few 
journals not available in exchange but considered very useful by local active research 
workers, For the same reason, the Society has not been able to purchase any book with 
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an honourable exception of only one at the price of Rs. 10.20. Though in the collection 
of the Library there are some rare valuable books, yet as there is practically no new addi- 
tion, the library is not able to serve the needs of the active research workers to the desired 
extent, The Council is glad to announce that a systematic catalogue of books and 
comprehensive list of journals have been prepared. 


Amendment of Rule. On the recommendation of the Council tha following 
alteration of Rule 15 of the existing Riles and Regulations of the Society was made by 
majority of votes of the Members of the Society. 

Tbe rule 15 of Regulations was: 


‘Members who have paid the admission fee and а sum of One hundred rupees 
in advance shall become Life Members." 


The rule аз amended is: 


"Members who have paid the admission fee and а sum of Re. 192/- (i.e., 
sixteen times the usual Annual Suhseription for ordinary membersip) in advance shall 
become Life Members, A rebate on the subscription for Life Membership shall be 
allowed to a member for each year of previous membership at the rate of 884% of the 
usual subscription already paid upto a maximum period of twelve years."' ` 

Meetings during 1989. The Council has met six times during this year and there 
have been six General Meetings including one special Meeting of members in which 
nine original papers have been discussed aud twenty-one original papers have been taken 
as read, In the special general meeting Sir H, Jeffreys and Lady Jeffreys were present, 

Membership. The Council desires to report that during the year under review 


twenty new names have been added to the list of Sociely’s members. ‘Two ordinary 
members have become Life Members of the Society. 


Delegations to learned sooletles, In reply to invitations from Indian Science 
Congress Association the Council nominated the followmg members to represent the 
Society at their 47th. Session 


(1) Prof. В. М. Prasad—Professor of Mathematics, Allahabad University. 


(2; Dr. Н. М. Sengupta—Reader in Pure Mathematics, Calcutta University. 
(8) Dr. М. Dutta—Reader in Mathematics, Jadavpur University. 
(4) Dr. М. С. Chaki—Lecturer in Pure Mathematics, Calcutta University. 


At the 25th. session of the Indian Mathematical Society at Allahabad, the Council 
nominated the following members to represent the Society : 


(1) Dr, A. С. Choudhury—Reader in Pure Mathematics, Calcutta University. 


(2) Dr. а. Bandyopadhyay—-Asst. Professor of Mathematics, Indian Institute 
of Technology, Kharagpur. 


The Council nominated the following members to represent the Society at the Fifth 
session of the Indian Standards Convention at Hyderabad: 
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х Prof. В. В. Seth—Professor of Applied Mathematics, Indian Institute of 
Technology, Kharagpur. 


Finance, ‘The annual accounts of the Society have been presented to the Council 
in the standardized form by the auditors Sarbashree В С. Chatterjee and В. К. 
Chakraborty. The Council offers them its sincere thanks for their honorary services. 
The Council also takes this opportunity to make a few observations on the audited 
statement of accounts during the year under review. A glance at the receipt and 
expenditure sides of the statement at once reveals an extremely gloomy picture regarding 
the financial position of the Society. Though we received usual grants during the year 
under review from the Government of West Bengal, we have received a grant from the 
Government of India only for arrear publication, 


No doubt there has been some increase in the receipts due to the enhancement of 
the price of the back volumes of the Bulletin, but almost the entire amount has been 
exhausted to cupe with the day-to-day increasing market price The Council is of con- 
sidered opinion that the financial position of the Society is very precarious. Unless the 
Society receives liberal grants-in-aid from Government and donations from members and 


publie, 16 will be very difficult for the Society to pursue its aim and objects in the desired 
manner. 


The Society received the following grants during the year under review: 


(i) Government of West Bengal Rs. 2,000/- 
Gi) National Institute of Sciences of India 1  1,000/. 
(iii) Government of India (for Arrear publication) ,, 2,000/- 
(iv) do do (Symposium on Teaching) ,, 2,000/- 


The Council offers its grateful thanks to the Govt. of West Bengal, the Govt, of 
India and the National Institute of Sciences of india for those grants. 


The Society received the following grants and donations fcr the celebration of its 
Golden Jubilee: 


1. Grants :— 
(i) Government of India -. Rs. 2,500/- 
Р (ii) Government of West Bengal ... Ев. 4,000/- 
(11) Government of Assam ... Bs, 500/- 
(iv) University of Calcutta - Rs, 1,000/. 


2. Donations :— 


(i) Members of the Jubilee Committee 
and Society -. Rs. 8,288/50 
(ii) Others (Institutions and individuals) ... Rs. 1,618/20 
The Council offers its thanks to the Government of India, the Government of West 
Bengal, the Government of. Assam, the University of Calcutta, the members of the 
Jubilee Committee and Society and others (institutions and individuals) for the grants 
and donations which have made the celebrations of the Golden Jubilee a 5166838. 


All correspondence with the Society, subscriptions to the Bulletin, admission fees 
and annual contributions of members are to be sent to the Secretary, Caloutia 
Mathematical Society, 99 Upper Circular Road, Calcutta-9, 


| Papers intended for publication ın the Bulletin of the Society, and all Editorial 
Correspondence, should be addressed to the Editorial Secretary, Calcutta Mathematical 
Society, 


The publications of the Calcutta Mathematical Bociety may be purchased direct 
from the Society’s office, or from its agents—Moesars. Bowes & Bowes, Booksellers and 
Publishers, 1, Trinity Street, Cambridge, England. | 


NOTICE TO AUTHORS 


The manuscript of each paper communicated for publication in this Journal should 
be legibly written (preferably type-written) on one side of the paper and should be accom- 
panied by a short abstract of the paper. 


References to literature in the text should be given, whenever possible, in chrono- 
logical order, only the names of the authors and years of publication, in brackets, being 
given. They should be cited in full at the end of paper, the author's name following form, 
vis., name or names of authors; year of publication ; name of the journal (abbreviation); 
number of volume; and lastly, the page number, The following would bea useful 
illustration : 


Wilson, В. М. (1922), Proc, Lond, Math. Soc. (д), 94, 985. 


Authors of papers printed in the Bulletin are entitled to receive, free of cost, 50 
separate copies of their communications. They can, however, by previous notice to the 
Secretary, ascertain whether it will be possible to obtain more copies even on payment 
of the usual charges. | 
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(t) Govt. of India (Arrear) —... —... 9,000.00 ий) Do C. E. Cullis Fund) 956 00 
| Do (3 ; hi (10) United Ba nk of India ... ‚ 9,077.90 
ne (Symposium Teaching) 2,000.00 Do (in suspense) a we. BICOL 
7,000.00 (с) Postal Savings es ase 35.50 
7. Interest ———— 1,046 87 
(a) G. P.Notes (General Fund)’ 180.C0 (o) G. P Notes (General Fund) 5,603 72 
(b; Do (К. К. G. P. Fund) 60.00 (Face value Rs. 6,000.00) · 
(c) Do (C. Е Cullis Fund) 240.00 (d) А d a Poni. бй) 1,987 48 
(d) Postal Savi асе value Re 2, 
) Postal Savings Accounts Nu 40:00 (e) (C. E. Culhs Fund) 6,558.06 
18,961.98 Face value Rs. 8,000.00) —— 91,905.12 
Total ... Вв. 80,149.41 Total ... Rs. 80,119 4 


To 
The Members of the Caleutta Mathematical Society, 
We have examined the above accounts with the Books 
accordance with the information and explanations given to us. 
* Further commitments of Re 2,500/00 
** Fuither commitments of Ra 1,600/00 
The actual expenditure over the income during the year including commit nents is Rs. 18,014.83 insteal of Вв. 8,991.93 as shown here. 


B. C. Chatterjee 
8. К. Ohakraborty 


and Vouchers relating thereto and certify it to be correctly drawn up therefrom and i: 


} Auditors 
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ON THE SLOW STEADY ROTATION OF A SP 
OF SMALL ELLIPTICITY IN A VISCOUS LIQUID 


| Ву. : 
Б. В. Кнамвог, Jadavpur, Calcutta 


(Recetved—February 15, 1960.) 


In the case of slow steady motion of a viscous liquid due to the rotation of a 
sphere about a diameter, a solution was constructed by the author (Khamrui, 1956) by 
a process of successive approximations, which shows ‘that the motion consists of an 
inflow at the poles and an outflow at the equator. In this paper the steady rotation of 
a spheroid of small ellipticity in a viscous liquid 18 studied and adopting the same method 
a solution is constructed which gives a picture similar to that of the sphere. 

4. Using the spherical polar co-ordinates (т, 6, 9), let us suppose that the spheroid 

| | т = а{1+:Р, (сов 6)} 
where P, (cos 0) is Legendre's polynomial of degree 2 in cos 0 and є is very small so that 
its square and higher powers may be neglected, rotates siowly with angular velocity О 
about the polar axis. Ши, v, w be the components of velocity, then omitting the 


azimuthal variations, the equations of steady motion and the equation of continuity 
are (Goldstein, 1950). 








EE + ®% + Ctl o (etu 2) (8) 
agus 179,0 ein 6) = 0. | (4) 


If we assume р = contant, и = v = 0 and neglect the 2nd order terms in w, we get 


345 _ E ( 
үк т? вп? 6 : 5) 

Since the velocity must vanish at infiniby we can take the solution of (5) in the 
form (Jeffery, 1915) | 





w= У = Рн( cos 6), (6) 


n=] 


where Р!„( сов 6) is the associated Legendre function of the first kind, of degree n and 
of the first order, 
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The boundary condition is 
w = Qrsmn ô when r = a{l+eP,(cos 6)} (7) 


. We note the following well known properties of Legerdre’s Coefficients : 
Ра, (и) = (1— pt) dP. (в) 
dy 


арр) 
dp 


the last term being Гь!) or ЗР, (р) accordme as n is odd or even. 


= (2n-1)P,.,'uj + (2n — 5,P, д) (2n - 9) Ps s (u) +... 
(a) Pt, = ü aeg "Ир _Р ie 2n —5)P i 
P, д) Р Ш (1 HI 8 Jn- I { "+1(д) n= (et + (н 1)Р„.,(ц) + (2n 5) н-3(0)) +... 


Neglecting the second and higher powers of в, we have м hon 


г = ali -- cP,(cos 6)} 








1 
sn wn Í1- (n +1):P (eos 9, 


Therefore on writing д for сов б, we get from (F), 





рай sP,(u)] -$ 2» (m ПР, + m —5)Р, (ш) + x 


nimi 





-«( (8. ID ЖЛЕ Р, (+ {(2n = ПР, 1) 


+0а-5)р,00+. 3). € 


Equating the cofficients of Р,(и), Р, (ы), Р,р\...Һе following set of equations are 
obtained to determiene the constants: 


(i) оа? = Аа +48 — 46) + Ao, esa m 
a e a’ 
(in фе f(a- T ) + 446-159) + fe - 21s, i 


(ii) а = 4-29 49( - 54) + 6-04) +. 
a а 7 а 


| Af 21=\ А 55 \, 4 
(iv) oma p пу атан. 
= 40-72.) ^ - P) Arg t 
(v) 0 vites 9 ud tg 72ь) +.. 
eta 
е 
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We have taken = to be very small and have retained only its first power. For a sphere, 
we have A, А,, A,...all zero, therefore for the case of thé spheroid the values of A,, A 
A,...will contain « as factor; hence we neglect terms like «А, ЕА. аз we take into 
account only the first power of e, Thus from (ii), (iv) and other "subsequent equations , 
with even numbers, ıt will be found that A, =A,=4,=...=Oi.e. A's with even 
suffixes are all zero. From (i), (ii), (v) and other ее RES with odd numbeis 
it is clear that A,, A,...will contain 8°, &?...as factors and е they are neglected. 
Thus we get 


{ Б— Be 
А, = Оа? —— = са*(1-°) 
сз 5-2: 5 


Ass. 900%, 
5 
3 Qa! 
HJ w-= of (1- -®)р, (cos 6) + © P3, (cos 6) 


t | = oe (1-5 sino +992 “{5P,(cos 9) +1} ein 6. 


The only strenss components that contributes to the retarding couple is 


Za _1_ u, Өш y 
m 7 а T 





The retarding couple is found to be 
M = 24прОа?(1– 1). 7 


Hence the first approximate solution of the problem is -- 





3 5 M 
Е Ei: (1-3) sın 0+7 О® EP (cos 9) +1} ein 0 | 
т“ 5 rt | - (9) 
р = constant, М = 24тр0а* (1—1). J 
In we put ¢ = 0, уе get the results for the sphere of radius a. а 
2. In the second approximation, we take the components of velocity ав 


u, v, 10 = OF (1-56) sin ee Pt р (cos 6) + 1} sin O+w’, 


Substituting in the left hand sides of the aquations (1)-(3) from the first approxima- 
tion (9), we get 
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f 9 255 8 2 
[vu - 2-2 2v cot 0 | = 102 _ {0% (1-5) +88, 8а s) sin* 9. Pt. 


~ r? т 90 71 о Әт 5 r 








5 


5 


> 2,6 2 
[ve +2 cea |= Au -I[g7 (1-S) .810 = [ein 8 cos в+ Pare. 


Т? 90  r'sin?6 о 790 т 5 r 


w 
2,5 = 
T? gin? 0 


"C 
віп“ 


(10) 


gin? cosh 
GI) 


- (19). 


Since w' is a solution of (12) and will vanish at infinity : as well as on the boundary 


т = aĵi + «P (cos 6)}, therefore w’ = 0. =- - 
Let ив take u = Qa [F (r) + Е, (т) sin? 0+ F, f; ) віп“ 6] 
v = Qa? sir. 0 соз 0[G, (7) + G(r) ain? 6] 
р = 9ovO?a? [f (+) + f.(r) sin? 0-- f(r) sint 6]. 
Substituting in (4), (10) and (11), we get 


Fire iG -0 


po ЭСЕ о 
T T T 
Г 5 
F’,+ =F,- - 0, = 0 
T T E rug 
á р 2 4 (4 is 
кыктык а 2 


Fr. EP,- E «Dr, == 





18 Mare 


Pr, 2Р7, В, = oat 004 


Gt, 3 o, - 96 4988 | 4F, _ 4, _ a (1-8)-9 ate 
T Us Б” 


тї т? т ут? 5 ут" 
ат + = 2 о, - Za, = 8/.. ous 
T T ут? 


where dash denotes differntiation with respect to т, 
The conditions to be satisfied are 
() w=v=0 when г = a{1+eP,(cos 6)} 


(H) и, v must vanish al infinity and pressure must be finite there. 


(13) 
(14) 
(L5) 


(16) 
(17) 
(18) 
(19) 
- (20) 
(өт ) 
22) 


3) 
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From the above equations and the boundary conditions, the functions are deterrnined 
nd substituting their values in (18), (14), (15) and rearranging we get 


| 





Ч 2 3 127 8 a 4994? баз вал 
o? [7 zx(1- £e os 0—1) 51 а 5%) 
i 8yr? T па ) vr? 140 5 т 14077 br T 9 7% 


(1889, 9a 10770? 684 nos : (Be 45 а? та at 
(Geet 9805 10p ^ T a) ONES T m ?)] a) 


24 i ыз (1-7 2)- 5: (8-40 а 9 
Ata” cos 6 sin e| 22, КБ 








| x 
3 Заз 4 a` ave 468 Ва 
=2 vafe- (1-2) + $5 (1-44. 19-1 = NE 
poem pec еа 8 zjem vi A\ I0 10 7 
3 а? ва) (198 8 а Ba 851 z) А Е P y 
о 
5r lop 280 BG q* SO py e орг r / 5T (26) 


where c is a constant. 


8. Since є is small, it is found that when 0 = 0, v = w = 0 and u is negative so 
that there ıs purely radial inflow at the poles. When 0 = 90°, v = 0, so that the outflow 
is in the equatorial plane, but not purely radial. 


Ав u is independent of 9 and w = 0, the retarding couple is the same as in the 
first approximation, 


Putting * = 0, we get the results for the rotation of the sphere of radius a which 
agree with author’s results. 


In conclusion, I wish to express my thanks to Prof. Dr. В. B. Sen, D.Sc , F.N.I 
for his kind help and interest in the work, 
DXPARTMHNT OF MATHEMATICS 
JADAVPUR UNIVERSITY 
ADAVPUR, OALOUTTA-32 
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ОМ LAGUERRE TRANSFORM 


By 


L, DEBNATH, Barasat, West- Bengal 
( Received — February 2, 1960) 


1. Introduction. Churchill (1954) defined the Legendre transform f(n) of F(a), 
when f(n) and F(x) are connected by means of the integral 


1 
fm = f F(a) P.(z) dz, (n — 0, 1, 2,......) 
-1 


where Р(х) is the Legendre Polynomial of degree n. The transform was utilised in 
solving some boundary value problem. 


The object of this paper is to introduce Laguerre transform and to study some of its 
properties. 

2. Definition and Properties of Laguerre Transform. ‘The Laguerre transform of 
(2), denoted by f.(z) is defined by 


f = Т{Р@}= f^ e a 1; (2) Ple) de (1) 
-0 
where the integral on the right of (1) exists 1n the sense of Lebesgue or in particular F(x) 
is integrable (L) in (0, со); Ls (ш) being the Laguerre polynomial of degree n. (n non- 
negative integer; «> —1). The Laguerre polynomial L*(z) is а solution of the differen- 
tial equation 


zy" + (&+1-юучту = 0 (2) 
y= L, 


i 


The self adjoint differential fcrm of L; (x) is given by 


de [wre дете enum = 0 9) 


We have the orthogonal relations and for Laguerre Polynomia!s 


T 672 ax (а) Г" (a) 42 =0 nfm | 
0 4) 


=б п = т 


where herent D (5) 
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Let R[F] denote the differential form 
R[F(zj] = eg 0 [e z+ @ F(z) | 
da dz 


© 


ТЕ = E e7*a* 1^(2) RIP (z)] de 


0 
= ] E (sj [e gett d F (@)] dz 
d % 42 dz 


Integrating by parts and utilising the relation (3) 


{R[F]} = -n foo z* Le (x) F (2) dz 
0 | 
= —nf, (п) 
and we have the following theorem. 
Theorem 1. If Р(х) be continuous, F” (s) bounded and integrable (L) in each of 
the intervals 0 «Cz « N, N< co and | 
T {F (2) oe 

then T (E [F(z)] exists and _ ; | 
| T {R[F ©} = = —п fa (n). (6) 
‚ If R [F (2) and F (x) satisfy the conditions of the theorem 1. 
then : : 

ТВ? [Е = T{R [R[F]]] = n* faln) 

т {R° [Р]} = = п) = (C? пә faln). 
and во on. Generally, if R? [F(z)] and F(x) satisfy the conditions of the Theorem 1, k = 1, 


T (E^ [Fæ] = (- Жш п). 
where m is any positive integer. 


"у, 


Let us now consider the transform of the-function В-Е(2)] where R^! is the 
nverse of the differential operator В 


Put R[F (z)] = Y (æ) 
Then Y(«) is в solution of the differential equation 
R[Y(#)] = F(z) (7) 


Let F(x) possess an indefinite Lebesgue integral and let further 


© 


f e^ *z*F(z)da = 0 
о 


во that f.(0) = 0. 
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The first integral of the equation (7) 


en 5g Y" (a) = f е (t) dt. 
0 
is в continuous function of x, with limit zero as 20, oo. 


The second integral 
2 c? s 
Ү(а) = ] я: ] e-ttoF(t)dt 4+0 = В-ЦЕ(2)] 
0 0 
where C is an arbitrary constant, is also continuous. 
Evidently, в-7 “ТУ (2) vanishes ав 2—0, oo 
if [У(=) | = o(e*?z7*73) as 2-20, оо. 


Then T 1Y(z)] exists and 
T(R[Y]] = — T {У(@)} 
= fn). 


T (R7: [F(z)]] = а, n is a positive integer. 


We thus obtain the following theorem. 


Theorem 2. If F(x) be bounded and integrable in each of the eub-intervals of 
O<a<N and f,(0) = 0, then f.(n) exists and for each constant C 


т-1 АОН = R~! [F(z)] = [2 ] e~t te F(t) dt ds+C 





(n is а positive integer). 
If T {F,(«)} and T {F,(z)} exists, then 
T {0, F,(z)+C, F,(2)) = С.Т {F(x)}+C, T {F,(2x)} 
where C,, C, are constants and the transformation T (F(z)] is linear. 


Assuming further that F(z) is even, we hase, the following 
T {F (а) = [Г 0-2 a» Lele) F (=a) dz 
: = fn. 
Let ala) = f F(t) dt _ 
0 


во that G(x) is absolutely continuous and б! (2) exists and let it be bounded everywhere 
and integrable. ` 
2 —9028P—1I 
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Then fain) = f 6-2 ge Г (=) G'(z) dz 
0 


f emm Gle) dene f n nm reta: 
0 0 


- foe m {4 Lita) G(x) ах. 
0 


Therefore fn) ^ (n +1) 


o 


=f e` x [L.(z) - L;, la)] G(z) deta f 07* ast [2 (ж) - L(x) ]G(z)dz 


n 
0 0 


- | ote 2 а) 15918094 
о 


= f 8^ qe Г," (2) Ч (>) dz— / 67% x D (x) G(x) dz+a f o7? z^ 1L iz) (зах 
о. 0 0 


-f 879 да L'(z)G(xz)dz 
m 


80 that dn) = faln F 1) = а9.-1 (n Е 1) =a (n + 1) 
on using the recurrenoe relations for L (2). | 
Replacing n by n—1 and putting « == 0 we have in particular 


Jin - Jd) = gin) 
ái of f rial ое 


where Кл) = 148 (а) = | в-®Т„!а)йг 


о 


The above may be stated in the form of the following theorem. 


= 
Theorem 3. If G(z) =f F(t)dt so that G(x) is absolutely continuous and G'(m, 
0 


exists and let it bounded and integrable, then 
Г.п) 09-1) = g.(1) = ag. -,(m) 


* Tt G'(z) exists and 18 bounded every where, then 


/ (йа = G(z) - Gla), 
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and -H| Patt = н) fo). 
0 
8. Examples, (1) Let F(x) be any polynomial of degree m then 
т) =0 | fo n>m. 
(ii) Let F(x) = Г (x) 
Then TiLa (a) =f вв) Lu de =0, ným 
0 В 
_ =, n=m 
(iii) Let F(a) = at в, real (> 0) 
Then Tet} = | в-=Т.„(2) = -Ide ^ [Howell (1988)] 
0 


_ 18 +а)Г(п — 84 1) 





nI L(1—8) 
In particular, T{1/s} = I'(a) а> 0 
(iv) Теб Р(х) = ею where Re(k) <1 
Then Те} = / 879 0- Pas], (z)da 
0 


< F(nt+a+1)(—k)® 
ЕЕ 


(Erdélyi (1954), р. 174) 


(v) Let F(a) = e"?Lj,ís), Ве (р)>-1. 
А [Howell (1988)] 


D 


Тота) = f 079091 Dae], (а), (2) 4х 
ARA 
_ 1 Г +а+1Г(т+а+1)(р—1)%-т+‹#! r( | т+а+1 1) 
Calmi ^7 Tee) pemme eee 0 Uu) 
- (vi) We have the relation ; (Erdélyi (1958), р. 192)). 
e = : B 
Lale) = У тео). (8 


- mmf 
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Theu TEP (a).a8-*} = f "e "af Le (a) P(a)de. 
0 


a (298 B 
= | в`%к8 (m 1)" (a —B)mLn -m(z)F (x) dx 
ae 


n 


= > (m 1)7%(@—@)„/в(®— m). 


т=0 


mea 
In particular when B=a-l, 
| F(z) _ E 
AER] =S fast). 


ГО, а)в®ш-* = Mn 17 Lia) ; (82 71, 220) 


п 0 


(vi) We have, 


(Erdélyi (1953) p. 25) 


go that TIL (a, zee *] 


= f „5 + D71L.(z) Iuda 
А = 


n=0 


= S41). (-1<2<0) 
n=0 


ves 4 ( — р)һ Е 
= Г(о 1 e uL у 
(viii) We bave 42 (ар + 2 Tina) alz), 


[-p<1+min (e3 — 1) 22 0, «>-1] 


[Erdélyi (1958), р. 214] 


СА 


во that {аке} = [ ОЕ 
0 
= Го+р+1) (“pls bn (p 0) 


(snl) 
(x) Fiem the eenerat’ng functions (Erdélyi (1958), р. 189) 


u- gyre tee 1 = Ума)", jel< | 


nmd 


(ва) Рея]  [2(z2)1] => me 
nap nto 
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We obtain Троя = У [ еа) аа. 








n=0 `0 
= Угла [а[<1, ао 
n=0 
-{а zJ 2 t = сав Г “Aye $ 1, d 
T((zz) 3*6*J, [ 2(z2Y*]] > eer esr e *z*Lys(a)Ls(a)dz 
at 9 
2 5 à, r 
£(estnael) ’ 
for every z(a > —1) 
E " 2 mm (m, в) ы у . 
(х) Wehave  Lm(z).Ln(a) = > ly Liman ра) [Erdélyi (1988), р. 154] 
p=0 
(ntn—p)!T(a+m+1)T(a+n+1) (2r) | 
AIE 
MELLE ud pi l(atm+n—p+tl) "25 (m—7)! 2r- p) I (2 r4 1) 


ipxrz min (m, п) 


та) = f вада], (а) Loa) 


0 

2 min (m, n) © ы 
e s. d f ваа аа plade 
pro 0 " 


2 min (т, п) 


= lofin += р). 
рт 0 


And from 8 (ii) we get the following 


2 min (m, n) 
ly f(m t —p) = 0 пзп. 
р=0 
= $, n — m. 
4. Recurrence Relations. (i) We have 
ко adi 
һм) = / ся“, (x) F(x)dz, 
0 
© а & a 
\ =f в^®уо[ inta 1) 1 (0) – (в +1) L,4, (2) ]F(2)dx 
0 
во that farn) = (nta41)f.(n) —(n+1)f.(n+1) 


(ii) Again from, (Howell (1988) vol. 25) 


nlLn (z)-(—y-"mlL, (a); 
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0 -n 
We obtain, п! -а(п) =f 6794" ty | js (z)F (aida. Е 
' 0 


= (=n f ватт" (æ)P(z de 
0 


= (унн 15 (k 1)" (2n — Эт) s. в (т =). 


B. Transform of the Derivative of F(x): Let F(x) and F'(z) be continuous and 
non-decreasing function of =. 


Then T ÍF'(z) = | 67*a*Ls(z)F'(z)dz 
67% таура) | е-®%%-11 (z)F (г) 
0 0 


ll 
— 


© 
— ] etel Lea) F(a)de (оп integration by parts) 
я Я 


Те = м-в > 100) + Da (k), 


(Erdélyi (1958), р. 192) 


Т {Е (а)} = 6-2 a L (a) Е” (к) de 
10 " 


iU 


| £^? ge Lh (x) F' (x) deta | z [e77 x Г, (ш) F(x) dx 
0 cm 
x d «+1 
-a f — [6-9 a L,_,(a)] Fiz) dz 
А dz 


= T {F (z)—a Г 679 д°-1 Іа) F(z) dz 


0 


О / 67* a*-? L^ (2) F(z) dz —2« | e72 да L°" (x) F(a) de 
0 5 0 


oo 
‚+ f 072 де L** (2) F(z) de+ f в-а a* Lo qz) F(x) de , 
0 - 0 


T FG) -« Э (MI Om fno mn) + 21) S (om!) Bm fara (nom) 


*— | "-1 
— 21 S (т 1)-* (2)m fa-1 п-т-П+ Am 1)! (1), f. (n—m- 1) 
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*-2 


+ У (ю!)7* (9), р (п – т – 2) Utilising the relation (8) 


mm) 


T {FaR = f.(n)— 2 5, finm) ot f.(n—m-1) 


—2x X (m 1) {ы (n—m-—1) * z(« — 1) > (m1) f.-3 (n mi 


Tm mo 


о. 
т=0 


and so on for higher derivatives. 
6. Inverse transformation. The inverse transform of f.(n) is given by 


Fla) = T ffn). defined in (0, oo) 
Let -Р(2) = $0,L:(2. 
nef 
Then by (4), we obtain, F(z) = $ (8.4)? faln) L(x) = T jm 
n 
(0 «zx < oc) 


In conclusion, I wish to express my grateful thanks to Sri М. К. Chakraborty of 
Central Calcutta College for his kind help and valuable suggestions during the preparation 
of this paper. I am also grateful to Dr. M. Dutta for his kind help in the work. I also 
thank Dr. S. С, Mitra for his suggestions for improvement of exposition of the subject 
matter, 
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BENDING OF А SHALLOW SPHERICAL SHELL 
UNDER UNIFORM PRESSURES WITH THE 
BOUNDARY PARTLY CLAMPED AND ^ 
PARTLY SIMPLY-SUPPORTED 
| | Ву | 
~ GUNADHAR Paria, Kharagpur, India, 
(Recerved—January 8. 1960) 


Summary. The transverse displacement in tbe Lending of a spherical shell under uniform pressures on 
its surface hes been found in accordance with the theory of shallow shells. The boundary is assumed to be 
partly clamped and partly simply supported The problem: is formulated in terms of the Fredholm integral 
equation, the solution of which i8 obiaimed by elementary considerations А special problem 18 solved to 
illustrate the method. 


. 1. Introduction, The general theory of thin elastic shells even with the assumption 
of small strain 1s too involved to solve special problems, Some simplification is obtained 
in the socalled shallow shell theory in which the ratio of the maximum rise of the 
shell to its maximum span is much less than unity. General treatment of such a 
shallow shell was given by Marguerre (1938) while Federhofer (1937), Reisaner (1946a, 
1946b, 1955, 1956, 1959), Johnson and Reissner (1955, 1957) and others considered the 
bending, transverse vibrations and deformations of shallow shell of a spherical form, 
The present paper concerns with the bending of'a shallow spherical shell under uniform 
pressures, The boundary conditions are assumed to be mixed; в part of the boundary 
is clamped while the remaining part is simply-supported. The problem is formulated in 
terms of an integral equation of the Fredholm type. The kernel function as well ав the 
solution of the auxiliary problem required for the integral equation are obtained from 
the fundamental equations of the theory. Use of Dirac delta function puts the integral 
equétion in such a form that the solution is obtained by elementary considerations. A 
numerical example has been worked out as an “lustration and the effect of clamping a 
part of the boundary, otherwise simply-supported, has been shown in а tabular form. 


2. Fundamental equations and boundary conditions. In the bending of a shallow 
sphericul shell by transverse loads the differential equations to be solved was put by 
Raissner (1 46b, 1959) in the forms 


qm a Vw = 0 х (2.1) ` 


ру“ + $ V p(r,6) (2.2) 


3—9098 P—I1I 
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where F = Awy's stress function, E = modulus of elasticity, ‘h? = wall thickness of the 
shell, В = radius of middle surface of the shell, w = transverse (axial) displacement, 


D=Eh!/ [12 (1-›°)], 


v := Poisson ratio, р = transverse load and 


the Laplace operator in polar coordinates (r,6). Stress resultants couples required in the 


resent paper are 
1 ӘЁ ,10F ð G дЕ ) 
= — —— = IL М. = — SS — —— 
м" (078 7 US т 00 


ow с v дш у Ow 
99 т бт 97 


(2.8) 





Let а be the radius of the base of the spherical shell. Ifa part of the boundary is 
olamped while the remaining part is simply-supported the boundary e nditions on т = 6 


are З 
№, = 0, 0< 627 (2.4) 
Nw=0, 0<8@<9т (2.5) 
w=0, 0<0<2т | (2.6) 
25 = ў 0<0 <ð, - (2.7) 
М, = 0, 6, < 6 x 27 (2.8) 


There is the further condition that all functions are regular at r = 0. From (2.1) 
and (2.2), . 


у" (Viral) ш = p V (2.9) 
V? (V* M) F = МЕр (2.10) 
with № = Eh[(R?D) (2.11) 


3. Formulation of the integral equation. Let w (r, 0; a, p) denote the deflection 
€f the shell at (т, 6) due to a concentrated edgemoment of unit strength acting at the 
pomt = a, 6 = 9 when the whole of the boundary is simply-supported and no transverse 
load is acting. Then the deflection due to the moment of magnitude M (a, $) distributed 
on the part r = a, 0 < 9 < 6, under the above boundary condition i8 





BENDING OF А SHALLOW SPHERICAL SHELL UNDER UNIFORM ETC. 81 


Г М (a, 9) w (1, 85 a, 9) d e. 
0 


Let w (r, 6) denote the deflection at (т, 6) due to the load distribution p(r, 0) when 
the whole boundary is simply-supported. The total deflection w (т, 9) corresponding to 
the boundary conditions (2 4), (2.5), (2 6) and (2.8) is then 


6, 
w (т, 6) =w (r, 8) +f M (a, 9) w (т, 0; a, $) dg. (8.1) 
6 
The unknown moment M (a, © is determined from the condition (2.7). Thus 
= 8, = 
ло М (a, 9) Sw (r, 9; а, 9) do=0,7r=4a,0<0<46,. (8.2) 
Or $ or 


Equation (8.2) is the Fredholm’s integral equation of first kind and is solved in the 


usual way. The kernel function tw as well as w, which ıs called the solution for the 
auxiliary problem сап be found independently and then the -equation (8.2) determine 
M (a, $. Finally w 18 obtained from (8 1). Similar formulalion was given by Nowacki 
(1951, 1958, 1954) and Kaliskı and Nowacki (1956) for rectangular plates and by Olesiak 
(1957) for cylindrical shells. 


&. Simply-supported shell under a concentrated edge-moment. We assume that 


p=0;w= X walr)cusnd, F= X Р, (т) cosnd. 
nex0,1,2, . need, 1,2, . 


These values satisfy (2.2), (2.9) and (2 10) if 


1 


4 2i 2 2. 
Vat Wat BD Мы Е, = 0 (4.2) 
Vn? (Vat AS) ш„ = 0 (4.3) 
Van? (Vnt +A?) Е, = 0 (4 4) 
where 
vo ©“ poe 
Va aa cc (4.5) 


The solution of (4.8) is obtained by adding the solutions of Vn? Wa=0,(Vn? + АЗ), = 0 
and (Yn?~iA?)w, = 0. If the regularity condition at т = 0 is used we have 
Wn = Car А„ Jn Gris) + Bs In (Arch) (4.6) 
where J, and Ig denote Bessel function and modified Bessel function of order n respec- 
tively. Introducing the Kelvin function defined as (Johnson ann Reissner, 1957; Watson, 
1948) 
J, (2 138) = ber, si bein = 
(4 7) 


I, (а 182) = (ber, z— i bei, є) exp (—4t1) 
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and using tlie results Ja (iz) = "I, (х), Jn (2) = Ј /—2) and Ip (z) = 1, (~x) we get 


Jy (Are) = bern Ат —1 bei, Ar \ 
I, (Arit) = г» (berg Ar +i bey, Ar, | (4.8) 
and hence (4.6) reduces to 
Wn = Cn” + А, ber, Ar By bein Ar (4.9) 
where Ay = А +1” Ba, Bu = (An +i” Bun. 
Similarly the solution of (4.4) is 
Py = yn 1% + ал bern Mr 8s bei, Ат. (4.10) 
Since Vn? (An ber, Ar By bei, Ат) = A? (В, bern Ar— А, bei, Ar) — (1.11) 


substitution from (4.9) and (4.10) in (4.2) gives 
Var“ [x (B, ber, Ar— An bein А) + zB (an bern Al +В» bei №) = 0. 


This being true for all values of r, the coefficients of ber, Ar and bei, Ar must 
separately vanish. Hence 


on/(RD)=—A* Ba, Bn/ (RD) = Xda (4.12) 
so that (4.10) reduces to 
Р, = үт - RD (B, bern Ат — А, bey, Ат, (4.18) 
The conditions from (2.4) to (2.6) are satisfied if 


TI —n’F, = 0, f Tw QoUsac 0 ab r—a, 


Ву (4.9) and (4.13) these give 
n(1—n)4,4 a* АЕРА, (n? bei, Àa—Aa bein’ Aa) 
+АЕРВ, (n? bér, Aa — Aa ber,/Aa) =0 (4.14) 
(n —1) yn a* — A RDA, (bei, Aa — Aa bei,/Aa) 
+A° RDB, (ber, Aa — Ла ber,/Aa) =0 (4.15) 
Cy a? +A, ber, Аа + Bn bei, Аа=0 (4.10) 
the prime denoting differentiation with respect to the argument 
Lel it be assumed that 


М, (а, 0) = X M, сов, 0. (4,17) 


n2701,2,... 
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Substituting the values of w from the second equation of (4.1) .n the third equation of 
(2.8), putting т = a and then comparing 1 with (4.17) we get 


з - 3 M, 
[= (2-0), та ? UNO 
which with the help of (4.9) and (4.11) gives 


24,2 
n(1—n)C,a" + A (Aaber,/Aa — n? ber, Àa + хе bei, Aa) 





2,2 4 
+ Вь(да bene = i ber, A&—n* beis Aa) = Mae? (дй 
~y 


Equations (4.14), (4.15), (4.16) and (4.19) determine the coefficients as 
A, = — (Mae X,)/ [D(1—v)A4], B, = —(M,a? »)[ [D(1 —v)A4] | 
Cn = [Maa -Xp ber, Aa + Y, boin Aa)]/ [D(1—v) An], - 


(4.20) 
ү» = —(°RM,Z,)/[(1 —v)a" 7?A,] , 
where | Xn = п bern AG—Aa ber,/ Аа i (4.21) 
Y, = n bei, Aa—Aa bei,’ Xa (4.22) 
Zn = bern’ Ла bei; Aa — bei, Ла ber, Aa | (4.28) 
A, = XY, (4.24) 


If a concentrated moment of unit strength acts at 6 = 0, we have M,(a, 6) = à (9), where 
8 (6) is the Dirac delta function defined as 


3 (8) =0, 00; f 3 (6) dd =1; f f (6) 8(0—6,)d0 = f (6,). (4.25) 
Then from (4,17) = т 
f. i : 
м, = і fu, (a, 6) сов n8 40 = 1 / 8 (6) cos пб ав = № (2.26) 
TT т 7 
80 that 
8(8) = = 7 
@ = = pos соз пб (4 27) 


Finally from (4.1), (4.9), (4.20) and (4,26) we get 


2 
wit, 6; а, 0) = – Cox n > [ tx. ber, Ar + Y, bei, Ат 
n(1—v)D к=. 





—(т/а)"(Х„ bers Ла + А» bein Aa)} x ud ] 
a 
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The displacement m (7,6; а, 9) ab (т, 6) due to a unit concentraled moment ‘at т = a, 
9 = ф 18 obtained from the above expression by changing the coordinate 6 to 0—9. “Thus 





wlr, 9; а, 9) = — - a? > | X, bers Ат + Yn bein Аг 
n(l—v)D rr 


— (r[aY (X, born Aa + Ya bein Aa)] x cos n(8 — 9) |. 


А, (4.98) 


8. Simply-supported shell under uniform pressures If the shell is bent by 
uniform pressures p=p, (a constant) and the whole of the boundary be simply-supported 
all functions will be independent of (0) and'the equati ns (2.1) and (2.2) reduce to 


yF- D A,w=0, Dy wri УР = р; - © (8.1) 
where ж. + in conformity with (4.5) noting that in this 
саве п = 0. A particular solut»on of (5.1) is w = 0 and Р = i Bee. The complemen- 
tary functions corresponding to: (5.1) are the solutions of (4.3) and (4.4) and are of the 
forms (4.9) and (4.18) withn =0. Thus writing w for w we have 


w = в, +в, ber Ат+а, beiàr, F= r Вр,т? 2, — A? RD (в, ber Ar— 8, bei Ar) (5.2) 


if the Kelvin function of order zero are written in Thomson's notation bers = ber z, 
bei,t = beiz. Since only derivatives of the stress function F are required we may take 
s, аз zero. Тһе condition (2.5) is automatically satisfied while (2.4) and (2.6) give 


в, ber’Aa—8, bei’Aa = (ap,)/(2 АР) (5.8) 
8,-- 8, ber Ла +8; bei Ла = 0. | (5.4) 
With the help of the third equation of (2.8) and the formulae (14) 
ber’ = —beiz—27! bers, bei'z = ber а-л! bei'z 


the condition M, = 0 on г = a gives 


a,[1—v) ber’ Аа + Ла bei da] +8,[(1—v) bei’ Àa--Aa ber Aa] = 0. (5.5) 
Equations from (5.8) to (5.5) determine the coefficients as | 

ву = (ap,8,)/ 27 DA) | (5.6) 

8, = —(apS,)/(2A*DA) (4.7) 

вв = (ар,83)/(2^°РА) (5.8) 
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where 1 


(1—1) ber Aa Бог Aa— bei Aa bor’ Aa) — Aa ((ber Aa}? + (ber Ла) } \ 
| 


8, = 

8, = (1— v) bor’ Aa—Aa ber Аа | 
(5.9) 

8, = (1 — v) ber’ àa + Aa bei Aa 

= (1— v) :Ger' Aa)? + ег Aa)*] + Aa(bei Aa Ler’ Aa -- ber Aa bei! Aa). | 


6. Solution of the integral equation. ‘Lhe term =“ (r = a, 0<0 < 6) occuring 


in (8.2) is obtained from the first equation of (5.2) by utilising (5.7) and (5.8). Thus 


(s?) = (a*p,X)/QADA) (6.1) 
Or /.a 
where X = ber At ber’ A4 t bei Аа bar’ Aa (6.2) 


With the help of (4.21), (4.22) and (4.24) the rslation (4.28) gives 


CONES PEL 


nm 0,1,3, 


If the result (4.27) is used the above relation reduces to 


‘ee = BS 9—9). (6.8). 


- 


Substitution from (0.1) and (6.5) in (8.2) gives 
[A 
J М (a, 9) 8(6—9) de = —[ap,X(1—v)]/(24A), 0<6 L8 
Ў 0 


Since 5(9—9) = 8(» – 0) and 866—9) = 0, Ф 40, (0 <0 < 0,) the last equation is 
written as 


/ M(a, 9) (e ~6) de = —[ap,X(1—)]/(GAA), 06 <4, 


the solution of which is 


M(a, p) = —[ap,X(1-)]/(QAA), 0< 9 <4, (6.4) 

Substituting in (8.1) from (4.98), (6.4) and the first one of (5.2) we obtain 
[CAD Дир) (ра) = W+ W, (6.5) 
where W, = 8,—8, ber Ar+S, bei Ar (6.6) 


(тИ) (аА Х) | = [ла(( ber’ Aa)? + ( bei’ 1a)*]] 7! (X —( bei" Aa ber Ar + bei’ Aa bei Ar)]6, 


+ 5 [mAn {Xn bar, Аг + Y, bein Ar — (r/a)" (Xn born Xa + Y, bein Лаз} 


в=0,1,2,.. 


> 


x {віп n8—sin n(6—6,)]. (6.7) 
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Here TV,/(2A) is proportlonal to the displacement for the simply-supported boundary 
and W,/(2A) 1s proportional to the additional displacement due to clamping a part of 
the boundary (both expressed in dimensionless forms), As a numerical example we 
take 0, = 7/2, Аа = 2.0, v = 0.8 and evaluate W,/(2A), 17./(2А) and [(A*Dw)/ip,a)] = 
(W,-WJ/(2A) along the symmetrical radial line 0 = т/4. In (6.7) terms upton = 1 
are retained an’ the Kelvin functions of order one and Це’: derivatives are calculated 
from the corresponding Resse! functions (Jahnke and Emde, 1945), The results are 
given in the table that follows, It is seen that the maximum effect due to clamping a 
part of the boundary occurs near about the point (r/a) = 0.4, 6 = 1/4. 


TABLE 
тја 0.0 0.2 0.4 06 0.8 10 
W,/(2A) 1.6370 1.5594 1 8817 0.9710 0.5094 0.0 
– Wd (24) 0.5946 0.6801 0.0951 0.6091 0.3887 0.0 


[A°Dw}/(poa)] 10424 0,8798 6.6366 08619 0.1207 0.0 
= (W,+ Wa) (2А) 
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DIRECT METHODS OF SOLVING TWO-DIMENSIONAL 
PROBLEMS OF ELASTICITY 


By 
BIBHUTIBHUSAN SEN, Jadavpur, Calcutta, 


General methods of solving two-dimensional boundary-value problems of elasticity 
by the systematic use of the comp:ex variable theory are now well known ! Muskhelishvili, 


1958). ТЬ is, however, found that in many cases direct methods make the solution 
simpler, í 


To demonstrate the -utility of direct methods, we shall begin with the plane 
Problem of non-isotropic material in which the stress strain relations are 


Coe = Враг – ту, eyy = —kzzd By yy, Cay = play, 
such that 
k= o,/E, = o4] E,. 


From the equations of equilibrium and the compatibility relations, it is possible to 
deduce expressions for stress components апі components of displacement in terms of 
two complex functions of 2, and z, where а, = z tiy,y, # = 2+, Yı, Ya being real 

- quantities depending on elastic constants. 


Ав a simple example, let us suppose that on the straight boundary у = 0, of a 


semi-infinite plate, yy is prescribed, while zy =0. ‘Then we can put 
wy = Ве[Н 1.1 (а,) — (а) 1, 
yy = Re[y29(2,)—y.9(,)], 


— Re[y.72{72?(22) —319(2)] ]. 
It ів evident that 


(уу = 0 ава (07), = 05, y) [Reo(2]y- 


where 2 = 2+ iy. (yy) yuo being prescribed, the form of the ə function can easily be 
determined (Sen, 1954). 


Next we shall consider the first boundary value problem of an elestic plate of 
isotropic material with a circular boundary. If rr and nj be the stress components in the 
x and y directions on a circle of radius a, we ean, in the absence of body forees, deduce 
the equations 
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17a = Re [Aer +aL(s), 





rj = Re [5° i |! te) Ре | +aM(a), 


where L(g) and М(я) are analytic functions of 8, such that 


[77] p20 = [Re L(z)]..a and [79 ]r-a = [Re M(z) ena. 


From the relation wet yy = Re f(s) we get in general 


Кг) = 2a Bie) sy (Sen, 1946). 


Thus when [rt] pea and [ry lrea are known, we can find the functions (а), М(г) and 
hence f(s). - . à 


For the solution of the corresponding second boundary problem, we can deduce 
the expressions for the displacements и end v in the directions of т and y in the forms 


= 1 * 0. f(a) 
те шр [e "E 1+ n), 
= 1 2t. nif (в) 
= iiis Fel ' 2 ene gal), 


such that ) 
[Re 9,(8) | pea = [и], апа [Ве ga(4)]-—a = [v | paras 


For generalized plane stresses o is modified Poisson’s ratio. 


From the relation 


Ве f(s) = А = Qu, OU we get 
ду 


-2 , "m 
а) = 20-20) Fo: (в) + ig’,(z)]. [Sen, 1957] 
8—4c 
Since g,(#) and g,(s) are supposed to be known, the value of f(s) and hence those of 
4 8nd v can be found, 


Tn the caso of curvilinear boundaries other than the circle, results cannot be put 
in as convenient terms as in the previous cases. But a direct tentative method is 
sometimes found useful, If» = КО where { = &+М and the bounding curve is given by 


£ = constant ог т = constant, we find that the stress components & an and m satisfy _ 
the relations 
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8726 = or! 9® or a +479 +F, 
^ _ Әт 9® Әг ә 

J? = 2 2 +4 0-В 

BJ qn aE бё mo © Р, 


= Әг? 9® Әт" Ә® 
а. 
$177 8» BE 8E бт 


v here 
, and P +16 is an analytic function of z, 





73 =% +y’, © = +, 1-6 


(Sen, 1948). 
By assuming tentative values of ©, expressions for F and G can be found in a 
simple manner in many cases from the known values of the stresses on the boundary. 
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LOVE WAVES IN STRATIFIED LAYERS 


By 
8. С. Das Gurra, Calcutta 


The existence of long waves with large horizontal transverse component of displace- 
ment in actual seismograms led A.E H. Love to the discovery of the possibility of waves 
with such characteristics when there 18 а layered structure. Alternative condition which 
may give rise to the waves of the same characteristics was found by E, Meissner (1921) 
and also independently by К. Sezawa (1926) and the lack of Meissner’s theory was 
supplemented by К. Aichi (1922). 


The effect of double superficial layer on the velocity of propagation of Love waves 
was examined independently by В. Stoneley (1925) and Matuzawa (1927) und the effect 
of heterogeneity in the lower layer was also examined independently by H. Jeffreys 
(1928) and T. Metuzawa (1929) Бу taking a homogeneous silicic layer over a mantle with 
a gradient of shear velocity instead of considering two layers over a homogeneous 
medium. Das Gupta (1951 & 52) considered similar layers with the lower medium 
varying in density and rigidity under different simplified laws such as linear, exponential 
or square of depth. However, these are simplification of the problem. A special 
character of Love waves is its dispersion. -Love waves with periods less that 20 secs, 
showing inverse dispersion according to the theoretical curve have not been observed. 
The discrepancies for the periods less than 20 secs may be due to а gradient in crust or 
to the increased effects of crustal heterogeneity on the sborter period waves or both 
For periods greater than 20secs, Love wave dispersion is found to agree with the 
results of seismic refractions in finding a non-layered; silicic continental crust baving an 
average thickness of 85 Kms. 


Recently K. Tazmine and H. Okada (1958) have undertaken theoretical considera- 
tions of Love waves in three layers to represent interesting characters. The frequency 


{шп n4 H,— (е 
{ап mH, = (+ р М: 
Pad iuan 
1+( з i) ‚ 
Ал, tan л, Н, 


where € +n? = kG = 1, 2, 8), К, = w/vy, vj = (ш/ 0) 


equation is given by 





and wave is of the form e! ot EO (A erus + Вув-"и) 

Group velocities, obtained from phase velocities, H,/H, being taken as parameter 
shows two minima when a particular value is assumed for и.[и.. Corresponding 
displacements will have two maxima. However, observations are to be made in the line. 
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‘The problem of generation of Love-waves were treated by К. Sezawa (1985) adopting: 
the procedure shown by Nakano (1925). Sato (1952) confined his attention {о retardation 
of phases in Love waves. Due to в cylindrical source which is situated at (0, Е) in 
superficial layer expressed by | 

v, = Н, (kr) exp (ipt), 
displacement » is given by 


ee ee ie ee TP 
v l JL В(Н-Е)] + aq) exp [ STEN n exp [ -8(8H 2) 


x exp (if) df... (a) 


Cif) = 1-а exp ( — 98H), q = 8-Xp' 5 Х = ш , Н = height of layer E 
ВХ, u 


From the second term of (a , the travel time is determined. If we deform the path 


into that which passes the saddle point, then the real coordinates of points where 
the path of steepest descent crosses the axis will be —kr/z and —kz/1. Here 
r= (Н + Е)? + 23. When the epicentral distance becomes large, —ka/r = -K 
where —К is the solution of the characteristic equation C (f) 20, From this, 


2 = a's =(Н+Е)/ ime (b) 


Therefore, the critical distance х, where the Love waves can be observed may be 
expressed by the formula (b). The previous paragraph and this one may help us in 
determining the structure of the crust, 


DEPARTMENT OF MATHEMATIOB , 
PRESIDENOY COLLEGE, 
CALOUTTA 
INDIA 


Reference. 


Aichi, К. (1999), Proc. Physico Math. Soc, & , 187, 

Das Gupta, В. С. (1959), J. App Phys., 28, 1215. 

Jeffreye, Б. (1928), М.М R.A,8. (Geo. Supp.) 8, 101 

Mature wa, T. 927. Proo Physico-Math. Soo., Japan, 10, 
Meissner, Е. (1921, Vierte:jahr Naturforsch Gessels (Zürich) p. 181 
Nekano, H (1926), Jap. J. Astr & Geoph. 2, 98 

Sato, Y. (1952; Bull. E. Res Inst, Japan, 80, 805 

Sezawa, К. (1926) Bull E. Res Inst., Japan, 7, 487. 

Bezaws, К. (1935), Bull. E. Res. Inst , Japan, 13, (1985). 
Stoneley, В. (1927) ММ В.А.5. (Geo Supp ) 1, 521- 

Tazime, К. end Okeda, Н (1988), J. Faculty of Science, Hokkaido University. 





DISTURBANCE IN ELASTIC MEDIA 


By 


SaxrIKANTA CHAKRABORTY, Jadavpur, Calcutta, 


Jeffreys (1981) considered a disturbance in an infinite elastic medium as generated 
by a suddenly apphed pressure АН(4) on the inner surface of a spherical cavily т = a situa- 
ted inside the medium. The displacement at a point P distant r from the centre of the 
cavity is purely radial and is given by (aseuming Poisson's relation) 


u,=0, for #<0, 








= dep {( eae CET) GT) e L3] w 
a for #20, 
zz), say, 
whera t = t— (r-a)fa 
At large distances, it is approximately 
"= CT) (7) e) 


for not very large time $. 


Equation (2) shows that the resulting disturbance propagates with velocity « in all 
direotions from the centre of the cavity and the displacement at any point is zero initially, 
rises to а maximum and then decays exponentially to a constant value. Das Gupta 
(1954) considered the disturbanoo as generated by an impulsive pressure A&(é) where 8(t) 
is the impulse function called Dirac-delta function, The resulting displacement is 


и, =0 for #<о0 


= Ade [( -2) . 22а v 2X 2r =: (- x) : 
METTE 1 3a sin 55 t-a cos ELTE exp sc Ji for U>0, (8) 





In this case the displacement at the time of arrival of the pulse 18 non-zero, and it 
increases afterwards to a maximum before dwindling down to zero, 
If however a constant pressure acts for a finite time ‘ta’, on the spherical cavity, 
the corresponding displacement is 
и, = 0, for U<0 
= (0), for 0<t<t, 
= U(v’)-U(—-t,), fo U >t. 


In this case, the displacement at any point is the same as in Jeffrey’s case for 
time t, after which it diminishes exponentially to zero, 
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Recently A.C, Ermgen (1957) considered an elastodynamic problem concerning a 
spherical cavity. He has applied t^e method of Fouricr iransform to solve the general 
problem of disturbances generated by applied forces on the inner surface of the cavity. 


It was shown by Jeffreys (1948) that the analogy of a cylindrical pulse can explain 
the diffuseness of the seismological pulses. Problems cf disturbances of cylindrical 
cngin have been considered by Sezawa (1927) in the case of periodic pressure ; Kromm 

` (1949), in the case of suddenly applied pressure, Chakrabarty (1957), зо ihe case of an 

impulsive pressure, and in the case of periodic forces applied over a band of the surface 
of a cylindrical hole (1958). 
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THE SOURCE PROBLEM IN SEISMOLOGY. 
By 
М. Mirra, Jadavpur, Calcutta 


An important problem in seismology is that of furnishing an explanation of the rapid 
oscillations which are observed on а seisrnograph, recording the ground motion near it, 
during the initial stages of the motion caused by a distant earthquake. 


Jeffreys (1931) calculated the displacement produced at distant points in an infinite, 
isotropic, elastic medium due to the application of impulsive strseses on the surface of 
a spherical cavity in the medium. His results showed oscillations in the expression for 
the displacement but the amplitude decreased very rapidly. 

Other authors used a different model for a source; they considered it to be situated 
along a line or at a point placed at a finite distance from a free, plane boundary те. 
presenting the earth’s surface. It is known that, in the absence of body forces, the 
equations of motion of an isotropic, elastic medium are satisfied if the displacement 
> 
q is given by 


+ + 
4 = grad 9 + rot А 


> 
where 9 and A satisfy the wave equations 





„_ 1? _ 
с ш 
7 зА 
1:9: | 
Was 3 = 0 (it) 


а, В being the compressional and shear wave velocities in the medium. The source 
+ 


is then represented by functions $, or А,, according as the source is compressional or 
distortional in nature, satisfying equations (i) or (ii) everywhere in the semi-infinite 
medium except on a sphere which for t = 0 reduces to a point, called the source. 

The following expressions have been used by various authors: 


(a) P= 5 Hit r[a) cosh 7'at[r, ..  Lapwood (1949), Garvin (1956) 
(b) g= р НЕ-Е), wy e Pinney (1954) 

JE + 
(o) A, EH Е) Ке .. Pinney (1954) 


> 
where (7, 0) are polar co-ordinates, (В, 6, 4) spherical polar co-ordinates and К 
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8 constant vector, the pole being in each case taken at the source. 


The solution of the problem is usually obtained by expressing d in the form 
= grad (o + Po) + rot (A + А, 
80 88 to salisfy the boundary condilions by the help of 9, A which satisfy equa- 
tions (i), (ii) respectively everywhere in tne medium. Thus, if body forces are assumed 
to act, it is seen that the equation of motion aro satisfied provided the bady foroe Ё 
is given by 


+ Oo, 2—3 od 3 d 
Е = grad [ 9 - «узр | + rot [84 — ву, | 


+ 
= grad P, + rob Q, = 0, everywhere in the medium except at the sourca, 
| 9%, 





where "ӘР = aV, = Po 
+ 
А + + 
Sat — F'Y'Á, = Qe. 


This result permits of an interpretation of the source in terms of the body force 


acting there. Thus 16 can be shown that in cases (a) and (e), Р is given by 
ПВ grad [8/2)3(y)] and H(t) grad [8(z)8(y)8(z)] respectively. Again by taking 

P, = H (t) 8 (y) 8 (z —Vt), V<Bp, 
itis possible to consider a moving source. E 

Recently, Pekeris and Lifson (1957) solved the source problem for a concentrated 
point force, Also the author (Mitra) has determined the surface displacement in the two- 
dimensional problem for simple types of body forces: 

(à) X =0, Y = &(2)38)H(0, 

i) X= 0,¥ = feH), 

(f) F = H(t) grad f(z, y), 
where f(x,y) = 1, inside the rectangle bounded by |a| = a, |y—h| = b, f@, y) = 0, 
elsewhere, and the functions are taken in the distributional sense. 

However, none of the numerical calculations carried out so far by different authors 
show rapid oscillations of the displacement in the initial stages; the mathematical 
models hitherto used have, therefore, proved inadequate in this respect, 
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SHOCK WAVE PROPAGATION EFF ECTS IN IMPACT 
PROBLEMS OF PLASTICITY 


By 
ee | B. KanuwEs, Calcutta 


In the problem of impulsive loading the initial conditions involve discontinuities of 
velocity at certain boundaries, Rahmatulin (1945) has shown that such discontinuous 
initial conditions enable us to construct the solution to the problem with the help of 
waves along which discontinuities in slope or stress propagate. He had dealt with the 
case of direct impact on elastic strands (1947). Craggs (1054) has given a solution for 
the case of transverse impact on plastic-elastic strings. Karunes and Onat (1958) were 
interested in similar problems related to plates and membranes where the discontinuous 
change in the cross-sectional area at (Не sections of stress discontinuity was important. 
Here the equations governing such waves of discontinuity, called shock waves borrowing 
the name from similar discontinuous wave fronts in gas dynamics are briefly reviewed. 
A comprehensive biblicgraphy on the subject is given in a recent book by Cristescu (1958). 


Force-extension relation. Neglecting elastic strains and considering the material 
as rigid upto the yield point and assuming the material to be strain hardening having a 
piece-wise linear force-extension, we have 


f=f tafel (1) 


where f denotes the mombrane force at any instant measured on ils cross-section normal 
to the piane of motion, s is the longitudinal strain defined as the change in length per 
unit initial length in the plane of motion, A is the slope of strain-hardening line and f, is 
the force required on the membrane for its yielding in its original cross-section. 


. lf a, and a be the initial and current cross-sectional areas, then since the material 
ig incompressible 


bu - t= tora Е Й А (2) 


во that [= ferà 9 (1a) 








`\ 


Shock-Wave Relations. Let the longitudinal shock-wave move with a volocity V 
while the material at its front and back move with velocities U, and U, and let the corres- 
ponding areas be a, and a, and the corresponding forces be f, and f,. 


Conservation of mass during any time interval t gives 


a(U,—|)= a,(U,—V) (3) 
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Conservation of momentum for the same time interval gives 
h-h- ea, (U, - V)(U, — U,) s (4) 
where о is the density of the material. 


Transverse wave Relations, The transverse wave produces a discontinuily in slope. 
Upto the point of discontinuity, it moves with a velooity и and the motion of the other 
part consists of a rigid body translation characterised by the velocity components U and 
V. The law of conservstion of mass for a time interval t gives 


U = u(1—cos 6) | 
Г (5) 
У = --usné ] 
where 0 is the slope of discontinuity, 
The law of conservation of momentum gives 
р = ea? 
‘ (8) 
fa = оа" 


Particular problems of (1) Direct impact on а rod of uniform section and (2) 
Transverse impulse on a uniform bar are discussed in detail showihg that the variation 
of cross-section and stress ean be fully calculated by the use of above equations. In each 
of the examples № is seen that smpacl velocity determines the transverse wave velocity 
whereas the shock wave velocity is dependent only on the yield stress and the strain 
hardening rate. "Thus the transverese wave velocity may be less than equal to or greater 
than the shock wave velocity and on this depends the mode of deformation. 
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THERMO-ELASTIC PROBLEMS FOR 
ANISOTROPIC MEDIA 


By 
Avtar Віман, Kharagpur 


In this report three methods of solving thermoelastic problems for antisotropic 
media were discussed. The first method (Kaliski, 1957) is perfectly general and 
applicable to a body of any shape with the most general type of anisotropy. In the 
equation of heat conduction Biot’s coupling term (giving the effect of strain on tempera- 
ture) as well as the time dependency of temperature and displacements can be taken 
into account. The three equations of small motions and the equation of heat conduction 
can be written in terms of displacement (u,, U}, и.) and the temperature (u,) as follows: 


Lg(uy) = P, (i, k = 1, 2, 8, 4, k summed) ... (1 
where P,,,, are the body force components per unit volume and P, is tho rate of 


internal heat production per unit volume, and Ly, are certain linear operators. If the 
вітевв functions V, a з and the temperaturo function y, are introduced by the equations 


do. Eu. EA Di La We ban Da 

u= | we La Laa La | u= | Lu. Ya Da Da | ete 0) 
Вы Dan Lus od rS Sus 
p La Ly, La Ia Wp Lad 


then y; are required to satisfy the equations 


` 


Dy, Ly, Ly Ly, 
La L4 La La | (О) = Р; — ... (8) 
Тиз Dy; Ly, Lig; 


Ly, In Li, Lai 


For special types of anisotropy and isotropy these equations reduce to the standard 
known equations. 

The second method (Sharma, 1958) which is applicable to three-dimensional steady 
state stress distribution in transversely isotropic semi-infinite media is given by Sharma 
in terms of two stress functions 9,,, and a temperature function T, Functions 9, з 
satisfy the same second order partial difforential equations as those given vy Elliott (1948). 

The third method is applicable to any axi-symmetrical steady state stress distribution 
problem Нот transversely isotropic medium. In this method (Singh) the stresses and 
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the displacements can be expressed in terms of two stress functions 9,, , which satisfy 
the differential equations 


| 9» _ 1/89 
viet Ku ze zd 1 (9% ол) 








1 
Vo, + Kai? о 2 = а, Т 


9 a aoe (41 
А а 1 
where, Vi= iu = 2 


and K, Ka’, а, с and a, are certain constants depending upon the elastic and thermal 


properties of the material, T is the temperature and (г, 6,2) are the cylindrical polar 
coordinates, 
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FINITE: STRAIN “THEORY 
: | By — 


P. P. СнАттАвл, Calcutta 


Lagrangian aud Eulerian Co-ordinates. In Lagrangian co-ordinates the strain 
tenzor yy is given by i | 
О m с ту = Unj + Ujit uit, (L j, k = 1, 2, 8) (1) 
whore: чү, Ug, У, are the displacements. In Hulerian co-ordinates -the  strain.tenscr 
в; is given by : 
2%, = Aij T 45,; 7 Uk UJ; (i, 1, k = 1, 2, 8) (2) 
Since th» boundary displacements or the boundary tractions are known in the 
strained state and the stress tensor ту, is defined in terms of Eulerian co-ordinates the 
strain tensor must also be referred to the same system. 
Body Stress Equations of-Equilibelum. ‘he stress tensor ту satisfies 
ti В; = 0 А . | (8) 
Consistency Equations. The vanishing of Schwarz-Christoffel tensor is а. necessary 
and sufficient condtion for flat space time. 


Hence {ur allay. e] - len «Ино, e] 7 Ge Due ]- 2 lone] =0 (4) 


‘In three dimensions (4) has only six components. ‘Lhe vanishing of these contitutes 
the six consistency equations, Little use can be made of these equations because of their 
complicated nature. Ш 

Stress-strain Relation. Any assumption that is made regarding the stress-strain 
relation must be such that these relations are invariant for all transformations trom one 
set of orthogonal oxes to another, In other words these relations must be in tensor form. 

Seth (1935) ussumed that if terms only of the second degree in the invariants I, and 
I, in the strain energy function W he retained, the stress-strain tensor relation is linear 
and is as follows 

ту = Ау, + 2р; (5) 
where А and м аге Lamé’s constants and йу is the Kronecker delta. Seth’s theory has 
since been known ав finite deformation theory. 

Murnaghan (1937) assumed that at least third degree terms must be keptin W. If 
1, m, n are the new elastic constants 


o,W = 30 —24)1,! —2uI, +, mH; nl, (6) 
о, being the density in the unstrained state, If о is the density in the strained state 
ele, = (1-21, * 41, 1,)* = 1-Ц +... (7) 
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Stresses are derived from (6) by the formula 


MEA (8) 
Ty = 0|] р T 48 ot — 
Әз дв; 
Applications. Seth has given a number of applications of his theory, He has 
discussed simple tonsion, pure flexure, torsion and flexure ete. (Зее Seth (1950)). Не 


has also given a law of elastic failure 
р, Ps + (р, t p, рз) = constant (9) 
` where ру, Pa Ps are the principal stresses in descending order cf magnitude, 


Murpaghan (1951) has discussed (i) simple shear and tension, (if) compression of a 
spherical/shell and circular tube, (iii) torsion of a circular cylinder. 


Chattarji (1953) has discussed finite deformation in the interior of the earth using 
Seth’s theory. 


Various other theories have been proposed by а number of authors which, however, 
cannot be discussed in this short space. A comprehensive literature has been given by 
Truesdell (1952). 
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POROUS ELASTIC MEDIUM 


By 


GunapHar Paria, Kharagpur 


1. Introduction. The deformation of a porous elastio medium containing а 
viscous compressible fluid has beon the subject of much investigation, an extensive. 
account of which may be found in recent papers by Biot (1955, 1956), Lubinsky (1955) 
and Paria (1957, 1958a, 19585). In such a medium we consider a solid-fluid system in 
which the solid skeleton with statistical distribution of inter-connected pores is assumed 
to be purely elastic while Lhe pores are filled, with fluids compressible or 1ncompressible, 
viscous or non-viscous. The seepage of water fiom a mass of clay may be cited ав an 
example. The porosity f of the medium is defined as f = Vp/V where Fp is the volume 
of the inter-connected pores contained іп a sample of bulk volume V. An equivalent 
definition is f = S,/S where S, is the inter-connected pore area in a cross-sectional ares 
S ofthe bulk material, The stress tensor in the medium considered is 


Ory tT Сау Og" 
суз Ty tT Cy E 
Os Озу Og: +o 


with the symmetric property oi; = oj where oy is the stress on the solid skeleton and v 
is the fluid stress defined as 


o=—fp 
p being the pressure of the fluid. If the average displacement components of the solid 
+ + 
be denoted by ч(и», чу, Uu, and that of the fluid by 0(0,, Uy, Us) then, the strain and 


dilation components for solid and the fluid respectively are 


Ou ди ди ТЕ 
6ra = 2 Say = ch Sy" e = div u, etc, 


and fep = 





x А + 
2—8 , в = div U, etc. 


2. Fundamental Equatlons, Similar to Hooke’s law, it is assumed that the seven 
stress components (си, с) are linear functions of of the seven strain components (ес, €). 
Thus we have 
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Сур Cue eee Cuz Ваз 
Со бен Lar Cy 
Ou. do thy и Oss 
C ys LM А tares буз 
C32 6 
Tey | — | eee] MMÁMMHMHHHHHMH Svr Cay 
, 
> T = = бу, ÜCrpnyeeee Ie Orr = _ 6 = 





where the properly су, = cj; follows from the assumption of the existence of an elastic 
potential, The flow of fluid 1s governed by the generalised form of Darcy’s law ав 


T bes бу bas 7 [ous 
E +2. = bys byy by Uy—ty 
- be by ba | | U,-u, 
до 
T +02 





where o, = fe’ (е’ being the mass density of the fluid), (X, У, Z) аге the components of the 
body force per unit mass of lhe bulk material and а dot denctes differentiation with 
respect to time t, The symmetry of the coefficients 

| by = by 


results from the assumption of the existence of a dissipation function. In the absence 
of the body force (X, Y. 2), Darcy’s law in the most simple case states that the velocity 
(here the relative velocity) of the fluid is proportional to the pressure gradient, The 
equations of equilibrium (considering cnly the quasi-static theory} for the bulk material 
are 


Olore +o) | Әс 4 0e 4 ox =0 
z 


tH 
Cz ^ ё 
and similar other two equations. Неге о 18 the mass density of tho bulk material. The 
above three sets of equations with appropriate boundary conditions on the solid stresses 
(or displacements) and the fluid stress (or displacements) together with compatability 
equations among the stress (or strain) components determine the solution. 


3. Isotropic Medium. Tf the material is assumed tu be completely isotropic the 
stress-strain relations reduce to 
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тух = Мед + Ae + Qe 
суу = 2Ney, Ae Qe 
о = 2Neg +464 Qs 
Суз = Мб, су, = Ng, Cay = № 
с = Ое+ He 
while Daicys’s law simplifies to 


x te x: b (Us — tig) 
бе чу = МИ, 
ду 
до 


—— +02 = b(U,— us) 


Tho four material constants А, N, Q and E are characteristic of the solid-fluid system 
whereas b determines the permeability of the solid with respect to the given fluid, In 
fact, the constant N is the shear modulus while A, Q and В may be expressed in terms of 
jacketed compressibility, unjacketed compressibility and the fluid content factor. 


4. General Solution, In two-dimensional or axially symmetric problems the 
general solution may be obtained in a convenient form although а formal solution in 
three dimensions is not altogether ruled out, In axially symmetric p-oblems it has been 
shown by Paria (19580) that the stresses and displacements can be expressed in terms of 
a stress function 9 and the fluid stress o 


Om ee 409 

where V’ = Гу E 
Өс 
во = Ly? IL. 

and V'e M 


L being a constant expressible in terms of the material ecnstants, The above equations 
show that the function 9 is the sum of the solutions of tke biharmonie equati о 


Vie = 0 
and the heat conduction equation 
29 = LOS 
Е 
whereas c 18 the sum of the solutions of the harmonic equation 
Ve = 0 
and the heat conduction equation 
I =L- 
Vio OE 
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As an illustration, the stress distribution in a semi-infinite medium under a surface 
load applied suddenly was considered in the same paper. ‘The transient solution for the 
problem was obtained in terms of error functions. 

It 18 to be observed that the complete solution of a particular problem 1s, in general, 
involved because of the fact that № 1s the combination of the solutions of three different 
problems, namely, the harmonic, the bibarmonie and the heat conduction problems. 
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HYPO-ELASTICITY 


By 
Р. р. Б. Verma, Kharagpur 


In rational mechanics, а lot of thinking is done as to how the various materials 
respond to a given set of forces and this response must necessarily be independent of the 
observer. The problem is how to limit our ideal materials to those whose response is 
properly invariant with resoect to the change of the observer. In hypo-elasticity, a very 
recent subject, we study the elastic response by formulating it in terms of rates. This 
differs from older thecries in that as aquations are of a form admissible for deformations 
of any magnitude and speed. ‘he form of the strers-strain relations is not known in 
advance, rather it depends on the problem. It offers a mechanical theory including 
plastic flow not ав в primary condition but as the result of previous circumstances leading 
upto elastic failure. Arbitrary initial stresses are possible to take into account, The 
constitutive equations of this theory are 


= 
S = 691+49.4+59.8 + Mg,1+49,(d8 + Sd) + 29,9 + Mg,8 + Ng,1-- $9 (а8* + 87d) 
TMg,B* + №158 + Ng,,8*, 


- А 
where 8 = S30 BU, qo — St, БМ, +66}, 


8 = ||віхевв tensor ||, = |габе of deformation tensor||, g's are the functions of the 
pricipal invariants of S, 


б = d*y, M= Std, N = S38/,dh, 


together with these equations, the usual equations of motion and mass, in consistence 

with given boundary conditions, constitute the basic equations of an hypo-elastic problem, 

Further it is possible, for some hypo-claetis materials, to introduce a scalar potential 

or the strain energy function of elastic potential or the strain energy function of elasticity. 
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THE ANALYSIS OF NORMALLY LOADED THIN “~= 


ISOTROPIC PLATES WITH FREE EDGES 


By 
W. A. Bassar, Alexandria, Egypt. 


(Communicated by the Editorial Secretary— Recewed —March б, 1960) 


Muskhelishvih's complex variable method of solving the biharmonie equation is, 
applied in this paper to establish exact solutions in closed forms for a finite circular 
plate, an infinite plate with a circular hole and a half-plane when these plates are acted 
upon by certain line loadings distributed along the circumference of a circle and the 
edges of the plates are free. The principle of superposition can then be used to obtain 
the deflexions, moments and shears when any of these plates is supported at several 
interior or boundary points and is subjected to general distributions of normal thrust 
over the area of a circle. As an application plates having the shape of circular sectors 
simply supported along the radial edger, free along the circular edge and normally 
loaded over the area of a concentric sector are analysed. 


1. Introduction. Methods using complex variables have been applied [о isotropic 
and anisotropic piate problems by many authors, references are given by Muskhel:shvili 
(1949) and Sokolnikoff (1942). Some flexural problems of thin plates under lateral 
loading have been solved by Yu (1956). The three usual types of boundary conditions 
for clamped, simply supported and free edges are formulated and various kinds of 
normal loading, both concentrated and distributed, are discussed. Problems concerning 
the transverse flexure of an elastically restrained isotropic circular plate hava been 
considered by Bassali and Dawoud (1956) ind the author (1956) when the plate is 
subjected to the loadings p, E"cos nO (n = 0, n = 1, п 1) over an eccentric cireular 
putch where R and Ө are measured from the centre of the patch and the common 
diameter of plate and patch. The corresponding problems for a circular plate. with a 
free boundary and supported a& any number of interior or boundary pomts have been 
solved by the author (19576, 1058a' only when the plate is acted upon by the two types 
of loading р = p, В” or p = p,R™ соз (Ө —a) over the area of the eccentric circle, « being 
a constant angle, The case of concentrated couples is included аз a limiting case of the 
latter type of loading. 


Solutions appropriate to an infinite plate elastically restrained at an inner circular 
boundary and subjected to the three types of loading р = р, В" сов (nO —aj (n = 0), 
п = 1, n > 1) distributed over the area of a circle have been obtained in a series of 
papers | Bassali (19572,d) and Bassali and Nassif (1958)]. When the circular hole in the 
infinitely large plate 1s free and the plate is зирро Бей at several points and is under the 
load p, R” or p, В" соз (Ө —a) over the ares of : circle the corresponding solutions have 





110 W. А. BASSALI 


also been found (Bassali 1957c, 19585) and particular examples have beon "worked out in 
detail. | 


То complete this series of solutions there remains now the two cases of a circular 
plate with a free edge or un infinite plate containing a free circular hole when either 
plate is acted upon by the lateral load р = p,R™cos (n8 —«) (n 7 1) spread over an 
arbitrary circular domain, It is with these two problems that we are going to deal in 
this paper. The solution for a half-plane bent by the same pressure is then derived аз 
a limiting case of either of these problems І is to be noticed that this type of loadi:g 
(corresponding io n> 1) keeps the plate’ ia equilibrium without the requirement of 

` interior or boundary supports. Since the cases m = 0, 1 which require separate 
treatments have been studied before (Bissali 1957b, c; 1953а, b) it follows that this 
paper completes the solution of the problems of a finite circular plate with a free edge 
or an infinite plate with a free circular hole when either plate is supported at any number 
of points and the intensity of normal thrust over an arbitrary cirsular domain is expressed 
as а Fourier-Taylor expansion 


p = В" (amn сов nO + bmn sin n9). 


Results obtained for the circular plates are applied to sectorial plates simply 
supported along the straight edges, free slong the circular edge and subject to certain 
“loadings over the area of a concentric sector. 


9. Fundamental Results. When the middle plane of а transversely loaded thin 
isotropic plate bounded by a closed contour C is taken in the complex plane of 
g = z+iy = reř, the differential equation satisfied by the deflexion w in a region free 
from lateral load has tke form 

w g Ow бш, 1600.0 (2.1) 
Әг“ Ох?ду* 9y* 92302? 
bars being used to indicate conjugate complex quantities. The general solution of thia 
biharmonic equation may be represented in terms of two complex potentials $(2) and x(z) 


w = 2 Re[? (в) +х(2)], (2.9) 
where w is mensured positively downwards in a direction perpendicular to (he plate and 
Re stands for the real part, Adopting Timoshenko's notation (1940), the bending, 


Uwisling moments and shearing forces at any point s = re“ of the unloaded region are 
determined by 


М, + M, =—8N(J +v)Re Ф (ғ), (2.8а) 
M,— М+М = —AD(1—v) [29 (s)-- (2/7)? 37 (2)], (2.35) 

. Qr—iQs = —8D(z/r) e" (2), (2.30) 
where (=) = x’ (8), (2.4) 
D = Еһ?*[12(1—°), (2.5) 


l 
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А А : 
Е, v and h are respectively, Young's modulus, Poisson's ratio and thickness of the plate. 

We assume that the plate 1з subjected t» а variable transverse line loading of 

intensity p extending along a smooth closed curve Г which lies totally inside the plate and 
divides 16 into the two regions 1 inside Г and 2 between Г and С. By considering line 
loadings we avoid the use of particular integruls required when the lateral loading is 
distributed over a certain domain. It was shown (Bassali and Nassif, 1958) that the 
transition conditions to be satisfied across Г may be written as - 


[3 o(5)- 2 (в) +X -X(2)]? = 0, (2.62) 
[ 9 (s) + 9(3) + yle] = 0, (2.60) 
[Pe +A] = 0, (2.60) 
[#”(в)]} = pe-#/8D, .- (2.64) 


where Ф, (а), Х,(2); фаба), хаа) are the complex potentials in regions 1, 2, respectively, 
апа В is the angie mide with (he a-axis by {һе normal n at the point of Г under 
consideration. 


The boundary condition for plate problems in which the bending moments and 
shear resultants are prescribed has been obtained by Lechnitzky (1988) whose result for в 
free boundary C takes the form 


кф (2) +29/,(2) +9. (2) = A’ +iB’s on C, (2.7) 
where к = (8+v)/(v—1), (2.8) 


A’ is a complex constant and В” is a real constant, both arbitrary. 


8. Thin Ciroular Plate under a General Line Loading along an Eccentric Circle. 
Consider a thin circular plate of centre О, radius c and free boundary C. Let Г denote 
the boundary of an eccentric circle with centre © (зо = 7,6") and radius b<c—7,, We 
assume that the plate is subject to a lateral line loading along Г whose intensity at any 
point T is given by 

р = p, cos (КӨ —a) (k > 1), (8.1) 


where ро, а are constants, К is an integer and Ө is the angle which TQ, make with the 
positive direction of the 2-axis. [See Fig. 1, p. 268 of Bassali (1958a)]. It is easily shown 
that the plate is in equilibrium under the load (8.1). ‘The problem to be solved now is 
to determine the complex potantials 9,(#), X,(s) ; 9(z), Xa(z) which fulfil the boundary 
condition (2.7) on C and satisfy the continuity conditions (2.6) corresponding to the load 
intensity (8.1) along Г. For all points on Г we have 
п 
22= b, (3.2а) 


where 2 = 6-8), И (8.20) 
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From (3.1) and (8.2) it follows that 
p = dX e AU), (3.8) 
where | à = e^, U = 2. (8 +) 
Substituting from /8 8) in (2.54) and noting that 3 = Ө we бай 
2 
[9"(2)], = (АШК!  AU7 17), (35, 
where $ = p,/10D. (8.6) 
We now assume that bhe continuity conditions (2.6) are satisfied by 


[e]; = А+ BUN, [Хх+ т] = QU BUA, (3.7; 


where A, В, С and Е are, in БАН, complex constants.to be found. Introducing (3.7) 
in (8 5), (2.65) and equating the coefficients of the same powers of Z on both sides of 














each equation lead to Ме 
з у oe We у °С = у = a a 
and hence 
[s]; = ^ [ Aa Y т } (8-8a) 
[х1 Б RE e n (ea tja aj n 


Tt is now easily checked that all the transition conditions (2.6) are satisfied by (8.8). 
Since 9, and x, must be regular al z = £ o(Z = 0) it follows that the terms а U~} 
in (B.8a), (8.8b) must enter in 94, Хз, respectively. Tue four complex potentials Pi *,, Ф 
and x, may thus be taken in the forms 


ШЫ 





9, = TEE 07% +968), | (8.9a) 
№ = КЫ (2 +727 RETO veu) 
gE Wen AU t+ pole); (3.90) 

=- MA (ER a ot neg (8.92 


— 


where Ф,(2) and к. are functions of g which are regular over the entire plate and will now 
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be determined from the boundary condition (2.7). Substituting from (8.96), (8.9d) in 
(2.7) and writing s = ct, 2, = оф, 
®,(¢) = Фо(=), Ww, (0 = 4 (8) = Xs), (8.10) 


' we find that the boundary condition is transformed to 
кФ (о) + o^, (с) + (а) = A’ t icB'e + (с), (8.11) 
where с = e is any pomt on the boundary ү of the unit circle and 
-/ qo \Га- c А Е-1 
мр) t - js 102) (= 2) ind 
i-üc q (6+ 1)(1— 0,0) 0 с 
Follewing Muskhelishvili’s procedure of multiplying (8.11) and its conjugate 





throughout by a oe and integrating around у we find, apart from а constant in 
`5 








| Im o- 
®,(¢) ог Ф,(0), E _ 
9 = ee — о BN 
©, (0) = za i. d (8.18) ` 
кн ot ub x D [ie YI, m (8.18c) 


18 the real coefficient of $ in the expansion of ®,() ав power series of positive powers of t. 
[See Yu’s paper (1954), p. 181]. When the integrals are evaluated by residue theorems 


it is found that a, = 0 and 


= k 
n _ 8Abe [%- qx ] (2 
Pl к Lk (k+l, J No, B _ @.14a) 








= k 
тыр = - 95s fae Pag Кш Eat] (ab, 
0 


kx k—1 w, v 
where C is, in general, а complex constant and 
Uy = 6-0, Vo = 1-G6. (8.15) 


Introducing (8.14) into (8.9), making use of (8.10) and (2.4),' we find that the 
complete solution of the problem 1s furnished by 





fuss $ [S fu P Seld «ra | +0, . (8164) 
wa) = [S t+ eC ya) «GU (вавы 
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x k 
where F(Z) = -25 2) in region 1, 


| 
| - (3.17) 
AZ fb | 
(2) 2———[-— | in region 2 
F(Z) M(t) in region 2, | 


= k \ 
TR kb? )() г А 
G(Z) = z7 х (5 ZZ + +721) (g ) in region 1, | 


k 
G(Z) = -> za OY (2) 1n region 2. 

Since the solution for a thin circular plate with a free edge and acted upon normally 
by the system of m forces №, at the points 2, = ct, (s = 1, 2,...,m) has been derived 
before (Bassali 19576, 1958а) it follows, by applying the principle of suverposition, that 
the solution appropriate to the same plate supported at the rame points and subject to the 
load 68. 1) along Г 18 given by 


(8 18) 

















pi d (а) ns (к log и, —10 vi) — 1-е. у 
| = a р. к+1 
Б тара ow 
Wo = a 2x. [c (« log u,— log v, + 2 )+ = v, log ost 
- Babe [> [++ Pa E ey) + 6(®)], элө» 
where ` о= |4 o-]&l t» = 0, v; =1— (8 =0,1,2.... m). (8.20) 


The fnoments and shears at ару point ot the plate can now be obtained by substitu- 
tion from (8.16), (3.17) and (8,18) in (2.8). In region 2 we get 


m= раенны) Laer (р- he) mh Ge 




















а е-щ KU, @ Vo 
1-3 ) ( 1) (: 1—0, +g? k-14 = a) E _4° y 
+ v ]+(1-= Е Е НЕ 210 
po E » + oF ио +(1+к) 2 "EC 1 (3.21а) 
А 
Ma = b no Я ee ( a i) 
о Vocat 5 
(а/с) 1 (4 zug ‚)+( ale 1-0 мут Ecl, k2 yl 
4 stoi or 1- + j= |o “o T4 uo E 1 D 
KU lo b v tv, ка 00 4 j] 6-21) 
; ob [Акб QM k-1 k+2, 
аена ро ga ME pue eee 1e) е 
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Setting = 1, = c, t = о”! in (8.214) we easily see that M, = 0 on C, as it should, 
Considerable simplifications in the foregoing results occur when the load /8.1) is distributed 
along the circumference of a circle concentric with the plate. Putting į = 0 in (8,19) 
and (8.21) yields 











pe зората (5) - (1+ E -q+ ES ) «v =]. (8.225) 
ees 1-е} eam 
(еее om 
дане еда е) аас 
To акш d» 





Мн = а bq* [+09 1) а {акр (I )- ==] sin (Кб а), (3.245) 
„Вк у ` о? ko? ko” 


Q, = – Po 





3) + ко-Е] сов (k6—a), (B.24c) 
Qe = п" neii kq?) + ko7*] sin (kô — a). (8.244) 


From (8.24Ь) and (8.: is it is easily checked that — = Q, on C (0 = 1). 


1 OM 
(00 

$. Seotorial Plate Simply Supported along the Radial Edges, Free along the 
Circular Edge and Loaded over a Concentric Sector. The results obtained at the end 
of the previous section enable us to obtam the appropriate solution for a sectorial plate 
having a free circular edge and bounded by the буо simply supported radii 9 = 0, 
0 = В = піт (m an integer 1) when the plate is bent by the transverse pressure 
р = pr^? (8222) distributed over the area of a concentric sector of radius b = о. Ibis 
clear that the deflexion of this plate is the same as that of the entire circular plate when 
‘the latter is subject to the load 


р = por? for 28—08] + 1)8, | iii 
р = — port? for (2j + 1)8<09<02(} +1)8 (j = 0, 1, 2,..., m —1,) 
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+ 


over region 1 defined by 076. This load can be represented by the Fourier reries 
— AMPs а-у’ sin kô 
p= 2% н 21 (4.2) 


where the prime on Xi means that the summation is taken only over positivo odd multiples 
of m. The deflexion of a circular plate having a free edge т = сапа subject to the load 
(4.2) over the area of & concentric circle of radius b<c can be obtamed by putting а = ir, 
А = iin (8.22), (8.23), using (2.4),: (2.2) and applying the principle of superposition. 


Introdueing for convenience the notations 











о, = 04, 0, = ela, e = tlo, q = ble, &' = 8*2, (4.8) 
it is found that the deflexion at any point of the unloaded region is 
„ет уе e^ — _% + (һ?++к*—1)4*% — 1d } 
Us соТ) =Й n+s  n(n—l)(nt+s) nt? 
gin n8 ‚ (4.4) 





1 
te норки waters | 
^ | (+1008) m- Dass 
M 
For the deflexion at any point of the loaded region we have the three foll, wing cases : 


Case (a), Neither 8 nor 3’ is an odd multiple of m. 
> [ # e^ eM 04" n (46-0907 — 1 } 
“1 21р Бр "nts  n(n-l)nas n+? 


оз 2 Bno," sin nô f 
* (n— cs) ~ (n4 1l)(n-5) } | 3 (4.5a) 








+0; " 


Case (b). 8 is on odd multiple of m. 


=" [Ye e^ оз? „тт sis 1 |= 9 
at тр саи) +в вп )(п+8) nts’ SM 








f К { ea? 8n9,* 7^ \ 5 
+ ge^ ( 1 НИ: ТН: 1—4 0 
ix >. ee па l(n—-1(mn-s8) (®+1)(%— 8)  (n?—8)(n*—8”) эл 
es es оз? "E 1 _ 20,7 log 0s | ; | b 
tal s 5+1 8—1 8+1 лаб (on) 


Case (с). 8’ is an odd multiple of m. | 
cud by nt e p tate _ 1 bein nd 














ie mD \ nr 8) "ns  n(n-l)(nes) nts 
d Qs” | 1 Qa" 8no," 7^ : 
4 = осаат 0 
| „зано m-n) ntin) ии) pEr 
1 о? ,2log взу NE" ] 
ads- y Тул ГҮ. sin 36 |. (4.5c) 
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The maximum deflexion occurs at the mid-point of the free circular edge, 
Setting o = 1, 6 = п/2т in (4,4) and substituting for к form (2.8) we get 
Эро" _ У (—1н40-1) a 1) [ qi" q-? ( k )] 
ш = т TIT EE EET. ЕЕ Russen uid 1 4.6 
dd к (бур d (im + рне) ~ jm(jm +s) \jm-1 9 


Asa check on the validity of this formula we shall apply iL to the special case of 
a uniformly loaded quadrant. Putting т = 2, q= 1, s=2, "= 4 and у = 0.3 in 
(4.6) and substituting for D from (2 5) we obtain 


Wma, = 0.691р,с*/Ећ?, 
in agreement with Timoshenko’s result (1940, p. 274). 


Setting а = фп in (8.24), using the Fourier series (4. 2) and applying the principle 
of superposition we arrive at the following expressions for the moments and shears at 
any pomt (т, 6) of the unloaded region: 


M, = Пиры S sin ab о fn- Paes y -E +1) 
2r "on nts’ n(nt+s} 


п-1 ..,, п? +к?-1 a A 0, ? п+к+1 | 
——— T —————— T Mcr EI , 4. 
ng 6 n(nks) 5 б nas n(n +8) E509) 














М, = Sen: uns f at leen nl = ae ) 

















97 n n(n-s) ncs 
n=l . nrkeé-1 _ п-к-1 c 
x :_ |+ Ч — в MI (4.7 
nia? nmts) ^ a n(nt+s) nts’ i 
M, ms (1 ы >. cos MI о" fnil zn Гы 7 + Ша: SED 0477 
т n k (n+8 mn-cs8 + 8 
па + к?—1 E | 04? i |] п 
oec. -——5[, 4.7 
n(n- 8) е fte ъ+8' nt+8 VR 
SEV Pt fü 2 Ж 
Q, = ть У sin nel е ( "P. -®+Г\_ 07 : (4.74) 
aT n к \п+8’ п+8/ nds 
8 z ? = 
GE 2p,mb > cos xj e," ( nq тт) 0, “|. (4.7e) 
nr n K В+’ n+8/ m-s 


On о = 1 it is easily verified that M, = 0, one = Q, ав expected, ‘The value of 


the bending moment М» at the mid-point of the free circular edge is found by putting 
2—9098 P.—8 
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071,0, = 9, о, = 97° and 8 = т[2т in (4. 7b). After some simplification and using 
(2 8) we get 


(Mo) _ 2(1+v)pab" > gee |e th; (4.8) 


p=1, б=ек[%т = LS j јт + в m ns 
jb. 


For a uniformly loaded quadrant (m = 2, q = 1, в = 2, 8 = 4) equation (4.8) 
yields 


` 1+ 1+ 1 
(Mops = — pee oc? [-- LAK log 24 (17 (s- "all (4.9) 
where} S= X (-1)-U[n* = 0.915965. 
1,3,5... 


For v =: 0.3, к= —88/7 the expresslon (4.9) gives 
(Мв) == = 0.1881 рос", 
which agrees with the value mentioned by Timoshenko (1940) at the bottom of p, 274. 


5. Infinite Perforated Plate Subject to a General Line Loading along a Circle, 
We now consider the transverse flexure of an infinitely Jarge thin elastic plate in the 
я plane with an outer free edge and an inner free circular boundary С, with centre О 
and radius c. We assume that the plate is in equilibrium under the load (3.1) distributed 
along the boundary Г of a circle with centre # = ci, = тое (10) 2» 1) and radius 
Ь< т, о. [See Fig. 1, р. 109 of Bassal: (1958b)]. Here also the four complex potentials 
are taken in the forms (8.9), where ®,(c) and W,(c) satisfy the boundary condition 
defined by (8.11) and (8.12). Assum’ng that s = ct where { is any pomt outside y, 








following the usual procedure of multiplying (8.11) ‘and its conjugate by = = and 
T om 
integrating around y we get, apart from constant terms 
esc f (c) 
msc cep | (6:10) 
1 (ес?) la, 
T, (0) =- = JE — zo. . 
о (9 Л v de po (t) (5.15) 


It must be noticed that Ње coefficients of ¢ and £^! in the expansions of Ф ({) and 
V (X), respectively, must be taken as real, This follows from the following remarks: 
(1) the terms ?А, in Ф, (9 and 14,57! in V, (0 (A, and A, real) do not affect the condition 
(8.11) for а free boundary, (2) the first term has no contribution to w while the second 





+ Зее example Б, p. 526 of Bromwich (1942) for the sum of this series. A wong value (13/82) was used 
hy Timoshenko (1940), p. 172. It seeme that Timoshenko confused this series with 


X (-190-0[n? = 5/38 (ev 2, р. 384 of Bromwich, 1043), 
1,8,5, -. 





THE ANALYSIS OF NORMALLY LOADED THIN ISOTROPIC PLATES ЕТС. 119 


a 
term leads to the term icA,log§ in x,(t) and therefore contributes a multiple-valued 
term to the deflexion which must ba a single-valued function. 


Substituting from (8.12) in (5.1), evaluating the integrals and leaving out the 
imaginary parts of the coefficients of ©, £^! in Ф, ($, VV, (5), respectively we find 


Bo Р {®— пыр; (8) - (Ф t Re 04,75] 6, (5.22) 








Ф, (0) = - 9 [s (1+7 к m i 2 к ($) (1+) Re (At) |: (5.25) 


where the same notations (8.15) are used. With these values introduced ia (3.9), the 
complete solution of the problem under consideration is given by 





9 (а) = т [^ fu- acy, \ (2) avt Re (4,79) +F (Z)] +6, (5.84) 
y (a) -A s Eme Cm = tat ($) - 220, д) Re (t, 9 + GU) |. 6.80 


where F(Z) and G(Z) are the same functions defined by (8.17) and (8.18). It can be 
ЭМ po 
TOe 


verified that these functions satisfy the boundary conditions M, = 0, Q,— =0 on 


7 


т = 0 and as T—> co. 


It was shown! (Bassali, 1957c, 1958b) that the functions 9, y which solve the 
problem of an infinitely large plate containing a free circular hole and subject to the normal 
system of forces №, at the points Z, (8 = 1,2,...,m) are 


e(z) = mp2 улы (« log u,—log = ge (5.4a) 
y (=) = — ED S х (« log и, log". 2) 1 {a о? ~1)v, log re 
=i А 


tellt) dog et, 64) 


where the notations (8.20) aro adopted, Adding (5.8a) to (5,42) and (5.30) to (5.45) we 
obtain the solution appropriate to an infinite plate with a free circular hole when the 
plate is supported at any number of points and is subject to the load (8.1) along the 
boundary of a circle, 


+ Only the real part of the coefficient of $“! in the expansion of the function Y (©) given by equatron 
(9.29), р. 748 of Bassali (1987c) should be taken, 
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6. Half-plane Normally Loaded along the Circumference of a Circle, The ý 
solution (8.16) established for a circular plate with free edge and subject to the pressure 
(3.1) along Г may be written as 





ole) = 20000) ela), ole) = — 52 GU) +808), (6.1) 
where ' сей 
= k 
NX fu kb ИТ 
Pola) Е ED {2 (+1) (02—50) } ( C* — ва ) о, (6.20) 
i = " 

А f s. | à (0* — 2,8) c*kZ kb?c* bz 

Yala) = 2L ЗЕ: р a(c?— ая) cro (= zm ) (8.20) 


We now consider bow these functions change under change of origin from the centre О 
of the plate to the point O'(s = —c), Assuming that 2’ denotes the complex variable of 
any point of the circular plate referred to O’ as origin we have 2 = 2'— 0, 2, = 8, —c 80 
that Z = s—2,, F(Z) and G(Z) remain unchanged and the new functions become 


= 5р2) +Ф,(2' — c), (6.3a) 
8b 5 , 
№ = E S (Z) +. (2'—с) — сф o(2! — c), (6.35) 


where in ¢,(2’—c), oy (4^ — c) and (s' — с) we put 2, — c, 2,/ — c instead of 2,, Za, respectively 
whenever they occur. Proceeding to the limit as c tends to infinity we get the following 
result3 for the half-plane with free edges when the plate 1s acted upon by the normal 
loading (8.1) along Г 





ne S [E (xe gh, 8) (- 2) «ree. 640 
yore -I (+) (В) наар вы 


where s = 2 4+ iy ів now the complex variable of any point in the half-plane 2 2> 0 referred 
to the new origin on the straight edge which is chosen as the y-axis, 2, is the centre of 


T referred to the same origin, Z = 7—2, Z’=4+4, and the functions F(Z), G(Z) are 
given by (8.17), (8.18), respectively. [See Fig. 8, p. 280 of Bassali (1958а)]. It is verified 
that the same functions (6.4) are arrived at by changing the origin in the results of section 
5 to the point ғ = c and then letting с tend to oo. The moments and shoars at any 
point of the half-plane may be computed by applying the well-known formulae 


Mgt Му = —8р(1 +») Re $'(2), j 7 
Mz~M,+2iM,, = —4D(1—») [2 v" (в) + (#1, | b 


®ә— 10у = —8D s'(z). 
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From (6.4) and (6.5) it 1в checked that М, = 0 on z = 0. 


The solution for a half-plane bent by the system of normal isolated forces N, at the 
points 2, (8 = 1,2,...,m) was obtained (Bassali, 1957, р. 742) as 


(e) = Tp > N,Z,(log Z,- 1 log Z,)4 C. (6.6) 
a=] 
We) = пер D> Nil a(x log 2,06 Zi Het) к-к) Ze log 2. (6.65) 
8—1 


Adding (6.4а) to (6.6a) and (6.46) to (6.6b) we get the functions which solve the 
problem of a half-plane supported at any number of interior or boundary points and 
subject to the load (3.1) along Г. Solution: corresponding to loadings of the type 
р = p,E" сов (%Ө — a)n > 1) distributed over the circular area bounded by Г can be 
deduced by applying the principle of superposition. 
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-ON TOTAL INCLUSION FOR NORLUND METHODS 
OF SUMMABILITY 


By 
В. Е. Внолркз, Easton, Pennsylvania, U.S.A. 


(Communicated by the Editorial Secretary—Received ~November 11, 1959 — Revised June 30, 1960) 


Hardy (1949) has discussed ordinary inclusion for Nórlund matrices and Nórlund-type 
matrices. Debi (1955) and Lorch (1957) have extended some of his results to total 
inclusion, It is the purpose of this paper to continue the investigations started by Debi 
(1955) and Lorch (1957). 


Let (М, р») denote a Nórlund method: i.e., {pa} ів в sequence of real numbers with 
Po > 0, Pn > 0, P, =, Pk, with associated matrix А = (an), where am, = р„./Р+, 
k = п, and ag, = 0 for k> n.. 

Hardy, (1949, p. 57) bas described a regular method of summation, denoted by 


(N, рь), where Pn are as described above, and the associated matrix B = (bax) has the 
property that ba, = рь/Ри, К zz n, bay = 0 for k 2 n. 


Theorem 1. Let {р} be a real positive sequence, with Р, => +оо. Then (№, р») 


t.s. (NÑ, ря) if Png, => р» for almost all п. 
For a definition of the concept of totally stronger (t.8.), see (Basu, 1948.9, p, 447). 


n n 
Let и, = X4,,8,, Un = X быз, Then 
каб k=O 


Un = 2 рь, ГР, = (Pa - 08 1) / Pa - pu85 | Ps, 
-1 n -1 
88 = р, (Р„®„—Р„_ 10-1), Р-, = O and un BA бър (Prts — Py 104-2) 


n 
= Р, (Б.р, —Dnk4+1/Pke41)U4,. Hence A = DB, where 
-0 


dak = Px(bnyk/ Pk — bail uai) with the associated matrix D = (dax). Note that 
lim;..o da = 0, 


^ n -1 n -1 " Я 
5 dak Xbap, (Р, -Р,-,) = 5 рь (py) = X Ong = 1, 
k=0 k=0 kao km0 
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and that das may be written as Pi(ps L/Dk&—Pn-x -1/Prr)/ Pa. For n and К suff- 


ciently. large, Pet: => Pe and: ра-ь2> Ра- -.. Thus. pr Soe аль > О for almost 
all k, and D has finite norm. 'fheiefore D is regular and also totally regular. ‘(For 
conditions for regularity see [(Hardy, 1949, p. 43)]. 

If Pnp ps for a infinite number of values of n, then d, < 0 for an infinite 
number of values of n, and D cannot be totally regular by, Hurwitz (0920), Theorem 2 ог 
(Hardy 1949, p. ж Theorem 10. 


Theorem 2. 1f Pa >0, da > 0, Зи да ==, then (М, qn) t.s. (Ñ, Pn) dff 


Antal Ua = Pn+ilPa for ой all n. 
Theorem 2 is contained in Lorch (1957, p. 163), and thus а proof will be omitted. 


Let 15 denote the Hausdorff summability method with [8/(n--8)]* as generating 


sequence, о, В > 0. Ty i is defined in Hausdorff (1921) and used in Busu (1957). 
Theorem 8. Let {р} be a sequence of positive numbers such that pr > 


(c 1)pi p/(k +0), с > 0, for almost all k. Then (№, pn) t.8. Го, but not conversely. 





Proof. If H = (hay) denotes the Hausdorff matrix г. then ha, = ( nee Vig st 


Lets denote a sequence. Then 


n nu-l 
= > hasr = > һа + den 
1.=0 1=0 . > е 
5-1 
n с "n с 
= hau, +( <2. = ( ун...) + ( у. 
> nc ) No nto /" nic/ | @) nto/" 


Therefore 8n = c7! [(n +c)H,,(s) -nHy_,(8)], n = 0, 1, 2,..., Н, (8) = 0. 














Let un = 5 628,4. Then | 
k=0 
Up = 2 ем [Oc o) Ha (s) —КН-\(8)] 


= 2 c` E(k + с)вль — (k + 1)6 k+] Hels) 
Е = MH, where тик = с (Е t с)ва —(h+1)enmkp]. Note that іо,» отар = 0 


KLI 
and that > Mn, = 1. Also, тль can be wrilten as 
$ =0 








1 { k+c)pe _ (К+1)рь+ } _ ftc, k) 
P, cPy 


where f(c, k) = (k +¢)pp—(k + 1)pasi. 
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By hypothesis f(o,k) => 0 for almost all k. Therefore dwy > 0 for almost all k. Hence 
Dhas finite norm, is regular, and also totally regular by (Hardy, 1949 p. 58), Therem 10. 
п 
To show that the converse does not hold, note that, from un = X върви, 82 = 
5-0 
a 


p» (Раць — P, уш), Ру ш, = 0. Theu 
n —1 
H,,(8) = p (Pug — Py .,uy - ) 


n 
= > Z6 " haa Jue 
k=0 Pk Pk+i 
Therefore H = GE, where 


h h cP n AT(E + c) 
" = Pi( nb _. Sibi) k UE. 
HT Pin) рий но) o 00 





Note that limn+ogny = 0 and that 5 gu = 1. 
k=0 


Since —/(с, k) < 0 for almost all k, G has finite norm and is therefore regular but 
not totally regular. 


Theorem 7 of [Debi, (1055), p. 140] states, ‘Both the methods, the (s. ES 
method and the logarithmic mean method, are stronger than (C, 1) for infinite limits”. 


This theorem is a special case of Theorem 8 with p, = (n -- 1)7!, c = 1, since px (C, 1). 
I quote the following two theorems from Debi (1955). 
Theorem D2. (р. 186) If (N, dn) is a regular Nóriund method with quf, then 
8, Foo, 1) implies 8, + co(N, qa). 
Theorem D4. (p. 187) (М, cosh nt) does not totally include (C, «) for az-1.65. 
Theorem D2 for &,—, l finite is a well-known result. Theorem D£ leaves as an 
open question what happens for 0S«< cosh 1. 
À partial answer is 
Theorem 4. (N, cosh nt)t.e.(C, а) for О<а<1. 
Proof. With 4, = cosh ni, (М, cosh nt) b.s. (0,1) from Theorem D2. Since 
C'5.8.C*, 0<а < 1, (М, cosh nt)t.s. (C, a), 0<<1. 
I conjecture that Theorem 4 is true for 0< а cosh 1. 
DEPARTMENT OF МАТНЕМАТТОВ 
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PROBLEMS OF DEEP-WATER WAVES. PART I. 
THE EXACT AND ASYMPTOTIC SOLUTIONS. 


By 
А. В. бем, Jadavpur, Calcutta 


( Received-April 7, 1960) 
ABSTRAOT ` 


The deep-water wave problem of Cauchy and Poisson is presented in в general three-dimeneional setting 
to include in 16 all possible asymmetric initial surface disturbances of the Terazawa (1916) type. 1% has been 
possible to show that (i) tbe classical exact solutions are particular cases of the generel expressions obtained 
here, (п) the complete asymptotic solution heyond the first order term can be obtained for the case of finitely 
extended disturbances and that, in this case, the second and, presumably, the higher order terms are not given 
by the methods known before. 


INTRODUCTION 


The classical problem of deep-sea water waves generated by time-independent 
natural surface disturbances in three dimensions was discussed by Lamb (1982) for the 
case of symmetry of the wave motion about the origin, and later Terazawa (1916) 
extended his results to include certain types of asymmetry of the motion. The few 
exact solutions obtained by them were all derived for particular space distributions of 
the initial disturbances which again were either concentrated or extended over an infinite 
region but steadily decayed to zero at infinity. No exact solutions of the prodlem have, 
however, been given for arbitrary spatial distributions of the initial surface disturbances 
and, in particular, for the really interesting cases of the disturbances extended over a 
finite zone of the free surface. These solutions are obtained first in this paper. 


The present-day discussions of the problem are mainly concerned, as these always 
have been since the days of Cauchy and Poisson, with finding an asymptotic representa- 
tion of the motion by approximating methods of which the Stokes-Kelvin method of 
stationary phase has now been adopted by the modern writers such as Lamb (1982), 
Sneddon (1951) and Stoker (1957) as the basis of their discussions of this problem, All 
the current approximating methods have, however, the limitations: (a) in some cases, 
these are unable to give the terms of the second and higher orders of smallness, this 
remark applying, as shown here, specifically to the second order terms obtained by 
Hayasi (1989) on the method of stationary phase and by Wiedenbauer (1934) on the 
saddle-point method in their asymptotic solutions of the problem fcr the particular cases 
of «n initial cylindrical surface impulse and а similar elevation respectively; (8) their 
applications to the general problem with arbitrary laws of surface disturbences remain 
to be justified in full. In this paper, a method is given for finding the compiets 
asymptotic development of the wave integral for arbitrary laws of finitely extended 
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disturbances. Те first order term of this expansion has been found to agree with that 
deduced by the method of stationary phase. ‘The approximate solutions in some 
interesting particular cases are next obtained. . 


PROBLEM 


A heavy inviscid incompressible fluid, at rest ut times t<0, fills the entire semji- 
infinite space #=0, the zy-plane being taken m the undisturbed free surface and the 
g-oxis being drawn vertically upwards. A wave motion is set up by the action of 
time-independent natural disturbances on the surface г = 0 of the fluid at time t= 0. 
Tf ф be the velocity potential of the irrotational motion so generated, we have the equation 
of continuity 

У? =0 ` (2) 
and Bernoulli’s pressure equation 


p 9O?, ? = 
ES. +4 * gz = F(t) 


where p denotes the pressure at (x, у, 2) at time #, о uniform density of the fluid, q the 
speed at (a, y, я) at time $, 9 the acceleration due to gravity and F an arbitrary function 


ofi. This gives, on absorbing F (t) in Ed and assuming small oscillations in which squares 
of the velocities are negligible, 
р => —gz. | | | (2) 


If the surface is subject o a uniform atmospheric pressure ро, the surface elevation 
t at the point (2, y, 0) at time t above the undisturbed surface is, by (2), | 


ec 1 (9 
ie ри (8) 
on absorbing a constant p/e in a, 
The kinematical surface condition gives, to the above degree of approximation, 
a. (m | i 
8t  \Эа/ьы | ч 
Hence 1 
9% 9% , . 1. 1 
о =: 
| өр 935 eu z = 0. (5) 
Tf the time-factor be e(e!++), equation (5) gives 
g?o = go? ong —0. . (6) 
Оё 
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The condition at infinity is 


?—0 as 2 — co. (7) 
For the initial values of the surface disturbances, we assume 
(09).-o = F,(r) cos mO+F,(r) sin m8, (8A) 
i> 
(но = fa(r) eos mO+f,(r) sin m6, (8B) 
i-0 


where (г, 0, 2) are cylindrical co-ordinates and m is zero or а positive integer. The problem 
18 to find a solution o(r, 6, а, t) which satisfies the equations (1), (6), (7) and (84) and (8B) 
and 4 is then obtained by (8). 

SOLUTION 


A typical solution of (1), which is finite at origin and which satisfies the equations 
(8) and (7). is 


9 = JA (kr)eE [cos с А, cos m8 + A, sin mb) + sin (В, cos m0 + B, sin m6)] (8) 
where с? = gh (10) 
and A,=A,(k, т), B,=B,(k, m), 8 = 1,2 are independent of r, 6, z. 


In our case, the wave number К varies from 0 to co, and the actual motion is the 


result of the superposition of the waves of all possible wave-lengths 2r/k. 


Therefore, 
generally, 


о 
Ф = [ Ja (kr)e[ cos ot(A, cos тд + A, sin m6) + sin ot (B, cos mO + В, віп m6)]dk (11) 
о 


and from (8), 


t= ; [cd g(t), - sin ot (A, вов т + A, sin m8) + cos ct(B, cos m0 + B, sin m6)]dk (12) 
б 


Introducing (84) and (8B) in (11) and (12), we have 


Fs) =e [ Imika)A АК, (18) 
0 
cd 
fale) = 1 | оч] (ka) Bud (14) 
s=1,2. 


Assuming that the functions F,(«) and fala) possess Hankel transforms of order m, we 
ubtain (Titchmarsh, 1987) 


Ate = j Рая (15) 
e 0 
ВАК, m) = É / МОТО 7 (16) 
0 
8 — 1,2. 
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Therefore, the general solutions of 2 and {in the present problem are given by 


ф = 9, cos mÓ + 9, вт тб (17 
C= €, cos m8 - C, ein m8 (18) 
lf'fg 1 
where Ф, = — f Ё, сов ol 4- 2f, sin о „дома (19) 
e 0 5) T 
C= f zs sin ot f, cos еы „зат, | (20) 
Я 90 
в = 1,2, 


с is given by (10), and F,z F,(I, m) and ў, ЕЁ, m) ате the Hankel transforms of order m 
of ihe functions F,(«) and fila), given by the integrals on Ње right-hand sides of (15) 
and (16) respect;vely. With the sufficient restrictions (Titchmarsh, 1987) on F,(x) and 
f(x) which validate the inversions as performed in (15) and (10), the integrals in (19) 
converge uniformly for 2-0 #20 andr>r,>0. И Falk) = 0(k-1-?) m0, ав k> 
{Вел 9/8t of these integrals can be taken under the integral sign and the integrals in (20) 
converge uniformly for £20 and r>r,>0. In these cases, as also in some others (e.g. 
the classical example of concentrated disturbances) where the restrictions referred io 
above cannot be met but the results of (15) and (18) remain true, it is possible to obtain 
the surface values by retaining e" in the $- and (integrals and passing to the limit 
40—. We may then take у 


(„= hm f (-z5. sin ot ^j, cos ot) kIm(kr)obdk. (204) 
ge 


+0- 
4 0 


This limiting process is easily justified for concentrated disturbances from a study 
of the corresponding integrals (Stoker, 1957) or of the exact solutions as shown 
later on for disturbances on a finite area of the free surface. 


The expressions (17) — (204) include, as their particular cases, all the general 
integral solutions of the problem obtained before. For m = 0, Р, (т) or f,(r) = 0, the 
expressions reduce to Lamb’s solutions [Lamb, 1982] for symmetrical wave 
motion about the origin. Гог F,(r) = 0, f,(r) = 0, Е,(т) or f,(7) = 0, the expressions 
agree with Ternzawa's solutions [Terazawa, 1916, equations (12), (18), (66) and (67)]. 


EXACT EVALUATION OF THE VELOCITY POTENTIAL AND THE WAVE INTEGRALS. 


Expanding cos сі and sin сї in powers of ot, and interchanging the orders of sum- 
mation and k integration, which is clearly permissible, we get, from (19), 








1 $ (ое) р aj ь 5 goes | j 
„== — 1)” къыр a kr dk + — 1)” к" Jan k ЗЕ 9 
dig aa А ын © P" d Es UP sut 


n-»90 
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Introducing Hansen’s integral for Bessel’s Coefficients (Zahnke-Emde, 1945, viii (8a)) 


1тє[{2 
Ff e ta 





jf 6-1 сов) сов midi) 


т 0 


and interchanging the orders of k- and ка: we have 





[лечу (етее = SE | соз туву 27, oe kP.k)e-**ews-ngk, (99) 
T 
0 


Assuming that (i) the functions Fay have derivatives of all orders in 0< k < c9, 
(it) lim [kF,(k)]® (i.e. the jtt derivative of kF,(k) w.r.t.k) exist fur all j and (iii) the j-series 
k-+0-+ 
is convergent for т >> ть > 0, we get, by successive integration by parts, 
- к (Е io 
АВ, =h (r сов у sdk 2 [AF (0) Јов 98 
| К T TE (29) 
and hence, from (22), 


| едд = emi? > [ХВ,( (lisse y | . cos mjdy _ (04) 


(ir cosy — gren v 
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Using some properties and an integral representation of the associated Legendre 


functions Р(х) on the real axis in (0, 1) together with a Gamma-function result [ Erdélyi, 
1958, 8'4(7, 17), 3°7(14), 1'2(4)], we find 





m 
cos madii imz}? T(n E П -m+ 1) Papl’) : 5 
f (тоовф я) "6 Dajt Feran "H= = 0, 1, 8,... 
r "M 
= qo ima[2 (n t j* m1) Pus (2) n-j«m-1,9,8,... 





T(n *tjel) (ат) > 


ИА & 
ias SEDE (25) 
Hence, from (24), 
а ntjem-I1 ; 1 
Е Г(п+ј+ т +1) рух, 0) Psy) 
4+1 Lr — ект Е НЫ 
| ү» Рите dk 2 Tl ЕР Zo4. Ga yor DR 
= 
Я т 
туп Ln j-m-1) 1 Patla’) 
+ > (=1)" ^ T6431 . [HF (I) mo (Fa) oF mou 
КоА (264) 
_\оГ+]+1) ruga Prty(2’) = 
"A Ten [KF (I) ] o4. (ва + т°ут ++ qvo ed 


The corresponding values of [refed amena. 
0 


are obtained, under similar restrictions, on replacing F, by f, in (26А & B). 
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Using these, we from (21) 





чы" y D(n 4] x m 4 1) (gi?)^ p? 
> 3c» T(2n + 9)P(j- 1) (2? +r) OHD ` s) х 
= (1) 0) 
{Qn +1), Т), о + egt КЩ о} (27) 
(A) | Ж . 
where XX means: (i) for mæl, the sum of the serios X X and 33 
2 п=0 ;—0 n] 
Tem 


(it) for m=0, the series $ 5 я 


n-0 7-0 
and the ambiguity of sign in the series in case (i) is removed by taking the od Tower en in 


first . Й | = 


the of these two series. 
second 





The double series obtained above are absolutely convergent and uniformly so for all 
т, 2, t excluding a neighbourhood of the point (т = 0, s = 0) which is the centre of the 
disturbances, 


By (8), we have now à 





$m 
19 о gt à yn 1 Ps (0) 
eu >DE I'(2n)I'(j - 1) T [krk ], 20+ E ы 
«Gaps Scar Tec En ED (ot уно DI бё 
в 1 IQn-c1DPQ-c-1N т сЕ маг 2 2 
Ts в+)=т 1 uh 
where XX means; () for m>2, the sum of the seios 5 X and XX 
i n-1]70 "E ny 
n+j=m 


(0) for m = 0, 1, the series $ $ ; 


n=] j=0 


the actual sign in the series in case (i) being decided in the same way аз before. 


' For the case of symmetry about the origin, m = 0. In this case, the solutions are 





SOINS qu _ Petit) (gt*)" 
pense 295 & д. Геи +®Г + (P ктеу нов Pele) x 
= 0) (1) - ` 
(2n +1) [RF (К) Пао + ogt [Ef (E) о. (29) 
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> E _ ү» Г@+]+1)/ gt? NE EY 
= и У "етуш 2 у гига) (0) ао О) mem 


n=] }=0 
` -1)" _Г@+]+1) _ gt j P, ‚ 0) 
22 1) mia ( 8 ү [Kf (i ne кс ; (30) 


For the case m = 1, we have 


1 Р, Xa) 
(9)m—1 = e (+7) 


INN an LED (gi) ae 
22 i Fs + GH) (t eye ent a" 


z (LAP ACR) )]io4- egt [kfs(E) ]n=04-4 


(r+ DREK hee ер di eek 1) 


(eei 5 AO t К). 2 [Af ( ль 


1! 
© o n 1 
e о, Tnt) (8) Py. (©) 
а ДУ Пн ЕГ ЕПА в * 
n=] 50 E 


(априор ГАО}. (32) 








SPEOIAL CONFIGURATIONS OF THE INITIAL SURFACE DISTURBANOES 


The general expressions (27) and (28) include, as their particular cases, all the exact 
solutions of the problem obtained so far for different spatial distributions of the initial 
surface disturbances. Some of the classical solutions will now be obtained from (27) 
and (28) and the exact solutions, unknown hitherto, of the problem of finitely extended 
symmetrical disturbances will be deduced next in some simple cases of interest. 


Concentrated disturbances :Lamb’s solutions, (о) Initial clevation without initial 
: y 
velocity. Let т = 0, Е, (т) = 0, fi(r) = =~ &7), 
2кт 


where V = total volume of the fluid displaced and 8(r) 1s Dirac’s delta function. 


; y 
AW) = == 
{ 
G) ү . > 
апа Е] ко = =: isl 
T 
= 0, il. 


4—2028 P. 


134 А. В. ВЕМ 


Equations (29) and (80) give 


a _ Vat ©, n Ги +2) (gt*)" _ 2 
= (һе = 207 >. 1) Pan (7 arre tai] (83) 





TOn +9) (274r ODR "H 


a 


bes mu У" POER (97 Y p, am 








= (8м +1) \ т 
T = {qs 1.8.5 . (2n +1) 84 
Pansa (0) = 0, Pansa(0) = (71) 2.4.0 (2n+2)’ Ge) 
we have 
tes y [2. gt? -E2 gt? y+ 12975* (t )-..] (35) 
2ar 12! т 0! T 10! T - 


(8) Initial impulse without initial elevation, 
Po. 

Let m= 0, fne Fi(r)= —è(r), 
Әл? 


where Р = total initial impulse upon the surface and $(г) is, ns before, Dirac’s delta 


function. 
We have then from (29) and (30) 








a ep Uu (Sa) 36 
P= (Фи nA ) Incl) (ота "PT (ая (29) 
Pt [ Ба у 12 8°. p? (E y ] 
= —— — —— — t en = —... 37) 
$ Qrer? з 51 т el т К. 
The equations (88), (85), (36) and (87) are the well-known solutions obtained by 
Lamb [1982, 255(18, 20, 84)] for concentrated init'al surface disturbances. " 


Extended disturbances decaying steadily to zero at infinity : Terazawa's solutions. 
Terazawa (1916) examined the cases | 


à лы = É; 40 = Р) = Ру) = 0, 


А а 
“булур Ери! РИ =0 от 0, 


G Рф = S, t0 = = Рут) = 0, 


__ A Ab, 
нЕ, (pra phy? 





Һе) 20 for m = 0, 
all of which extend over the whole free surface though they decay steadily to zero at 
infinity. The solulions for all these cases may be easily deduced from the equations 


DM 
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8 
(27) and (28). We deduce here only the solution for the first law of disturbances in (i). 
Here 


A 
fk) = т 
t 
D . 
[Rf] = A, | =O 
=0, j#0. 
Thorefore, the equations (17) and (18) give, by (27) and (28), 


ф = ф cos mé 





(38) 
t = ü cos т ) 
т-—1 = = 
Ti +т +1) angi Га 7 зря 
h —1)° gm + 
where p 5 Tent 9 "eem 
m ч һ L (nm +1) ntl panei PR =: = 2}; 
"I -1) Lá t А 
+(—1) > ) Г@п +9) 7 Cem ) | oe 
mal 
АГУ (Lips ть ( 98 Үр. 
2 [Хе атт! (E Jero 
ў 71у» X _4\n T(n-—m-*1) gt? е т 


which agree with Teruzawa’s rosults (1916, equations 24, 25) if we note that the definition 
of P&(z}, for т 2 0, used by Terazaws differ by a factor (—1) from thal used here 
[Erdélyi, 1958, 3.6 (6, 10)] and also that z-axis is drawn there downwards. 

Initial disturbances on a finite zone ot the free surface. (о) Puraboloidal Impulse. 





Letm=0, fir) =0, Fe 25 (9-м), amr 


(41) 
= 0, a<r ) | 
во that P is the total impulse оп tho surface. 
Я _ АР. (Һа) 
Рф) = =. =. m 
And Тағ Юр = 0, } = 2l 
ту al 
_ (71) 4P a” Г(1+9) saini 





© лаз Т( +В) (0+1) 
where l = zero or any positive integer. 
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‚ Therefore, from (29) and (80), the velocity potential and the surface elevation ` 
corresponding to the disturbances (41) are 








Ф = ар (- 09" T(2j +n +2) " 
8те е 9*7**[' (2n 4- 1) (j - B)T'(j +1) 
а (а) 8 
(a? +r) яз) Р, (s cim) (42) 
4P со, „© Г(д} ++ 2) gt? n 2j 
E: — 1)%% т e. ( ge ( 2) 
Ў дет" 2 2 (7D? чиязгап)Г{ ВГ 1) V 7 ) (2) Ранно, 


both valid for r > а at t = 0. From the list one, using (84), 


4р XN. {Tln +9) + 3)? 
рр (7D вно) 8)0 тн) 


(5) (5. 


Using Legendre's duplication formula of Gamma functions [Erdélyi, 1958, 1.2(15)] 











| ТА ‚ 
wog Стој) = $777 гоі Р (Doe je 2p, 
21+1 j 
= [Units (2 | (S 
and 80 т т 95 2t T(4n+ 2) (+ 8) 4-1) F ) а ) . (4834) 
NM, n Eter (ме mi ( Ver “) | 
= УС 1) TES r ) P nts, nta B-r ‚>а, (48В) 


where F denotes the hypergcometric series. | 

By using a relation between contiguous hypergeometric series (Ryshik-Gradstein 1957, 
7°287(15)) and the expression for torus function р" (cosh n) in terms of the hypergeometric 
series (Ryshik-Gradstein 1957, 6'872(1)), we TR 


C= Peat | 2, (n= mea (un) [mx )- аре) 


т> а. (480) . 








(8) Ellipsoidal elevation and impulse. (i) Impulse 


Let m = 0, hin = 0, Е, (т) == BP (аат), a> T 
27a (44) 
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so that P is the total initial impulse on the surface. 


D BP 
Fk) = DERE ——— (sin Ка— Ка cos ka). 
oP E A 
А Е, ( = z 
nd [АР IAM (—1)! ав’ Í +1 
= 0 | j = 21 
where 1 = zero or any positive integer. 


It follows from (29) and (30) that the velocity potential and the surface elóvalion 
corresponding to the disturbances (44) are 


: Г(п +2) +9) (ga ( 2 ) 
= 1) ; „++ — rm 
T 2s > Si-a Гј +2) (9) +3) (2+1) (22 +r?) 2+0) Perd (23 т) 


ne j= 





(45) 





BE PP ECOL 


both of which ‘are valid for т> аа? = 0, Using (84) and Legendre’s duplication 
formula for Gamma functions, we find 





ES Mr Mn Heg 24% Via? ү 
т дав Е girL 22 "an +04 ЮГ@ aC ) (5 ) , (464) 
= 2g0 чт fr + 3r" а a? 
т тше, (RE J^ 5 Г(4п +2) (2+3, "+$ $, 2) @ > а). (46В) 


(ii) ек 


Let т = 0, F,(r) = 0, fir) = —— Ў (a ÉD, аёт | 
2та 


| (47) 
= 0 a<r 


so that V represents the total volume of fluid initially displaced. Proceeding as 
in (i), we obtain, by (29) and (80), the following expressions for the velocity potential 
and the surface elevation : | 





Рин (- eto) 
Lour “On 22, 1) Г(2п +92) (2) + 2)(2j +8) TOTO ину (ая Frj (48) 
= .8V У S т\т п ++ )} ае D 
= 4002 Ly 2 1) I'(4n-8)I'(j--8)I'(j4 1) IV» (494) 
= FS BOE LY аа) By жыз | 
Е с 50-0 Г(4п +3) n3, n+, 8, 25 r>a: (49B) 


all of which are true forr >a att = 0. 
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(y) Cylindricai or constant impulse, 


Let т = 0, fi(r) = 0, Р (0) = —, <a ! 
| (50) 


= 0, r>a 


so that P represents the total mitial impulse on the surface. 





Py 
; Ри) = — а). 
p ш) (—1)'Pa® 121+ 2) 
And КР, (К) ило = a . = +1 
iia . [КЕ], жт” ГОГИ | 
=0 ‚ ]= 2 
where 1 = 0 ог any positive integer. 


Equations (29) and (30) now give the velocity potential and the surface elevation 
corresponding to the disturbance (50): 


aj D(n +2) + 2) (gt?)"a” (- z ) s: 
010 (= 1)” ; 
? PSS аө г Г ADEI eiro manl Gay ayy ) OV 


olo 10 


| Р > < + T(n + 2j +2) ( gt? ye y 
EX шшс са ex zl P 
mgotr* > 27" Qsa)rTG-10g42)NV r А "vt (0) | 


which are valid only for т> а att = 0. Using (84) and Legendre’s duplication formula 








for Gamma functions, we get 





Б Е 22% FR Ty 2\ г D ( ) 
mE y Drop (uy = à à z) Е 
оше T4n+2) \ т В\п+з п+8, 2,5), r>a (52B) 


By using a relation between contiguous hypergeometric functions [ Ryshik-Gradstein 


1957, 7°237(17)] and tho expression for the torus function D (cosh) in terms of the 


hypergeometric Ld we have, for r > a, 
! 
Гуз +4) Qgt? yr Pee +a? )- D T? Һа? ] RO 
Ug salva —а*) ы 4n. 2A (7% —а?)і + ат а * ат ) e 
‘It may be noted that'if the radius a of the circle of initial disturbances tends to zero, 
all the potential expressions (42), (45), (41) and (51) reduce to the classical solutions 
(88) or (86) for the velocity potential of the motion due to a concentrated initial impuloe 


or elevation, The same happens with the surface elevation expressions (48A & B), 
(46), (49) and (52) which reduce to the expressions (35) or (87) according as the case 


1 
" 








18 one of elevation or of impulse. 
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АВУМРТОТ О EXPANSION OF THE WAVE INTEGRAL 


In this section, it is proposed to obtain a general method of finding the complete 
asymptotic expansion of the wave integral, in a certain range of large values of г and t, 


for arbitrary distributions of finitely extended symmetrical initial surface disturbances. 
Only the first term of this expansion has been obtained before for the goneral 


‚ Sleyation case [Sneddon (1951)]: and for the impulse distribution (50) 
| [Hayasi, (1989)] by the application of the method of stationary-phase and for thé elevation 
distribution similar to (50) [Wiedenbauer (1934)] by the saddle-point method, The 
asymptotic development obtained here will be used to ascertain the solutions of the 
finitely extended disturbances defined in (41), (44), (47) and its analogous elevation 
distribution, In this connection, it will be shown that the second term (sometimes the 
most important term) of the expansion is not wholly contributed by the point of svationary 
phase nor 18 it given by the saddle poinl method, contrary to the conjectures of Hayasi‘and’ 
Wiedenbauer in their particular problems. Lastly, we remark that the process used may 
be extended to include the cases of asymmetry of the Terazawa type, but this will be 
reported in future works. 


Putting т = 0 ір (18) and (204), we have 


C= (6) = lim f (-2F, sin ct +f, cos ot) kl (neto dk (58) 
| 130— 0 go E . { ao 
where Fk) = f aF (a)Jo(ka)da 


0 


&0) = f «f rends, 


0 
a; and a, being the radii of the circles over which the initial impulse F,(r) and the initial 
elevation f,(r) were present. 


(a) Considering first the.impulse component t; of ¢ in (58), we have 
7 | a © 
— got; = lim Í °Рь)й« f ko sin ot ек Ј (Ка) (т) (54) 
srl. о. 0! 


on interchanging the orders of «- and k-integrations. 
Ву Neumann’s addition theorem for Bessel functions, 


Лт) о) = 1 f giad f 46 ] гов (kA sin o)de 
"p E rg 0 
where А = (a? +72 —2or cos 6). M (55) 
Therefore, by (54), i 
р — п? 00, = lim f aF, (ads | a f ae f ko cog (kÀ sin 9) sin et вк: ак. . (56) 
7 | diio: 0 0 0 





140 А. В. SEN 


Expanding Sin ct in powers of ot, we get 


»i1;2n41 
gt! 


the k-integral — $c 1)" блк 





T 
a k"™42eh8 сов (КА sin 9 dk, 
п=0 


on interchanging the orders of summation and suce fion: 


grt? 20-1 
Then, this integral = dG 1) TD че nee) cos [2+3 фа 


(2n +1) 1 (2* + A?sin*g) +2 


which, on making #->0—, becomes 


1 < (2n +8)! 
em = —1(94)2n72 MP T o7? 
ТАЗ sin? 2 dco АЫ rure Ty, 


gt? 
2d sın 9” 


where o= 





Introducing the funetions L(w) and M(w) by the series 


Lo) = урей ын 





= (4n+1)! 
= m" 029+ 292-19 + 1) 1 Н 
Mire 2 9 Un +3)1 | 


во that [Ryshik-Gradstein, 1957, 0233(2,8)] 
1 ° du ; ° qu 
ae = 2 [ o f u w f . wu d ] 
(w) z cos 5 А ccs 3 T sin D | ain gw 


(ть сов so(2)+ sin > s(2)] 


5 o 
+ d u d 
w w u u А и 
апа М (w) = [sm 5 [ сов = —- — cos = [ sin = —- | 
24 34 т 





2 9 ut ut 


(so) [sim ® о) оса z(2)] 


where C(x) and S(x) denote F'resnel's integrals defined by 


" | ыш dt, 


| 


[C(z), S(z)] = (2 2r) 


we find the series on the r.h.s, of (57) = &[8М (о) + бо) + o*11 — Mtwjl] 
From (56) now, 





пд = Pada 48 JE: as м )+ fl- М( о 


(ә) 


Qu) 


(57) 


(58) 


(59) 


(61) 


(62) 
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In the approximations that follow, the range of large values of т and t is defined by 
the conditions : 


T1f4- у 1 1, um agb (63) 


dr? 


Then o2» 1. Using the asymptotic expansions of Fresnel’s integrals [Erdélyi, 1958, 
9.10(8,9)], we find those ot the functions Г, and М to be 











Що) = бы (si 5 +008 2-- 128 fas } | 
Р (64) 
M(w) 5 eer (sin — сов 2e +i- ы p 9 | 


‘Inserting these in (62), we next propose to retain, in (у, up to the terms of the second 


order of smaliness as indicated by (63). The first term within the bracket in (62) can 
then be neglected, since it contributes a term О(т- 9 to & (vide 186 term of (74). 


| 


Putting Г (65) 


we have then 


the 9-integral of (62) essay | - 22 {sia С) (с Nar 
о sin he sin sin 9 
zoom Г е) Gt 
+ à (2p) ET cor ane sin (68) 
12 d 
E oue f р i [sin (= )+cos( + -)} 
о sing sin 9 
d d | 
eve rt.) Gt 
+= (р) | sin%/4 E) ый | 


= ei^ f- oosht sin (u cosht) + cos (y cosh t)]dt 
0 




















* піл) f cosh (cos(p cosh t) — sin (д cosh #)} 44 
0 


= anu? | [3cosh t + cosh 8¢].[J4(u cosh t) + 7-4 (м cosh 1) ]dt 
0 


cape f [$+ 2.eosh 2t +4 cosh 4t] [ум cosh t) — J (р cosh t) dt. 
0 


Б —2088 P. 
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Using the result [Erdélyi, (1953), 7°14'2(65)] 


f ла cosh $) cosh (2 —8)idt = — А [J.(a) Ув(2) + J p(a)Y,(z)], # > 0, (87) 
0 : 


we have 
the y-integral of.(62)& — т u [37Ү -4 +J Y JY ++ ЈУ 
+0 ЧУ ЛУЛУ 
— GA В У: ЛУНУ Ур 47J Yu] 
C ЖУ €J Ур -J3Y 1—J 1Ygj], (68) 
»/2 being the argument of all the Bessel's and Neumann's functions written above. 
Using the asymptotic expansions of J,(a) and Y,(z) for large values of a [Erdélyi, (1958), 


718:1(8,4)] and retaining only those terms in the asymptotic development of the r.h.s, 
of (68) which contribute up to the second order terms in (+, we find 


the 9-integral of (62) & 12.23 p cos и — ер “(в sing + 130088 ). 
ГА 


Consequently, | 
| кї? > .gP gt® 11 дг } 
the 6-integralof (62) ~ osh | S Y Bin Fra а TA (89) 


Expanding А-!, A~*, A-* in powers of r-! and retaining only those ter n3 in the 
asymptotic expansion of (69) which contribute up to the second order terms in t, we 
get 


. zgÜü[ gt? 4a „Гоу. a 301? 
the£-intogralot (62)— 727 | Es ( (L+ cos6)f sin TA + = 0089 + 165 (1+8 cos26) x 


[г эре + 41 А ГАР (1+ е] 

cos] е 1 = cond аб + JA Í сов n (1+ 2 cose 

СО рн] 
98/3 м T "i и 4r вт С 47) 965 т) КЕ 


11 че gt? ] 
E of АЛИ лы 
+ | 455 /%98 Ч 











The relation (62) therefore becomes 


if gt p (agi V. gt® ү dagt* | / agb? 
t ~~ gag / Faia] E I(E Yain 9 „ P») 


2 214 13 12 11 Р? 2 
^ie АА) Joos е] ш 
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Expressing the different integrals in terms of F ( ge ) and its derivates в, ( да ) 
ri. 


3 
and P/( a) by the help of the recurrence ielations between Bessel’s functions and 


their derivates, we get finally, 


2 a SEES 
um РО 25 sin E e [ur ( 4 ) s 2 p, (45) 


47? Ar бот 








gi Р a) t -3) 
+ а сов 2— E - 4 O(r (71) 


under the restrictions (68). 


(b) Proceeding with the elevaticn component t, of { in (53) in the same way, we 
have, corresponding to (56) 


nt, = lim [ «f, (oda | aof def k сов ote cos (KA sin ọ)dk. (72) 
Ert о ^0 0 
And 
(2n+1)! 
atl an ( 
lim (the k-integral of (72)) = ушу 2, (- 1)**7(2w) e 


5 Е віп? Хз [8 ео 


Corresponding to (62), we have now 





ml, = if ај, (а м М), A [8M (o) + oL(w) -2]. (78) 


Retaming, in &, only up to tho terms of the second order of smallness in the scale 
of (08), we get, in the same way as before, 


the 9-integral of (79) = ти [2,4 Y} -J .4Y 4) + У 4 J 4Ys - J4Y 4 7 J .1Y4] 


= ти лета 


+ ТУ + ЗУ ЛУ 1+ ТЕН] (74) 


p/2 being the argument of all the Bessel’s and Neumann's functions written above, 
Using the asymptotic expansions of J,{z) end Y,(z) for large values of 2, we have, to the 
abcve degree of approximation, 
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the 9-intepral of (78) яә 3.2% sin p+ 2.2tnp cos n — „97 








22i BID р 
Consequently, 
PESE х [def gi? 8 ) 
the 6-integral of (78) = p E: я созд + 9 82А 
[cost £ gt "(12 Е cost] - 727 (1 + Beos26) вла) gt x 
x И 4т 





а 9s |” { и а е)) аө 
(1+ Z cos0)}] + Z3p | sın dT 1+ E COE 
| mgt? (+, ) qt? [-3 (385 )- е чел ( agt )-9 (ur Ji gt? ] 
= ir [^ “Tay ae Ae re EE ae ELT sin us 


Br? agt? ) gt? 
Ир. z( 4g ane i 














from (73), we have 


gt {82 ure 8r у a) 
bs = sf (dal J (GL Jes dr Ar Иан) 990 (S 
bc ce e] 
+ 185 Js 4r? + 4r! oF 4r 
and, аз before, finally 


EAE et oh ol) Su ie e] 
$= dA ( 95 ов 92: + gph * + 4n J^ дт f. T joi 4 








4r? r 
+ 0(77°) (75) 
under the restrictions (68) where a, now replaces а; 
The resulting surface elevation is now, by (58), 
= Gt. (76) 


The first term of (75) without the third restriction of (63) agrees with that obtained 
by Sneddon (1951) [82°6(89)] for a general initial surface elevation without 
initial impulse on the assumption of Stokes-Kelvin method of stationary phase. 
It can be shown that the first term of (71) without the third restriction of (68) is also 
the same as what may be obtained by applying the stationary phase hypothesis to the 
exact integral for 5. 


PARTICULAR CASES 


"y 
In the following, # = Gary andr = 2, 


(77) 


& 
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(a) Paraboloidal Impulse (41). In this case, 
4P J,(ka) 


та? 5 k? 





FQ) = 
The equation (71), therefore, gives 


TONNES da a "T Ре ГУ _ n n ] a es 
{= giang l ) ап (rt?) + nans [2 p 8J (72) +d (17) сов (т t7) - O(77?) 
(78) 
under the restrictions (63): 
ri, гр. (79) 
(b) Ellipsoidal Elevation (47). Here 
г 8V sin ka—ak cos ka 
fX) = 27, пола ah 008 he 
From eqn, (75), therefore, 
fete L ( sin t^? 
ira tr va 


3.217 (2 1 6 ) sin i^ È 1 1 ) "ENT i 
pue pe eu sue e r a 3 
казр Wier a) 5$ тёз а 1998 t Jin (rt?) + 0(77) (£0) 





— 608 e) cos (r'i?) 


under the restrictions (79). 
(c) Ellipsoidal Impulse (44), We have 


= _ ВР sin ka—ka cos ka 
Рю = IE cos 





The equation (71) gives 
8P sin Ё? au А 
t = —— inog ta Er (EF - сов t ) віп (rt з) 


"BAPE ТЕ 1 ы ү f^ _(981_ ) a] "erm 
+ regias? 16 ра 4 pa 16 p 8] eost сов ( t )+ ) (81) 
under the restrictions (79). 
(d) Cylindrical Impulse (50). Here 
P 
(К) = — га). 
Fk) i J (ka) 





Therefore eqn, (71) gives 


РЕ р ; 
bo uia UD sin (71%) 


РЕ [ 2 8 1 T 8) | 7 РЕА "T 
pL лее (5 5 Qt’? VJ (t?) | сов (77) + O(r7* (B2 


under the restrictions (19). 


~ 
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(в) Cylindrical Elevation. Let 


т = 0, F,(r) = 0, f,(r) = L орда ) 
та (88) 
= 0), т> а 


sc that V represents the total volume of fluid initially displaced. Hence 
Flt) = Ls. 

eqn. (75) gives 
C= BT I.E jeostr't") + 
under the restrictions (79). 

The first term on the r.h.s. of (82) agrees with that obtained by Hayasi (1989) 
on the application of the method of stationary phase to the impulse problem (а). 
Also, the first term of (84) agrees with that found by Whedenbauer (1984) by the 
saddle point methcd for the elevation problem (e). The second terms of (82) and 
(84), however, differ from their expressions perhaps because the second and higher 
order terms do not wholly arise from the neighbourhood of the point of stationary 
phase and are probably not completely given by the saddle point method as supposed by 
Hayasi and Wiedenbauer in their respective problems, 

It may be noted that if a— 0, the first terms of the impulse expressions (78), 
(81) and (82) reduce to 








7 È 1?) _ 
у 


44 "y. ^3 : „1/2 /-3 
anon [4 2047,07) -J (t) |) + 0077). (84) 


_ Pg? | gt? 
Pror dr 


+ 
= 


and those of the elevation expressions (80) and (84) reduce to 


t Vgt? 91? 
<= 25 573 Ў 4r- 





which are the well-known Cauchy-Poisson solutions for concentrated disturbances. 

The various consequences of the ‘results obtained here will be discussed in 
subsequent parts of this work. E 
In conclusion, I wish to express my thanks to Prof. B. B. Sen for hir kind 
guidance and helpful suggestions in course of this work. 


DEPARTMENT OF MATHEMATICS 
JADAVPUR UNIVERSITY 


References 


Erdélyi, A. (Editor), (1953), Higher transcendental functions. Three volumer. 
Hayasi, H. (19891, Proc Physico-Math. Soc., Japan, 21, 26-89. 

Jahnke and Emde, (1945). Tables of functions Dover edition. 

Lamb, Н. (1982), Hydrodynamics. Вах! edition. 

Ryshik and Gradstein, (1957), Sil f Tables. 

Sneddon, J.N. (1951), Fourier Transforms. 

Stoker, J J. (1957), Water Waves 

Teazawe, K (1916), Proc. Roy. Soc . London. бег. A, 02, 57-81. 

Titchmarsh, Е. (1987), Theory of Fourier Integrals. 

Wiedenbauer, H. (1984), 2.А.М.М. 14, 821-882, z 





UNSTEADY FLOW, ОЕ A VISCOUS HOMOGENEOUS 
INCOMPRESSIBLE FLUID IN A CIRCULAR 
PIPE OF UNIFORM CROSS-SECTION 


By 
К. @. Mirman, Lucknow, U.P, 


(Communicated by Dr. Ram Bullabh--Rece:ved November 15, 1959) 


1. Introduction. The motion of a viscous homogenesus incompressible fluid in a 
circular pipe of uniform cross-section has been studied by many workers in tae field of 
hydrodynamics, In the case of steady flow of a viscous homogeneous incompressible 
fluid, the pressure gradient along the axis of the pipe comes out to bə a constant. 
In such a case we get the famous Poise uille flow for which the velocity of the liquid 
along the axis of the pipe has parabolic distribution with respect to the ordinate 
perpendicular to the axis of the pipe- 


But in the case when the flow is unsteady the pressure gradient along the axis of 
the pipe is not necessarily a constant. In general, it is a function of time alone. 


In the present paper we have discussed the unsteady flow of a viscous homogeneous 
incompressible fluid, by assuming the pressure gradint to be n suitable function of time, 
In particular, if the pressure gradient is constant, the уө:осібу distribution becomes 
parabolic after infinite time. On the other hand if the pressure gradient 1s not a constant 
but vanishes as $-> 09, the fluid comes to rest at t = оо, It has been remarked that 
the same solution is valid for non-Newtonian fluids also when the coefficients of shear 
and cross viseosity are constants. 


2. Formulation of the Problem. Let а viscous homogeneous ineompressible fluid 
be in motion in а circular pipe of radius a. Initially the liquid is assumed to be at rest. 
Let the axis of pipe be the z-axis and the coordinate perpendicular to it measured along & 
meridian plane passing through the z-axis, be y. The motion starts due to the pressure 
gradient, say of(t), along the axis of the pipe. Letu and о be the velocity components 
along the axes of = and y, respectively. From the symmetry of the problem и is 
independent of z and v is zero. The equations of motion are 


ar (5 + у e.) КУ (2.1) 
0 = =, 2.2 
E (2.2) 


where the body forces are assumed to be absent and 2 Әр КИ. The other symbols used 
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above have their usual meanings. 
The boundary and initial conditions are 
(i) ula, t) = 0 for t>0 : 
| { i (2.8) 
(it) u(y,0) 20 al £20 0<у<а : 
8. Solution of the Problem. Applying Laplace transform and using (2.8), equation 


(2.1) becomes 
8ü(y, 8) = e aly, в) + 1 Е ü(y ))- f(s) (3.1) 
i dy? ^^’ y dy , | 


| ü(y, 8) = f $m t)dt 
6 


where 


ft = f oroar 


and 
6 


We assume the function f(s) to be of the type P(s)/F(s) where both P(s) and F (s) are 
gingle-valued, 


P(e) is regular in the 8-plane and therefore the poles of f(s) are the zeros of F(s). 
The degree of P(s) is less than that of F(s). Further-more for the simplicity of calculation 
we assume that the zeros of Ё(8) are all simple, isolated, finite and lie on the negative 


real axis. 
Now the boundary and initial conditions are 


(i) 
- (il) 
Solving equation (8.1), we get 


п(а, в) = 0 for i20 

| | (8.2) 
ü(y,0) 20 at t=0, 0<у<а 
f(s) 


u(y, 8) = AJ liy y 8[v) + ВУ liy 8|v) — : 


The velocity of the liquid along the axis y = 0 is finite and so also is its Laplace 
transform. Therefore B must be zero. At the boundary, y = a, the liquid is at rest. 


Thus u(a, в) = 0, and we get 





a- № __ P) 
sJ,(iaws[v) | sF(s)Jo ам e[v) 
= =e P(s) J (ly y 8/v) Ex 
Hence ü(y, 8) = FUR J tia sfv) 1} . (8.3) 
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From the inversion formula for Laplace transform, we have 
ct 


io 
1 P(s)e*t Joliy v av) —J (ау s]v) 4 
Ез ш - 9.4 
uly, д 2mi J . — sF(9) (а \/ efv) И (8.4) 
The integration is to be performed along a straight line z = c from —ico to +41. 
АП the poles of the integrand in (8.4) are the zeros of Jolia y г/у), вау Ли, Às,...À»,..., and 
the zeros of F(s) say —b,, —b,..., —54,..., where all b's are real and positive. Thus we 


write 





2 
8n = – as , the n zero of J (iay з/у) 
a 





and 8,=—by, the qf? zero of F(s).* 





Ali the poles of the integrand in Miis case lie to the left of the lino z = c. Now 
consider the contour ав shown in Fig. 1. The radius В of the semi-circle BCA tends to 
infinity so that all the poles of the given integrand lie inside this contour. 





*It is a331 aed that Різ) доев not have a zero in common with Jolia Vs/v) and F(s) does nob haeva zero in 
common with (уту /s[v) — Јоза м) 
6— 2028 P. 
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The integral along the closed path is then represented os the sum along" the two 


segments | ; 


ABCA AB BCA 
(circuit) (chord) (аго) 


which can be written as 








AB ABCA BCA 
(chord) (circuit) (ao) 
с: 
If we let R—>co, we get ata 
2 5—1: 
2 : 
adm. unm (8.5) 
Ro mni Anca Окі R+0 BCA 
(oircuit) (are) 
. P(s) Jy Уз) - ам sjy) MIT P(s) І,(у в/у) — I,(a  a]v) 
Bow am EG) J a s]v) sra 878) Т.да у efv) 
u 
. Pt) Бима м): PG) (0 » vunv) 
] в D H 0, ца 0) (У) — | +50, 
en кез зЕ(8) Ilay s]v) ~ rro SF(s) sF(s) j 


since ay and the degree of F(s) is greater then that of P(e) 


Therefore from Jordan’s Lemma (Thomson, 1950) the second integral on the right 
hand side of (8.5) is zero and the integral inside tho closed contour is equal to the sum of 
the residues at the poles of the integrand. Thus 


u(y, t) = = [22i (sum of the residues at the zeros of Ло (iav 8[у)) 


< +2ri (gum of the residues at the zeres of F(s))] 


(ав (8.6) 


1 H 
-aS Y MNP Sca 
То 


и Ань (А) (An) F(—va,?/a?) q-1 b,F'( = bq) 
where kq = (a?b,|v)t and  —vA,'/a? is not a zero of F(s) for any А». 


Tf we put ¢ = y/a, in (3.6) the expression for u(y, t) becomes 


ON P(-bge-ht {, JUR) Р(х, a?) ЈА) „—, А TD 
цё, t) > by Feb е J PeT 5 F(—vAs?/a?) And (A )° ^ M (8.7) 


м 





О0О<ё<с1 К 





Se 
M. 
M 
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At' 120, u(£,0) = 0, therefore we must have 








S Pibo) fy IAk QNO Pl—vAs?/a?) J Ont) 
2 b bj) | 201] 2 F(—vA,?/a3) And (Аһ) Ge) 


Tho equality (3,8) can be established in the following manner. Let us expand the 
left hand side of (8.8) in a Fourier-Bessel series (Watson, 1941), i.o., let 











P(—by) _ Л) 1 _ $p J 3.9 
071 b,E'( — 4) {! КАС nal (л) | | 
| ш 2 РЕ P(-bg у Ла 
where B= prio] Area 0) Реа 


and A, А, A... Ane f 


are the zeros of J,(s). To evaluate B, we proceed as follows: 


MEE" nn 
B, = TRZ A bj) 0 вава | EIER id 





al! ( — bg) 


22. V Pb) ГЛ УЛТ. 
126: 2, FC m iocum] 


2 2 N P(-bj) a? 
А0) (0) (à — Xv) 








"HE P(—b,) 
XJ An) 2 F'(—bjib, -vAn a} 





2P(— УЛ» [а*) 
Andy (An) F( EN УЛы? ja?) 





With this value of B, we seo that the expansion given by (8.9) is identical with 
the condition (8.8). | 


4. А Particular Case. If the pressure gradient is given by 


19p 4 u 

rr = Ав 
we immediately get f(s) = 4 [ в (еа = i 
RM Е E 


' The velocity is now given by the integral 


zb [t ae yd) cda dà м 
2 Я. Elta) J (tay a/v) 
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Thus, we get 
a 


r 








ijya Se A Ае „ышы 
» i nel (aa? — vàn’) Awd (An) т я fı J (laaft) (4.1) 


At t = 0, u(y, 0) = 0, therofore, we must have 


тру Jua) \ gga NS Tanla) ; 
at J (k) } d ЕЕ eM 





where k? = аа? [у 
To prove the above equality we find out the Fourier-Bessel expansion of the eft 
hand side of (4.2). Let | 











арр Lakat _ $ y 
Pi Л j 2. (2a) 4.5) 
- ! fp 7400 
ыр B, = PIG J di 7,05 DAC 
and ё = yla. 
_— B A _ dp 
Thus, B, wal E E 
2 





= ЛО) (k Ant) 


Substituting this value of B, in (4.8) we find that it gives tha relation (4.2). The 
initial condition gives us the Fourier-Bessel expansion of the left hand side of (4.2). It 
can easily be verified that the equality (4.2) is valid for у = 0 also. 

5. Discussion. Tue velocity u, at any point of the liquid and at any instant is 
given by the expression (8.0). This value ofu satisfies all the conditions and also is a 
solution of the partial differential equation (2.1) in the unsteady case. : 


In the particular case when и is given by (4.1), we get on putting а = 0, 


= а dp x J „(ул [а) оо - ( -£) 
uly, = 45 AD ery 1-5 6.1) 


and 20 = constatnt. 


The value of u(y, t), given by (5.1) gives the unsteady flow in a circular pipe when 
the pressure gradient is constant. It is easy to sea that after infinite time the flow 
becomes the well-known Poiseuille flow. The problem when the pressure gradient is 
constant has also been studied by Szymanski. A brief discussion of the solution obtained 
by him is given by В. Pai (1956, pp. 65-66). 
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Equation (2.1) has been solved by Sexl (1930) for the case when f(t) is periodic. 
If we take f(t) =—ke'* the solution in our terminology ie given by (Pai, 1955, р. 302) 


= TIK int fy Joly! —iw/v)*) Т 
‚ле с is 


Solution (4 1) obtained by us ean be written as 
uiy. t) = I, 41H, 


where Т = 940? (Ur. аа 
| 2; (ха-ха) Andy (An) 





— Ae7 fT o(y(a*a/v)*/a) 
ene „= (1 РН | 


It is easy to see that I, is а goneral solution of the equation 
Nw 
ov. « Bro 
ot Oy у ‘Oy 
and I, is the solution of equation (2.1). 
ТЕ we ignore I, and pub А = —k and а = —ie our solution tallies with (5.2) with 
the necessary modification in the initial conditon (2 B) (ii). 


In the case of a non-Newtonian fluid equation (2.1) remains unchanged but equation 
(2.2) becomes 


Эр { Ou Fu " 1 ey] 


= 5-0 фр фәс ud е 
бу бу буя * y Sy 


where v and v, are supposed to be constants. 


Thus iu a circular pipe of uniform cross-section the flow cf a non-Newtonian liquid 
for which v and v, are constants will remain the same in character as that of a Newtonian 
fluid. In this case the expression for pressure will have the additional term 


AG) * Gy} 


I am grateful to Dr. Ram Ballabh for the supervision and guidance in the prepara- 
tion of this paper. 


Summary. Assuming the pressure gradient to be a function of time, unsteady 
motion of a viscous homogeneous incompressible liquid contained in а circular pipe has 
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been studied, The problem has been solved in terms of Bessel functions. 


A particular 
case when the pressure gradient із an exponential function cf time has also been studied. 


The results obtained are extended to non-Newtonian liquids. 
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FLOW ОЕ А NON-NEWTONIAN FLUID THROUGH 
AN ANNULUS WITH POROUS WALLS Е 


Ву 
В. К. Darra, Calcutta 


(Reoetved—March, 9, 1960) 


Introduction. The problem of steady-state laminar flow in an annulus for an 
ordinary viscous (Newtonian) fluid has been considered by Berman (1953). He took the 
fluid injection rate at one wall to be equal to the fluid suction rate at the other wall. 
Here we have considered the same problem under the same assumptions for a class of 
fluid which does not obey the general formula for Newtonian fluid, but which obeys the 
stress-strain relations formulated by Reiner-Braun (1952). It has been possible to 
obtain the solution in a closed form, Аз a corollary we have also deduced tha expression 
for velocity for the laminar flow between plaralle! porous plates, by making inner 
boundary to approach very close to the outer one, To study the effect of cross-viscosity 
we have taken a fixed value of the cross-flow Reynold's-no. R( = aug/v, ug is the 
radial velocity at the outer boundary) and a definite value of radius ratio с of the walls 
and have considered the values of W.— зоро (w being a representative velocity), for 
different values of K (the cross-viscosity parameter = 2v,u,/av). 


Equations. The relations between the stress and rate of strain are 
ty = —pdytt'y, Гу = рву + notius, 
where д is the viscosity coefficient of dimension MLT, and pe is the cross-viscosity 


coefficient of dimension MI,-!, ї is the stress tensor, e; is the rate of strain tensor and 
dy = 1, i = j and = 0, iÆj. In cylindrical polar coordinates \ 


дч 2u ди 
ia € = 2, 669 = —, ем = —+—, 86, = 9 ea = tor = 0 
Б 2 Try ar 66 pte 5: 15 » Oss Oa? 18 — [Oe , 


where u, w are the radial and axial componenta of velocity respectively. From symmetry 
we have taken the azimuthal component to be zero, We choose the boundaries of the 
annulus to be r=aandr=b(a>b), In writing down the equations of motion we 
shall take A = r/a to represent the radial distance in a dimensionless form. We havo then, 


tyy = — P + ре, (в®„„ + 674g), too = — P + 659 + 14,6749, 
tys = рв. + Bo Cre + виз) вх», Ers = — P + иб + ро(63,, +6745), 
lio = th = 0. 
The equations of motion give 


udu, Ou 1a 1 [ete ot eta] | 
ыы ӨР + 1 
QU a Or Ет оа OX. g = ш 
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и бш oo _ _ 19р 3E Эк zaj 2 
а ӘХ et ты e qug Mert 9s Г ta 


and the equation of continuity gives 


1 ðu, u ‚Өш _ 
a Br aX Os Е. 8) 


о being the density of the fluid. Since the injection rate at the inner wall т = b has been 
taken as the suction rate at the outer wall г = a, 80 t: e axial velocity 10 and the radial 
vetooity u can be taken ав independent of z and we have 


ама = bus, (4) 
which with (8) leads to 
— Ча № 
u= 56 = 07, (5) 


where с 18 the radius ratio of the two boundaries and is equal to b/a. 


Substituting this value of u from (5) in (1) and (2) we have 





2 
Ua 1 Әр E 9 S] 16и ] - 
ee es e i el —— — AL MA CC 
aM," gg QA "Аа? GAL VOA aA’ 6) 
задо 10, + 8090) au aaran) (т) 
а.9А 002 aA GOAN OA/ a'A OA NON’ 
where v= ple, ус = pole. 
From (8) it follows that д?р. _ 9 
: OAGz 
> с Өр T pC 
i.e. mt constant — P (say). 


Substituting this value of Op/Sz in (7) and assuming two dimensionless parameters, 


R= ae = cross-flow Reynold’s no. in Newtonian fluid, 


дуц : | : : 
К = a = a new parameter depending on the cross-viscosity coefficient ре, 


equation (7) leads to 


dw al dw dfidw] - 
R— =- X cg. М \ 
ах Od + a Xx] K [+ |. (8) 


йш ВХ CN Da 
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Integrating this again with respect to A, 


-P «nos- xm, R43, (10° 


40 = 


Б [ Liat 698 =] 
2L 2-R R 
where D, E are constants of integration. The boundary conditions ate 
w=0, when А=1, and A-c. (1:) 
Using (11), the equation (10) gives 





[1-м | 


z(2— RH) (L- Kj 83 — (gd — Кв 


The average velocity 10 is given by 








C [1 +е%+ В e) .. R(1-e?)(1 - K)** ] (18) 
2(2- R)(2 + B) 2 (1— КЕМ {сї — Куй 


Eliminating С between (12) and (18), We express the new velocily W = Z as 
- w 


(АИ KYRA (ot — Кул} — (1 — ®){(1 — R)? — (дз — K) 


HORT (2005) - AKU — KY — (о — КЕ] - Ва —o? (10 К) + (o? К) 


(14) 





Integrating (6) with respect to A we express the radial variation of pressure 
in the form 


pla, 1)—pfz,a) _ 1 —1- (1 - js ce 1 [sf ,, RQ*-k)n-nn y 
си А RA 8E uj (2- Е)? (1- К)82 (c? — K RP 


Rü - K)n-22 a 
-a- emer ] (19) 








Also integrating (7) we get the expression for the axial variation of pressure 
in the form 
(4— R*)[( — К)#%- (02 — K)8A] 
ELS) EET KY oF а RU e? ут (RV 
= g(c, В, К), вау. | (16) 
When К = 0, expressions (14), (15) and (16) give the results for a Newtonian fluid, 


p(0, A)—plz, А) wa 


а _ 
':8v/a 








== (1—А%)(1—-т)—(1—о%)1-А#) ры Пра 211, 
De eet - e) оз оу eue [2 M 
pO A)-p(s.A) we а _ GP re erum $e 8), 
esa 8 # — ALA o*)(1—o%)—RO—o")(1 +0") 


7 —2028 P. 
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which are the same expressions as obtained by Berman. To deduce the expression for 
velocity for non-Newtonian flow through rigid wall annulus, we make ug40 in the 
equation (14) and obtain 





w (1A?) о (1-07) пл (17) 
w (1+0?) In e - (1-0?) 
From (17) i$ appears that the velocity profiles for a solid wall annulus will be same in 
both the Newtonian and non-Newtonian fluids, ав was obtained by several authors. 
Here the maximum velocity occurs nearer the inner wall. 


The velocity profile for а porous wall hus the maximum рі. at Л = (10)/2, i.e. 
midway between the two walls, when В = 1, K = 0, for any value of c. We note that 
the expressions given by (14), (15) and (16) are real for all values of R, if K >1, oro’. 
This imposes a limitation on из in order that our assumption of steady laminar flow 
may be valid for a certain liquid and a certain radius ralio, i.e. ua musl 
b?v 
дау, 





ау 
et Qe’ or 

To visualise the effect of K on the velocity profile, we give in the following table 
the values of W for different values of A and К when с = 0.2 and E = 1. The reason 
for this particular choice of E is the fact that velocily profils is symmetrical fcr this 
value of R when K=0. So our table and fig. 1 will clearly show the effect of the 
presence of К, It is observed that when K<o?, the maximum pts. gradually shift 
towards the inner boundary as К increases and there is no pt. of inflexion for this value 


of В and о. But when K >1, inflexion pts. appear and these inflexion pts. and 
maximum pts. shift towards the inner boundary ав K increases. 


''ABLE—1 


Values of W when с = 0.2 and В = 1. 





AN 0.00 0.01 ‘0.02 0.08 0.04 1.00 2.00 
ASI | 
0.2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.8 0.6562 0.6921 0.7445 0.8204 1.0560 0.1586 0.2168 
1: 0.4 1.1250 1.1562 1.1942 1.2466 1.8720. 0.862 0.8968 
0.6 1.5000 1.5011 1.4986 1,4907 1.8250 0.8988 1.2876 
0.8 1.1260 1.1097 1.0819 1.0619 ` 0.9910 1.4 44 1.4888 
09 0.6562 0.6488 0.6805 0.6090 0.5600 1 4814 1.0686 
1.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0050 
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Maximum values of W occur at, 
К = 0.00 0.01 0.02 0.08 0.04 1.00 2.00 


А = 0.6000 0.5925 0.5882 0.5694 0.5280 0.8718 0.7478 
Inflexion pts. of W occur at, 
K= 1.00 2.00 8.00 


А = 0.6158 0.4549 0.4896 


VALUES W AGAINST A 
Q*« 0'2 s Red 


э 25 





92 os 0:4 os се 07 58 0:9 10 
a — 


Fras de 


The curves correspond to the vatues of К = 0,02, 0.00, 1.00 respectively from 
. left to right. 

It appears from the above analysis and the expression for W, that the effect of K 
on the flow is the same as that of the change in the radius ratio. An increment in K 
affects the flow in such a way as if the radius ratio is decreased ana a decrease in the 
value of K means an increase in the radius ratio. 


Appendix. 


I. Solution of equation (9) when В=2. IfR=2, equation (9) can be 
written ав,>., 


^ dw _ aw _ CX , Da (18) 
' dk А-К 902-К, X-k | 
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Integrating this with respect to Л, 
ш = [0-ю In (А-К) и + В(А К). (19) 


The boundary conditions are 
w=0 whenA=1, and = 





“w= AE Pua о?) In (Q?—K)—(1—K) In (1—K) + (e? — E)ln (e*—E y+ Coa K) x 





1-K 
хп 1-5 (20) 


And when К = 0, 


w= Ba 3 — o3) [1 — с?)А In A—e* (1-2?) In с], (21) 


which will be the expression for w for а Newtonian Яша with Reynold’s no, =2. 

In a similar manner as in. the preceding analysis we shall obtain the expressions 
for the axial and radial changes of pressure. 

II. If the fluid is injected at the outer surface and is withdrawn at the inner 
boundary, из and wy will be negative and so R and К will be both negative, The 
expression for W from (14 wil! be then 


W = 22- R) C + 1-0 (ая +) л) (оти + Ky та (Аа) 
GU ++K O +E R- (07 + K)- "1e RU- с*){(1 + К)-## fo? + KY 


(22) 
We can get similar expressions for (15) and (16). It appears from the above 
expression tor W, that it is valid for all ranges of values f К, i e. our assumption of 
laminar flow 18 valid for all values of the cross flow ua and the croes viscosity pe. In the 
following table we give the values of A for which W is maximum for different values of K. 
Here it is observed that as К increases the maximum pts, shift towards the outer 
boundary, as should be expectcd from our previous observation, Further, if we set 
d*W|dA* = 0, it can be seen that inflexion pts. may appear if K>R+2-v7, So if we 
take R = 1, с = 0 2, inflexion pts. will appear if К > 2.96. 





TABLE—2, 
Values of \ for which maximum values of W occur. 
К = 0.0 0.1 02 0.3 0.4 
А = 0.4933 0.5719 0 6116 0.6248 0.6378. 


III. The expression for velocity can also be obtained for the flow between two 
porous parallel plates. It we assume the injection rate at one plate to be equal to the 
suction rate at the other plate, then the cross flow velocity will be same at every pt. 
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witbin the plate and will be equal to the injection or suction velocity. We assume 
this to be ч, It the distance between the plates is h, then taking z-axis perpendicular 
to the plates and s-axis parallel to the flow direction, we have 


v , A(1 7 eF) — (1 —- ef) 
у о РЫА сеа ИЕ НА её”) 28 
w (R’—2)(1—eF)—9R"' (28) 
where A= ae R= uh 
p h v 


This expression is obviously independent of cross-viscous coefficient, which is 


valid for all valus of E' and the velocity profile has got no inflexion pt., as can be verifled 
easily, 


Now this expression can also be obtained from the expression for W given by 
equation (14), if we make the radius ratio o tend to one i.e, if the inner boundary 
approaches the outer boundary (both radii tending to infinity. To show this we 
choose the variables in the forms 


ee se В’ = R(1—o) and К'= К, (24) 
. limo l-o 


where 3—0 as 0-1. From (24) and (14), 


И. 


p (1 - D) [e &'&"h.- g- C RP] оаа g- (a7 3 KIND] 
2(2« + В”) 


4 [в -кҤ —в- Окут] 26 [eK R'E ap e- Grim] 








BI] eFt] 
= 28. 4 7 [ = |. 25 
{2— Re —1) -38’ Lo" —31 К e 


It is readily seen that expression (25) is the rame as the expression (28) if we 
write А fcr $. 


Conolusion. (1) The flow properties depend cn tbe parameters, c (the radius 
ratio), E (cross-flow Reynold's no.), К (the dimensionless cross-viscous parameter). 


(2) When the fluid is injected at the inner boundary and withdrawn 
at the other boundary, then our assumption of laminar flow is valid if К >l or <’, 


(3) For the laminar motion between porous parallal plates, the 
velocity does not depend on the cross-viscous coefficient He. The expression for velocity 
and other quantities can easily be obtained from the expressions for the annular case 
if the inner beundary comes very close to the outer one, both radij tending to infinity. 


(4) The flow through an annulus is symmetrical when К = 0,R=1, 
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The velocity profile becomes more and more unsymmetrical as К increases, the maximum 
velocity occurring nearer the inner boundary if K > 0, and nearer the outer one if К <0 | 


(5) When the fluid is injected at the outer boundary and withdrawn 

at the inner one, our assumption for laminar flow is valid for all ranges of values of R and К. 

In conclusion 1 express my deep gratitude to Prof. Dr. В. Sen for his guidance in 
pursuing this work. 
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BOOK REVIEW 


E. A. Maxwell—Advanced Algebra, Part I, Cambridge, at the University Press, 196", 168. 


This book is written for students in upper forms of schools, The topics treated 
are as follows: 


1 Some fundamental ideas and notations, 2 The linear polynomial. 8 The 
quadratic polynomial. 4 Complex numbers. 8 Transformation of equations, synthetic 
division and the remainder theorem. 6 Introduction to the general polynomial. 
7 Solution of equations. 8 Solution of simuitaneous equations. 9 The graph of a 
polynomial, 10 Partial fractions. 14 Inequalities. 19 The graph of a rational function, 
18 Permutation and combinatiens 414% The binomial theorem. 18 The summation cf 
series, 16 Infinite series. 17 The binomial series. 18 The exponential series. 19 The 
logarithmic series. 90 Elementary properties of determinants. 


The author has succeeded in presenting the topics chosen logically and clearly 
at the level in view. His treatment of partial fraction is somewhat new. Use of the 
term ‘‘palindromic equations" (р. 75) 10 place of standard form of reciprocal equations 
is also an innovation but of no mathematical import. The book is well illustrated by 
worked out examples and there is a good number of examples to be worked out by the 
student. It is the author's ‘‘firm conviction that mathematies, like music with which 
it is often associated, cannot yield 16s full thrills to those who will not endure practice” 
He is right. The book is expected to be useful to those for whom it is meant. 


Р. К. GHOSH 
E. М. Hartley—Cartesian Geometry of the Plane, Cambridge, at the University Press, 
1960, 20s. 

This is a first course in coordinate geometry of the plane meant for students working 
for the Advanced and Scholarship levels of the General Certificate of Educatian (Great 
Britain) and it is expected meet partially the needs of those reading for a General 
degree including Mathematics, The author claims that he has tried to combine clarity 
with more rigour than seems to be usual at this stage. In reviewer’s opinion the 
author has still left much to be desired as regards rigour even at this stage. The use 
cf calculus to obtain equations to the tangents to comics even in their simplest forms 
requires that certain special cases are to be treated separately, But the author has 
paid no attention to these po:nts. Apart from these blemishes, the author has 
succeeded as regards his claim for clarity, The contents of the book are 


1 The point. II The line. III The parabola. IV Curves defined parametrically : the 
Rectangular Hyperbola, Cubic Curves, Trigonometric curves^ V The circle. YI The 
Hilipse and the Hyperbola VII Line pairs, VIII Tho General conic. XI Polar 
coordinates. X  Whatis a сопіс? There is also an introduction containing topics from 
Algebra, Pure Geometry, Trigonometry and Calculus which are used in the book, 


The book contains a fair number of worked out illustrative examples and also a 
good number of examples to be worked out by tie student. 
P. K. GHOSH 
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ON AXIALLY-SYMMETRIC NON- 
NEWTONIAN FLOWS 


By 
М. М. Овенот, Paris AND J, N, Kapur, Kanpur : 


(Receiwwed—March 5, 1960) 


1. Introduction. Non-Newtonian flows have been discussed by Reiner (1945, 
1948), Rivlin (1948a,b, 1949) Oldroyd (1958), and others. Certain axially-symmetric 
problems 6.9. flow through a circular tube [Rivlin (1949); Kapur; Rivlin & Green 
(1950); Bhatnagar and Rao (1958); flow in the annulus between two circular 
cylinders [бетип (1959) Rathna (1959); Narasimhan (1959,], rotation of a disc 
[Srivastava (1958); Mittal (1953)], oscillation of a disc [Srivastava, 1960] etc. have 
also been discussed in the literature. In this paper ıb is proposed t» give в 
systematic discussion of axially-symmetric non-Newtonian fluid flows and derive some 
new solutions for this case. For this purpose, we use the method given in Goldstein 
(1988) and recently used extensively by Chandrasekhar (1956a, b) and Kapur 
(1958, 1959а,6) for discussing axially-symmetric viscous or axially-symmetric hydro- 
magnetic flows. The method consists in separating out the poloidal and toroidal 
components of the veloe:ty fi Id in terms of two functions y and Q and choosing 
such a form for the velocity vector that the equation of continuity is automatically 
satisfied, 


We first write down the equations for axially-symmetric non-Newtonian flows 
and then discuss the case when у and Q are functions of r only so that the velocity 
has no radial component and the axial and toroidal components of the velocity are 
functions of т only. In this case we find that the coefficient of v., the coefficient of 
kinematic cross-viscosity vanishes in the equations во that the velocity field is the same 
for Newtonian and non-Newtonian flows, We obtain ‘solutions for steady flows of this 
type and show that the solutions remain valid even if the variability of ро is taken into 
account, but only for a very special class of irrotational flows, the solution is valid if the 


variability of д is also taken into account. 


We also consider the axially-symimetric non-Newtonian flows in which all the 
components of the velocity are functions of 7 only and show that it includes the case of 
non-Newtonian flow in an annulus between two circular cylinders with suction and 
injection as a particular case and the result in this case shows, in а very interesting 


manner, the effect of cross-viscosity. 
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` 


2. Equations of Motion. In cylindrical polar coordinates т, 6,2 with the axis 
of symmetry in the direction of the z-axis, the equations of motion of axially-sym metric 
case т.е. when 0/00=0 are: ... 





IL +0 -L + 


(S ди ле = 8 д, decis T 
Nai Or 8s Or ^ Өг 7 


fov ov Qv ит бї в Otoz 21,0 
2 + м2 +02 | = НН 9 
4S mou ту ск. ОЕ y (2) 

ow ow Ow Chan s Otis cs 
и +w — |= —. —ER.2 8 
( et дт ёа ) Әт ёв r (8) 

> 
where the velocity vector 4 is given by 
= Tot I ee 

q = Ul, + Vig t+ Wie. (4) 


> + > TN 

where i, ig, i, are the unit vectors and for non-Nowtonian liquids, the stress tensor is 

given by 

ty = —põy + pdyt peDy. (5) 
Here р is the pressure, и із the coeffecient of viscosity, p, is the oceffecient of 

cross-viscosity, dy is the rate-of-strain tensor defined by 

дш oie бщ 


dy = 
7 дг, ez 


(6) 


and Dy = didaj, i (7) 
where in the last equation andin (8) below summation convention is used. д and pe 
are, for general, non-Newtonian liquids, functions of the three scalar invariants, 


I, = du, 1, = 0,13, I, = det, di, (8) 
For the case of axi-symmetry. 


2u, Vye— 2 Usb Wy, 
m 
[4] = Ve 2 a Us (9) 
и, +0, Us 2w, 


For incompressible fluids, the equation of continuity is di; = 0, or " 


ди и, Qv : Я 

- + — = 0, 4 10 
e ae me (10) 
во that in this саве и and ue are functions of I, and I, only. In most of our discussions, 


however, we shall discuss only the special class of non-Newtonian flows for which u'and 
p, are constants, - | 
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3. Equation of motion in terms of у and Q. Let 


(11) 
then the equation of continuity (10) is automatically satisfied and (9) gives 


ҳе) 2-8 


коз у 1 Jat 1 Ly. r— Б. 
o, 20 2, Qs 
[du] = к No. B (12) 
KT D 289. 
ae: Yat Та ЕЗ 


T 


From this we can compute the elements of the matrix [Dj] and substitute in 
equations (1), (2) and (8). 


Equation (2) gives 





Lay, Q) _ yp: E 2*5, 42 ] 8 
at F VDIQ + wr A 52+ Оз (18) 
where wm ds, pe 
e e 
9 19, 9 14 
and R Әт? т or^ Әг? uo 
Again from (1) and (3), climinating p, we get 
200, , 1 aly, рэ) _ 
i 9 (pry) Li 
ar! yt т? 





г alr, г) SDN 


8° 9 
| | ДЫЗ 
| 


Үе “р ард. 
= vD*y + rve (15) 
-2(22=2»)- o D 
aA o rs 


Equations (18) and (15) give two equations to determine у and Q 
reduce to the corresponding equations for ordinary viscous fluids 


If = 0, they 
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д. Special cases. Case 1. Purely poloidal velocity flelds: In this case Q = 0, 
and (12) gixes 


a(t) 0 lg. Lye 


[dy] = '0 = 2m 0 (16) 





claesiw-hoo — 8 


Equation /18) is identially satisfied and equation (15) becomes 


Э psy 1 aly, D' Aly, р") | 2 Dh рэ 





т (т, г) 
2 2 \ 
ее 0-2) 
= yD*j- rv, xe [Pte e] (17) 
| MUT 
еее | 
Case П. Q and y are functions of r only. In this case u = 0, and 
[du] = 0.29 3" 0 e 
Yer de ; р 
- T т ES. 
Гоа, о Т j 
га By еее [om 
C-E) (6-0) 
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The equations (18) and (15) become 


ашу (о„-®>) (25) 


1 2 8 8 
i у. Pi = (ror EE REM (21) 
We observe that in this case | 


(i) equations for Q and у have been separated, so that the poloidal and toroidal 
components of the velocity field are determined independently. 


(ii) Coeffecient cf v, is zero in both the equations i в. the flows which can occur 
for ordinary Newtonian fluida are also possible for non-Newtonian fluids in this case, 


For steady flows, (20) and (21) become 


a- = 0 (22) 
T 
т етт 2 Pnr Втр, — Bap, =0, (22) 
' Solving these equations, we get 
О = Ат? + В (24) 
y = Dr Er log r+ Fr’, (25) 


where A, B, D. Е, F are arbitrary constants, Thus 


ка BW ct 
а = (4ч 3) [D + E log r+Fr* i, (26) 


H 


gives the most general axially-asymmetrio flow possible in the case when ү and О are 
functions of r only and р and ре are constants, 


Thus for flow of such a fluid in a circular tube, from tha conditions that the velocity 
vanishes at the surface г = a and finito on the axis i.e, a6 r = 0, we get 


+ + 
q = k(a?—1 ji, (27) 
where k is a constant. 


Using the equations of motion (1), (2), (8), we got 


OP ouk--—P, ОР. 12u% 
ӨР =—9нк=—Р, 00 = 19° (28) 


so that р = брт? —9uz +0. (29) 


Thus, unlike Newtonian fluids, ın the case of non-Newtonian fluids, the pressure 
gradient in the direction of the radius is non-zero. 


Similarly for flow in the annulus between two circular cylinders, of which the inner 


170 M. М. OBEROI AND J. N. KAPUR 


of radius а has a velocity w in the direction of the axis and the outer of radius b is at 
rest, we have 





+ _ „log(r]b) _ P а b¥log(r/a) —a*log(r/b) 30 

т а) zl? log(b/a) ] (80) 

P guf ТОРУ 1 — 8P P 1 belg 

ane ar мерт ar log(b/a) т Jb asus 2u &р1о (а) г j 


giving the effect of cross-viscosity on the pressure gradient, 
Case Ш. All velocity components are functions of т only,. This requires that yy, 


Y: and Q are functions of т only, so that 
9 ð 
m =0 
Br U9 550%) ? 


and 1,18 just a constant, вау К. 
For steady flow (18) and (15) give 











Je II | 32 
Juri ой: a 
1 [- K $ (2%) +3 KD% (82) 
= ур“ 43 E ч) T€ ч) 38 
чт I (28 ру) + 2 (32 рер). (88) 
The solutions of these two equations are : 
Q = 472-8 + В (84) 
sad Digs nd [т* + с? 41-14 Dr, (35) 
whera R= х „сз = Pre = re , (86) 
Integrating (85), we get 

185 _ C + езунв 2" gy 

> 8r 7 R(H-3) (r? + c2) + ut +E, (87) 


во that in this case the most gencral form of the velocity vector is 
+ К? IH OBAT C з Dre Es 
ЗАС | 


R 
(72+ с*) + — +Е 
As an example, consider the flow of a non-Newtonian fluid in an annulus 


5 (88) 
between two circular cylinders with equal suction and injection at tt e two boundaries. 
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“e T 3 > " 
In this cass A =0, В = 0 and the axial component of velocity is given by 





= P * 3 3) ва _. a з gp r* — b? 1 2) R/2 sca] 
w 4“ +o’) (a? + c?) re + (61+ с?) sop Г (39) 


Let us represent the corresponding axial velocity component when the crossvisco- 
sity is absent, so that | 











_ P. fa вв uma 
"1 | 2, REJ fr | а в +b аша 010) 
which agrees with the expression obtained by Berman (1958). 
If we write 
To = та, +o = аб, bho = b’, (41) 


(89) becomes 





2p _ 7/2 
mtu pre 7 а | 7 (42) 


2 Р n. 
TA а * a — p^ -+ aa pa 


Comparing (40) and (42) we get the most interesting result that as far as the axial 
velocity component is concerned its effect is as 1f all radial distances have changed in 
the ratio (1-kc*/r*)t:1. In other words the axial component of velocity at a distance r 

m the axis for non-Newtonian flow with equal suction and injection in an annulus 
bounded by cylinders of radii a and b isthe same as the axial component at a distance” 
(0: +0°)1 for Newtonian flow in an annulus bounded by oylinders of radii (a?--c?)t and 

zy c?) Е f | 

It is easily verified that с which depends on the ratio of cross-viscosily to viscosity __ 
has the dimensions of langth. Using the above result all the results which Narasimhan - ^ 
(1959), Баз deduced about the behaviour of non-Newtonian flows in an annulus canbe“ ` 
deduced as corollaries of the corresponding results of Berman (1958). inae 


8. The case when д and д„ are variable. In this case the right-hand sides of (1), i 
(2), (8) give the following additional terms as compared with the case where p and pe 


are constant. 


9 а 9 8 


‚ du OP + d E + Dog Ән 4р, Әне 43 
070 + dus, + Det + Da E (48) 


др адир, дне р, Әна 
ding, чр + "wr Т” КУ 


. We consider the case when ф and Я are function of r alone, In this case the 
invariants I, and I, are also functions of r alone and therefore u and и, are also functions 
of r alone во that in each of the above three oxpressions, (he second and fourth terms 
vanish. 

Also from (18) and (19) | 
d,, = 0, Р, = 0, D,, = (44) 
во that the above three expressions r:duce respectively to 





Ok. q OR. а, дн 
D, or , эр а, ] С (45) 
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The contributions of these to the right hand sides of (18) and (15) are respectively 


| c ө 
апа | 
67 es 


Thus we deduce that the solution (26) holds not only for non-Newtonian flows with 
constant values of м and je, but also for these fluids for which и is constant, but де may 
be variable. 


If » and ш are both variable, then the solution which is possible is given by (26) 
when 
В=Е=Е=0, 
во that 
+ + 3 
q = Ari, + Di, 


in which case the stress tensor reduces to the isotropic pressure tensor. 


The above results are consistent with those obtained by Kapur (1958), where he 
showed the some general results for two dimensional flows of non-Newtonian fluid proved 
earlier by Bhatnagar and Lakshman Rao (1957), for constant values of р and p, remain 
valid if variability of ре is taken into account, but they are no longer valid if the variability 
of р is also taken into account. 


INBTITUT HENRI POINCARE, PARIS ; 
INDIAN INSIITUTH OF TECHNOLOGY, KANPUR 
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NOTE ОМ THE REMAINDER TERM IN А CERTAIN 
TYPE OF QUADRATURE FORMULAE 


By 
P. К. Gnosg, Calcutta 


(Received —May 28, 1960) 


It is mteresting to study from the theoretical standpoint the remainder term in a 
closed form in quadrature formulae of the type of Weddle’s rule, viz , formulae of Hardy, 
Shovelton, etc. (cf, Whittaker and Robinson, 1937, р. 151). Рог Weddle’s rule and 
Hardy’s formula the remainders in a closed from involving derivatives of different orders 
at two different undetermined points are known (Steffenson, 1927, p. 168). Here we 
shall obtain a general expression (closed) for the remainder terms in term of derivatives 
of the same order at two different undetermined points, 

We shall consider a quadrature formula (symmetrical) with odd number of ordinates: 


2, +в 


I= / f(z)de P 
uk 
ex hl Agfa, nh) + А, И — 0 — 1h) +... +A, fla, — h) + Aof(to) 
HASE +h) + + АК n — 1h) + Ал] (ж + в) ], (1) 
(4,220, т=1,9......;п). 


We shall look upon the remainder as a function of h and write this as 
g(h) = Р( +nh) —F(x,—nh) — h[A,f(z, —nh) + As, f(z, —n — 1h) +... 


нА Ка, h) + Af) + A f(z, Fh) + + А.И 9-15) 
+А,/(т+тй)] (2) 
where Р(х) = f(z) [о]. De la Vallée Poussin, 1938, p. 889]. | 
Evidently Ф(А) is an odd function of h. We assume that f(z, + rh) can be expanded 
by Taylor's theorem upto a sufficient number of terms, We see that $ т) (0) = 0 when 
it exists. Let us assume further that 


e/(0) = 9 (0) =... = $97+10(0) = 0 but 927+» (0) #0 (тп). ' 


That is, the quadrature formula is -such that it integrates a polynomial of degree 
2—2028P.—4 
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(2m +1) exactly. Differentiating (2) (2m +1) times in succession we get 


Ф (В) = nf(e, * nh) + nf (x, —nh) —h[ Аят] (ж, +nh) —f' (e, —nh)}. 
Así (n1) ff, а — IB) Рт + ...+АЙ + А) (о - В} 


— [Arif (£a + nh) + f(e,—nh)}+ Ат — 1h) в (ао т —1h)) +... 
we A f (n, + +f (2o—h)} + А. (eo) I, 
perth) = nint [JP (x, + nh) - fQP(z, —nh)] 
== Вто, +nh) —]%+Э(ж„ —nh)} 


+ Age y(n —1) tert (2, +n — 1h) - [973 (a, n —1h)] 
Tee T er 
ЖА (x +h) — {0+2 —h)}] 
— (Or +1)[Agn' ff (n, + nh) f? (n, АВ) 
+ As (n — 1)?7(fGP (x, +n — 1h) + £0? (s, n 21h)] +. - 
А (+в c feP(z,—8))], (rz) 
Ав gCOrtU(0) = 0 (0 xr < т), we have 
Qn = 2(As t Án, +...... +A,)+A,3 | 
пт = (Qr+1)[Agn?? + An(n) +...... +A,] 


Now  - T, = [Аат (v, + nh) — fmt? (o, —nh)] 


+ Ап) рт (+в — 1h) - FO" D (m, n — 1h) 


+... HA [OM (a, +h) Oreh) 
= Ih [ Анита) + Aga g(a атна (Ey) +......+ A fem »(e)] 
= 9h* [A n! +8 А, (п — 1) п... HA f OM (n,) = PRI fem? (p) 
where Р, = 2[Asn?** - A, (n - 1)? +......+4,] 
&nd Св, T all lie between z, —nh and хо - nh ; 


T, = пат Цено (ш, n) +f (2, nA) 
— ‘Эт + 1) [ Ann (f99? (2, +nh) + т (рф пр) 


An (и 1 [ems + n+ Ih) 3g —п-1 №} 


+A, (о +h) + ]%"®(ж,—Һ)}] 
= nt [n кы (2m ES 1)A,]h*fe mr? (tn) 
— (2m + Dh’ (A, (mn — 1)mt3f0mt (Gy) +... +4, (6) 
= nit? s — (2m + 1)Ap] hft? pa) 
— (2m + 1)[Ap_,(n—1)?™47 4. ...... А +208.) 


(4) 


(5) 
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» S 

= P hf (uy) = Phe fem (ug. (8), 

where P, = n?™*2[n—Qm+1)Aq] | 
9 
P, = (Q2m+4+1)[An_,(n— 1))7*? +...+А,] | 9) 


and Са, Cnau r+ Mas Из between z,—nh and az, nh. 
Thus фт t D(h) = — P RfE (u) + Pose (ра) = P h fM u) (10) 
But P,>0,P,>0 essentially and P,>0 forthe cases under consideration 
во that we may write 
р gm D(R) = — Ст er) E бә т+®(и.) (11) 
where С, = Р,+Р,, С, = P, and п, les between z, —nh and х,+пћ. 
Integrating equation (11) with respect toh from 0 toh (2m +1)t:mes in succession 
and using the mean-value theorem, we get 


poms Cned himc E V 
oh) =—20, E iyi 20, cf Pen (12) 





where т, 7 Пе between х, —nh and zt nh. 


Now for Simpson's one-third rule we have, taking two intervals only, n = 1, m = 1, 
Л, d, A, = $, so that P, = $, Р, = 0 = Р, m (10) and we have the remainder term 


e(h) - -4 eG) (18) 


For Weddle's rule (with 6 intervals) we have n = 8, m = 2; 
А, a ro A, = fox 5, A, = To A, = 10-65 P, = 630, P, = 10981, P, = 4814; 


T 7 ; - р 
Thus e(h) = — 22282 fn) 21877 ө), (14) 


a well-known result. 
We obeerve that this expression for. the remainder involves the values of f(x) at 
two undetermined points within the interval of integration. If we can neglect derivatives 
of f(z) higher than the sixth i.e. consider the sixth derivative as practically constant, 


then 
oh) — y] oh f (3), | (15) 


a well-known result. 
We can also write in place of equations (6) and (8) 


T, = Р," 2(2,\ +Q hE O(n’) (67) 
where Q, = aj nome Anaa DM А] (7) 
ара T, = (Р, а Ph а" 3) (c) + Q htf wa) nen ОР am (n!) (8) 
where Q, and Q, are experessions involving A’s, п and т : 
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and Ko Ba and и’, Не betw2en x, + nh and =, +nh 


Here also, Q, > 0, Q, > 0 essentially and Q, > 0 for formulae under consideration, 
Proceeding as above ; 


и 2 9-. 
e(h) = (P, — P, -PE pem a) p BR femen) + Dee jot) (16) 


where 1”, and 7’, lie in the interval z,—nh and z, nh, and D', D, are positive quantities. 
This exprsssion for the remainder involves the valucs of the (2m+4)th derivative 
of f(x) at two undertermined points. In case this derivative is negligible 


Р о 
(ht) =“ (P, - Р-Р) т") (17) 
and in particular for Weddle’s rule (with 6 intervals) this reduces 
ph) m = ËE јона) 
140 : 


which is the same as (15). 

For Hardy's rule, Shovelton's rule, eic. the remainder can be estimated by substitut- 
ing the values of the A’s, n and m in the expressions for P's and Q's. 

Analogons expressions for the remainder may be found when the number of 
ordinates invclved is even, 


Tt should be noted that in the case Newton-Cotes formulae expressions for the 
remainders are known which involve the value of a derivative at one undetermined 
point, 

DEPARTMENT OF APPLIED MATHEMATICS 
UNIVERSITY COLLEGE OF 8CIENOE 
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NOTE ON THE BENDING ОЕ А THIN UNIFORMLY, 
COMPRESSED CIRCULAR PLATE BY CONECNTRATED 
AND NON-UNIFORM LOAD. PART—I 


By 


SUKUMAR DBasurr, Calcutta 
(Received —May 6, 1960) 


Introduction, Though the solution of the problem of circular plates submitted to 
the simultaneous action of uniform compression in the middle piane of the plate and 
uniformly distributed transverse load is known {Timoshenko & Woinowsky Krieger, 1959) 
it is believed that the corresponding solutions for a concentrated load or any other type 
of lateral load have not been obtained. In this note, the deflection due to a concentric 
concentrated load in a uniformly compressed circular plate with a clamped edge is first 
solved, and then a general solution for loads which are functions of the distance from 
the centre is discussed. 


1. Problem. Deflection w of cn elastic plate under uniform compression 
satisfies the equation 


Ру + Туш = 2 
Where D is the flexural rigidity of the plate 
_ ВА 
= (1—0?) 
Т = normal compressive force per unit length of the boundary, 


Z = lateral load per unit area. 


=р; we have 


№40 ra Vw = р (1.1) 


For а clamped edge we shall have 


° Or 


on the boundary, 


If we enclose a portion of the plate bounded by а circle the normal shearing force 
N, in the direction of w on an element are due to the action of the remaining part of 
the plate is given by 


N, = -È [Dy, + Tw] (1.8) 
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2. Circular plate with clamped edge under concentrated load and uniorm 


compression 
"For a concentrated load equition (1.1) takes the form 


(vi? +a?) V, w = 0. 


(2.1) 


If W be the load at the centre, considering a small circular area of radius r we have 


9 W 
Lt, r— з оа? = 
+0 Tar [vi +a То 2) 


using (1.3). 
Let us assume 


w = А+ ВЈ (зт) + C[log r— У (ат)] 
as a solution of equation (2.1). 
Substituting w in equation (2.2) 


я 
Са? = 
Е 22D 
т 
; (ers 
2a T 
At the boundary w= = = Oatr=a. 
т 


A+ BJ,(2a)+C[loga—Y,(za\] = 0 
Bad’ (aa) + C[1/a—aY’,(aa)] = 0 


ве = C[1/a —aY',(aa)] 
aJ’,(aa) 





fiz C[1/a—2¥',(«a)] 
aJ" (ua) 
Using (2.4), (2.5), (2.0) and the relations 
(2) = – 7, (ә) 
У’ (=) == — Y (z) 
Ч»(2) Y^ (a) — Ј' (2) Y,(z) = 1/ш 


И 
We have w = 2717 (аа) [1/afl +J(ar)—J,(aa)} +a¥,(2a)J,(ar) 





(ха) ~ C[log a — Y, (aa) ] 


—«J ,(«a)| Y (ar) —log (ar) + log(«a)]] 
Central defletcion :— 


RORIS) [1/af2—Jolaa)} + aY (na) — ad, (aa) log (аа)] 


2 
= е as T>0. 
Л. 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


(2.6) 


(2.7) 


(2-8) 
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8. Circular plate with clamped edge under symmetrical load and uniform 
compression, In this problem equation (1.1) 


takes the form 


(v, «tw = 2 = f); (ay) (8.1) 


Boundary conditions aro as before 


= dw _ = 
w= p =бабт=а (3.2) 
Let us assume w = 3 А Ли) = ви] (8.3) 
. =l 
k, being the 8% root of 
J,(ka) = 0, | (8.4) 


as the solution of (8.1). 


It is evident that the boundary conditions are satisfied by the above equations. 
Now substituting (8.3) in equation (3.1) we have 
—ЗАи (а — Кї) (kr) = рт) c (3.5) 


If it is possible to expand f(r) in a series of Bessel functions we got by virtue 
of (8.4) : 


f S Aski (k? а) (ur)rdr = [ f(r)J o(ker)rdr 
jd 0 


1 a 
о, Aqu 10099 — | frg (E ride 
0 





. Е 2 е 
oe A, = aM (k? —a?J (Ка) | {(r)J (ker)rdr (8.6) 


As an example let us suppose that the load varies ав (6: —7°)+ over a concentric 
circular area of radius b <a. [cf. Sen, 1985] 


In this case we have 


f(r) = C(b?—-1r?)t when r<b <a 
| (8.7) 


f(r) = 0 when b«r«a 


where C i8 а constant, 
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Therefore equation (3.6) becomes 





` 20 
„= А + 8.8 
А as (ke ал) ka) E (Im (b — тат (8.8) 
putting r = b sin б we have 
a х[? 
f Ј (К.т) (62 —т*)їтат = wf (к. sin 6) cos*6 sin 620 (8.9) 
0 0 А 


Using the expansion for J,(k,b sin 0) and integrating term by term the integral 
(8.9) becomes 


be FG; ; (8.10) 





where F(b) = af: „n А +20 2» = ~) (3.11) 
2b°CF (k,b) 

H А, = OO 8.12 

ence we have PERS Jd) ( ) 

ш = $ 441.050 - Ја] (8.18) 

_ 20°C (к) _ jd 

D HE AID ке, 212) (К,а) aT Ae £e) J (Kea) | (8.14) 


which is convergent. 

Central deflection :— 

2b°C F(k,b) : 
2S nda ali- 740] (8.14) 

In conclusion the author wishes to thank Prof. -B. В. Sen; D.Sc, E.N.I. for his 

guidance in preparation of this paper. 
BRAHMARANDA ERSHAB OHANDBRA COLLEGE 
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ОМ SELF-ASSOCIATE AND SELF-CONJUGATE 
AFFINE CONNECTIONS 


By 
8. S. Mirrna, Calcutta 
(Received — May 27, 1960) 


1. Consider an n-dimensional Riemannian space with the fundamental tensor gy 
which admits an arbitrary parallel displacement of vectors 


& given by J£ Tia =0 | | (1.1) 

Let the covariant derivative with respect to (1.1) be denoted by & comma, Then 
the following facts are known (Sən, 1950). 

If we put а = гу а* И а = i5 (1.2) 
then for every parallelism corresponding to a, there exist uniquely two parallelisms 
corresponding to a* and a’, which are respectively called the associate and conjugate of a. 
having the involutory property 

a** = а" = a, 
Specially, a is seli-associate if a = a* and self conjugate if a =a’. Further if we 


t 


t t t 
denote Г, —Ги = Лу and put 


a = д", ao = "бт, Y= 9" Jim, | 
: ; "m (1.5) 
В = 9"gaÀm, Bo = 9" ^mi, 8 = 9" gm Ai = Лу 
and construct the sequenze 
| а =a, a,=a*, a,— a*, a, = a*"*,...... 
then the sequence is a finite cyclic sequence of 12 terms having the following values 
ау = а, @,=a+4, a, =at+a,—8, 
а, = а+а-ү+В, а = а+а-ү+8,— 8, 
а, = а+а+а-ү+ё +В, а,=а+&+ш—ү+В+%—8, 
dg = а+«—1 +В +В, —5, 2, = а+а-ү+В+8,, 
Gyo = 4+4 +В, —8, а = а+а+8, а, = а. 
Also the Christoffel symbol f а а 
Or, writing u for M: it follows from the above values of the a's that | 
u = а+$ (а —ү-+8+6„—8) (1.4) 


_3—2628Р.—4 
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In the present paper the above results have been used to construct a sequence of’ 
self-associate affine connections and a sequence of self-conjugate affine connections, and 
to express the Christoffel symbol in terms of each оѓ. the sequences, - Also certain other 
analogous properties of both the sequences have been obtained. = ` 


2. Leta be self-associate. Then x = а, = y = 0, Writing b, for thé self-associate 
а we obtain from (1 4) the equation 


b, = u-4(B + В, 8). (2.1) 
Obviously, the conjugate b,’ of 0,, ав defined by (1.2), is 

b, = u—4(8 +8. +5). 
And, by definition (1.2), the associate b,’* of b,’ is given by 

бү = bY tg” gins 


where the semi-colon denotes covariant derivatives with respect to b,’. By straight 
forward calculation 16 is sean that 


- t ф,.* = ut+h(B—-8.4+8). ‚ 
Now define 7. b, = 4(67+6,*). | ` 
It is then easily ве п that | | | 
у= undp. 
Similarly, define b, as b, = ib, + by"). 
It can then be seen that b, is given by 
bs = u+4(8—8). 
| In the same manner 


b, = u—18.—8(9—), bs = uc aget тн 9—8), 
and so on. Evidently all the b's are self-associnie. 


It may now be verified that if for 
n = 1,2,8,4 we write 


bn = uc ТВ. +5, (5-8), 


then T, = (—1)" 785, 
w! ere И т B 
hom ob coda: if n is even, } | (22) 
and = | 
апа б» = — Таз. 
|. Thus bn = U + Tage Ty (6— 6. (2.3) 
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It follows from (2.2) that 





T, Тау = = (— Во (nom +0 ) 








апа Ta + Tati = (= Ip n “a ) 
Substituting the values cf t’s obtained from (2.2) (Le. 4, = -2, = bi = 0, 
t,=1, t, = 1), it js seen that 
DT = 2 Taga (2.4) 
T Tu = -I (2.5) 
n вы — ри 


Ali these hold for the particular cases п = 1,2,8. We now deduce the following 
properties, 

(1) Let us show that the formula (2.3) (together with the defining relation (2.2) 
and therefore with the relations (2.4), (2.5)) hold for all n. Assume the formula (2.8) to 
hold for any particular n. Then 

b, = ut Т.В + Ти (5+ Ве) 

If a solidus denotes covariant derivative with respect £o Б”, it сап be seen by 

straightforward calculation that 


Joe = — (Tat Tas) (Gu A Gi Ла) |. (2.6) 
бо В bs ggg | 
= u+ TaB + Ть+(8-+Е 8) — (T, Tia) (8+8) 
= u— T ò+ Ts (8.8). 
Therefore bnti = $ (6+6 *). 
= аът Во (Ln — Ta.) (8—8). 
Applying (2.4) we finally get | 
Data = u+ 18 7,3086) | (2.7) 
Hence, by mathematical induction, (2.3) holds for all n. 


(2) Let us express Christoffel symbol, which is also self- associate, in relation to the 
terms of the sequence {bn}. Subtracting (2.8) from (2.7) we have 


Вл: — bn = (Ты, "Ве + (Tan Tn+a (8 — 8) 
It therefore follows from (2.4) that 
Баъ Б = -Т, +В — Tatal — 8). 
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But from (2.8) we have 

Dare = U + Т.В Та+\8—8). 
Therefore u = bapa + 406+, — 03). (2.8) 
This expre ‘ses Christoffel symbol in terms of 8 consecutive terms of the sequence {ba} 

of self associate affine connections, 

(8) Torsion B, of b, is defined as $/bn— bs’). Во 

В, = —Tn4:8+4(Ta—Tn41)(Bo—B)- 
Therefore by (2 4) 

B, = -Tnd t Ты (Ве - 8) (2.9) 


where the T's have the values given by (2.2). 
(4) As before, lel the covariant derivative with respect to b, and b,' be denoted by 
a comma and a solidus respectively | 
Corresponding to the quantilios a, ae, y given in (1.3), let us construct the quantities 
aa 3j" gam], Anlo = 9" Bj, Yn = I Jim. 
It is then seen from (2.5) and (2.6) that 
1 1 


, ` , F 1 
ая = gai (8+5), Чи Jo = gaT (Be—8), Y= — gant 'B + Pe) (2.10) 





3. In the last article we have obtained a sequence of self-associate affine connec- 
tions and deduced some of its properties. In this article we shall obtain the correspon- 
ding results with regard to a sequence of self-conjugate affine connections. бо let us 
suppose that а is self-conjugate. Then В = 8, = # = 0. Writing c, fcr the self-conjugate 
а we obtain from (1.4) the equation 

€, = u— $ (atoy) (8.1) 

The associate c,* of бү, as defined by (1.2), is given by 


Су = с, а = и+(а-в +1) 


Define с, as в; = {(о,*-+„с,*'). 
Then с, is given by €, = uiv. 
Similarly define c, as c, = 4(0,# + c,*). 


Then it can be seen by straightforward caiculation that 
Cy = и- (2 + ao) 
In the каше manner 
Ca = U+ у а ta), с, = U- фу – (а t аа, 


and so оп, Evidently all the с’в are self-conjugate. Now comparing the values of 
Cis... C respectively with b,,....b, of $82, we see that for п = 1, 2, 8, 4, we can write 


Cn = Uu Tay + Tues (2 + ao) (8.2) 
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where the T’s have the values given by (2.2). We can then deduce the following 
proparties as in §2. 

(1) To tee that the formula (8.2) holds for all n, let us assume the formula .} olds 
for any particular n. Denote the covariant derivative with respect to C» by an ordinary 
bracket. Then by straightforward calculation and application of (2.4) we get 


(gis, = 2{— Targi к + Т. (9а, s+ Gix 9}. - (8.8). 
So Сп = On t+ g" gim); = и + Тас Troi (2 +7). (8 4) 
Then €44, = $(Cn® + Ca¥’) = u—T ayy + Taal +). (3 5) 


Hence, by mathematical induction, formula (8.2) holds for all n. 


(2) To express Christoffel symbol, which is also self-conjugnie, in relation to the 
‘wees of bà sequence {c,}, subtract (8.2) from) (8.5) and apply (2. 9. We get 


Cnty Cn = -2|- Tass t Tasa aJ]. 
But from (8,2), Capa = Ч— Tau 31 t+ Ти, за + xj. 
Therefore V = би, + (би, — Сл). (3 6) 


This express s Christoffel symbol u in terms of 8 consective terms of the sequence 
fcn} of self conjugate affine connections, The result (8.6) for the particular case п = 1 
was given by Sen (Sen, 1949). 


(8) Covariant derivative of gy with respect to с» is dis by (8.8). If we 
construct the quantites 


an = 9" 9рн)у, tujo = Ilgim) ir Yn = 9" gio, 
` it is seen that they are related to а, ас, ү by relations 
an = 2{—Тһ,,а + 7, ,(9+ ү)} \ 
anle = 2{— Tua 2o + Таз (no) | (8.7) 
ү» = 2f — Taty + Ts (+ eh, | 
(8) Torsion C4* of Cnt is $(Cn¥— Ca¥). So from (8 4) апа (2.5) we get 


Олж = E — a). (8,8) 


Properties (1) to (4) of $2.may be compared with properties (1) to (4) of $3. 


| д. Finally we give two applications of formulae (2.8) and (8.6). (1) Taking the 
torsion of (2.8), it follows from (8) of §2 that 


\ 0 = В... +4(B +1 — Ba). 
By the application of (2.9) we get 
2T, „(8 8} + То (Ве — В —25) + Tantal T 8.— 8) + Т„+,8 =0 (4.1) 


; Again, taking covariant derivatives of gi with pee. to the same кыша, gay х2", 
we get from (8.6) that 
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0 = Covariant derivative of gy with respect to Cn+3 
+4 (Covariant derivative of gy wilh respect to c44.) 
—4(Covariant derivative of gi, with respect to сн). 
Multiplying by g"* and summing for m, it follows from (8) of $8 that - 
Yntat яч, - Жү» = 0. 
Applying the third of the equations (8.7), we get 
Та (а Нас) + То (а + eo —2y) — Tatal oct 1) + Тау = 0. (4.2) 

There are two other equations of this type. 

(2) Let C(a) denote the curvature tensor formed with coefficients of an affine 
connection a It is known (Sen, 1950) that if а, b, c, d are four sets of coefficients of 
affine connections euch that 

a~b = k(c~d) 
where Ё is а sealar, then 
Olla +b))—4{C(a) + C(b} = I? [Се + d)) —4{C(c) + Cla)}] 
So, if Ry, denotes the curvature tensor formed with Christoffel symbols, then it 
follows respectively from (2 8) and (8.6) that 
4[C(4(u + bnta)) Ез + Obata] = Cose, + dn) —H{Clbn41) + О(„)} (4.8) 
Ао (и 054) ИВ + (а) = OG lOni + &n)) Осла) + б(о„)}. (4.4) 

In conclusion, I acknowledge my grateful thanks to Prof. В. М. Sen who kindly 

ruggested the problem and and helped me in the preparation of the paper. 
DB ARTMENT OF PURE MATHEMATIOS 
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1. Introduction. Metric spaces are well-known to day, А set S in which a 
distance d.a, b) between a pair of elements a,b of S is defined such that it satisfies 
the postulates (i) d(a, b) is a real number > 0, (it) d(a, b) = d(b,a), (tii) d(a, b) «0 if and only 
if a = b, (10) triangle inequality : d(a, b)+d/b, с) > d(a, c), is called а metric space. But 
now-a-days metric spaces have been considered in which the distances are not necessarily 
real or complex numbers, Indeed, it has been shown [Blumenthal (1953), Ellis (1951a)] that 
if with each pair of elements a,b of a Boolean algebra B, we associate the element 
a+b = ab'--a/b and refer to it as the distance between a, b, then this association satisfies 
(M,) :axb = bra,(M,):a*b = O if and only if а = b,(M,): triangle inclusion a+b -- b*c > акс. 
The Booiean algebra is thus metrized or becomes a metric space, Аз the 
distance here is an element of B (which is not a real or a complex number), B is calied an 
aubometrized Boolean algebra or a Boolean geometry. We shall call it a Boolean space. 

Further, this idea has been generalised and applied to the Brouwerian algebra 
[Nordhaus and Lapidus (1954).] Here the distance between a pair of elements a, b of a 
Brouwerian algebra is defined to be the element arb = (a—b)+ (b — a) and this satisfies 
conditions M,, M, and M,. Thus a Brouwerian algebra becomes an autometrized 
Brouwerian space, 


There exists now a days another important algebra discovered by Newman 
[Newman, (1942, 1944); Birkhoff (1948)] which is akin to a Boolean algebra, This 
algebra 18 known as a Newman algebra. The aim of this paper is to study autometrized 
Newman algebra which we call a Newmanian space. It is important to note that a 
Newman algebra is not a lattice; but it contains a lattice namely a Boolean algebra. 
1t also contains a Boolean naring and is.the direct виш of these two. Consequently we 
get a Boolean space and а line which will be called the principal axis of the Newmanian 
space. Thus a Newmanian space is tke cartesian product of a Boolean space and a 
Newmanian line: One can consider many important properties of this Space. Some 
interesting properties of the space like metric betweenness and linearity have been 
discussed in this paper. 


2. General properties of a Newman algebra, Definition 1. An algebra М with 
two binary operations satisfying the following postulates : 
1. a(b+c) = ab+ac, (a+b)c = act+be, 
2. There exists 1 such that al = а, for all a є М, 
3. There exists 0 such that a 0 = О+а = a, for alla в М, 
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4. Рот each a, there exists a’ such that a+a’ = 1 and aa’ = 0, is called 
a Newman algebra. 


For all а, а? = а, a” = а, a0 = 0 and a’ is unique. If 1 = 0, the system is trivial. 
For non-trivial systema 130. All elements of N are not additively idempctent. Hence 
one can take 1+1 = 2431. 2+2 = 2, We call left multipies у? of 2, аз even 
elements. Even elements are additively idempotent and conversely. Left or right 
multiples of even elements are cven. If is even, iben 2% = 0 and 2+1 = 1+2 = 1. 
The even elements of N will form a Boolean algebra В with О and 2 as the least and 
greatest elements. If 2’ is the complement of 2 in N, then left or right multiples 
y2 or 2'y of 2, are called odd elements, For an odd e'ement y, у+у = 0 and 12’ = y. 
The odd elements of N will form a set E which is a Boolean naring of characteristio 2. 
Also 0 is the only element which is both even and odd. ; 


N is tne direct sum of the Boolean algebra B .of even elements and tke Boolean 
naring E of odd elements; i e., for any element n e №, n = b+e where b e Bande є E. 
Also if n, = b,+6,, n, = b, e,, then nytn, = (6, +6,) + (6, +6,) and n,n, = (6,0,) 
+ (6,е,). Addition and multiplication are commutative in N as they are so іп both B 
and Е. Addition is associative in N as В and E are additively associative, A Newman 
algebra in which every element is additively idempotent is a Boolean algebra. 


Theorem 2.1. Every element of E has а unique complement with respect to 0 
and 9! in. E, 

Proof. Е ів sn additive abelian group. The solution of е+ = 2 exists for any 
ee Е, x = в+9' being the solution, Again e(¢+2/) =e+e%=6+e=0; во 6+% is 
the complement of e in E with respect to 0 and 2. This is unique as the solution ів 


unique.. 


Theorem 9.9. The complement of any element n = b ceof №, b e В, в e Е, із 


п’ = b+e” where b is the complement of b in В with respect to 0 and 2 and e" is that 
of e in E with respect to О and 2’. А 


Proof, (6+8) +(6 6%) = (6+6) + (0+0) = 2+2, = 1 


and -` (0+ в)( +6") = (bb) + (ев*) = 0. 

Theorem. 2.3. The subset b+H-of N where b є В, із a Newman algebra of 
врата teristic 2. 

Proof. The sum and the product ОЁ any two elements b t e;, b+e, of b -E belong 
tob--E, Distributive laws hold as they are elements of N. Also (b e) + (6+0) = bee, 
and (b -e,)(b - 27) = b+6,;80 6+0 and 6+2 act as 0 and 1, Again (b+e6,)(b +61) 
= b+0 and (bae) (6+6) = 0+2". Also (b e,) + (b -+е,) = 5 +0, which shows that 
the elements are of charcteristic 2. | 

Cor. 9.34. The Boolean паттд Е is а Newman algebra (of odd elements) of 
characteristic 2 and conversely. 
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| It ıs evident that the representation of any element n of Nas n = b +8, 6 e В, and 


в в E is unique; i.e., ifn = b, +e, = b, +63, then b, = b,, e, = в,. 
Theorem 2.4. Ifn, = b,+6,,n, = Б,+е,; bı, ba в В; в, в, e Е; 
then myn’, tn, ha = (6.6,+6.5,) + (e16; + 6,04) 
- = (6.6, +b,b,) +(e, +6,) where n’ is the complement of n in И with 
respect to 0 and 1. 
Proof. nn, n'in, = (b,-- e)(b, + 64) + (b, +6,)/(by + в„) 
= (b, 6,)(b, + 6) + (6, +6,)(b, + e,) 
= (b,b, t 6,6.) + (6.6; + в.в.) = (bibs +b,b,) + (ees + 6,6.) 
= (bb, * b,b,) + {e (в. +2’) + (e; +2’je,} 
= (bb, + b,b) * (e, 64). 
Definition 2, We define un inclusion relation т N by the condition a>b if 
and only if ab = b, 
Theorem 2.5. If п, =b,+6,, п, = batez; 6:6 e Bls6,« M; hen n,n, if 
and only if b b, 6,>>6,. - 
Proof.’ nn, = (b, ej)(b,e,) = b,b,+6,6,. So, from the definition, n,n, if 
and only if n,n, = nq; 1.6.. if and only if biba +6,83 = ,+6,; i.e., ifand only if 6:6, = b,, 
6,63 = 65; 1.6., if and only if b mb, ево. 
Cor. 251. Ifb,>b,;6,, b, є В, then for any e e E, b,+e>b,+e, 
Proof. Ав в? = в, so, в > в and the corollary follows at once from above theorem. 
Definition 3. We define an operation * т М given by пт, = пт, mn, 
= bieba + (C, + в), writing b,»b, = b,b,+5,b,. The operation o is a metric operation in 
the Boolean algebra B [ Blumenthal (7958); Ellis (1951b)] 
Theorem 2.6. The operation + i8 a metre operation in N, 


Proof. D, п. = пут n^n, and n, * n = n,n’, Tn, 
As addition and multiplication are commutative in М, nm, = пут). 
Also if n, —n,, then n,n, = n,n/, 4 n^n, = 0. 
Again, if n,*n, = 0, then тт, - n^n, = bieb, 1e, +в.) = 0 = 0+0. 
‚ So b,eb, = 0...(1) and e, че, = 0...(2). From (1) it follows that b, = b, (as B is 
autometrized by the operation e). From (2), e, = e, (as E ва naring of characteristic 2), 
Bo mn,*n, = 0 if and only if n, = n,. 
If again п, = b,+6;, then nn b n.n, = {(b, obs) + (6, + e4)] -f(b, ob, + (e5 + e)] 
= (b eb, t bb.) + (6, + 6s) i 
=> b,ob, + (e, +6, (аз beb, +b:°b, b eb,in B and if b, >b, then b, +6 >b, + в). 
= N “Nna. 
4—2028P.—4 
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So. n,*n,+n,*n, 2e n,*n,, which proves the triangle inclusion. 

8. The elements of N can be considered as points; n,*n, is proved above to 
satisfy the axioms of а 41$апое. We write n,*n, = d(n,, n;) ; consequently the Newman 
algebra N 18 а metric space. Ав d(n,, n,) is an element of N, N 18 autometrized., 


Définition &. А Newmanian space is а metric space whose points are elements 
of the Newman algébra and whose distance function is d(n,, na) = пт, = пут t В. 
The geometry over this space is called Newmanian geometry. 


Remark. As d(n,, nj) = nm, = 0, еб; + (в, +е.), Putting e, = 0 = е,, we get 
d(b,, ba) = b,*b, =b eb, є B. 
Similarly, d(e,, C3) = 6,46, = вв. e Е. 


So B and E are autometrized by * and it reduces to e and-+which are metric 


operations in B and E respectively. 


Also, d(n,,,) = (b,*b,) + (e;*e;) = d(b,, ba) - d(e,, в»). 
‘Definition B. If ni, п, п, are three points such that d(n,, п.) + d(n,, n) = ап, nj), 
then n, n, n, are said to be linear. They are said to lie оп а line. Thus any three 
points of a line are linear. 


Theorem 8.1. b+E of N,b є В will form a line of N. 


Proof, Ifb+e,,b+6,,b+e, are any three elements of b -- E, then (b t ej)*(b + e,) 
+(b+6,)*(b+6,) = {(b*b)+(e,*e,)} + f(b*b) + (в,#в,)} = (e, e) (e, t86) = 6+6, = 
(b +6,)*(b + e). 


So any three points of b +Е are linear. This proves the theorem. 


Cor 8.11. E forms a line of N. 


Remark. Ава Boolean naring with 1 is a Newman algebra of characteristic 2 like 
Е, we get 

Theorem 3.2. А Boolean naring with 1 is a Newmanian space which consists of a 
line only where the distance is defined by d(a, b) = a*b = а +. 


Definition 6. In N, a subset 5, is defined to be orthogonal to another subset S, 
if and only if пп, = 0 for every n, є B, and n, в S,.eb = 0 јот every e є E and b є B, 
So E is orthogonal to B. b+H(b+0) is not orthogonal to B; for, (b+e6)b = 
b+U = 6-0. Both Е and B contain 0 


Ав, for any element nn=b+e;b в В, е в E,itfollowsthat any point n in the space 
N has two co-ordinates one 6 в В and theotber e в E, We may write this point as (b, в). 
The representation n = b +6 ів similar to the representation of a complex number in 
the form «+iy. If b = 0,then n e E and ife = 0, then n e B, 
Definition 7. E 18 called ihe principal Newmanian axis and b+E is called a 
Newmanian-azis. The autometrized Boolean algebra B {в called the Boolean spaae. 


Бо, from above, we get 
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Theorem 3.3. А Newmanian space N is the Cartesian product of а Boolean space 
B and a principal axis E. 

In а Boolean algebra B, the operation *is a group operation, ln fact Elliot [ Elliot 
(1958)] has observed that it is the only metric-cum-group operation ш а Boolean algebra. 
Also in E,s'nce 6,*6, = 6,+6,, * is а group operation, Now іп М, m,*n, = b,*b, 4 e,te,. 
So * is а group operation in N, Thus 

Propositon. 8.1. The operation * is both a metric and a group operation т М. 

0 ів the unit element of this group operation; for, m:0 = nl+n’0 = n+0 =n, 
This shows that d(0, n) = n. The element 0, therefore, acts as origin. 

A. We shall regard a triple of elements n,, n,, n, ав the vertices of в triangle with 
sides n,*n, n,*n, and n,*n,. It follows from theorem 2.6 that the sides of a triangle 
satisfy triangle inclusion. The symbol A(n,, n, 75) will be used fo denote a triangle 
whose vertices are n,, ns, 13. 

Definition 8. If =, у, ғ are the sides of a triangle, then the triangle Alz, у, ғ) 
will be called the first distance triangle of the original triangle, Similarly, the triangle 
Afy+z, вех, vty) will be called the second distance triangle and во on. | 

Definition 9. If each vertex of a triangle is equal to the opposite side, then the 
triangle is said to have fixity. | | 

Theorem 41. If one vertex of а triangle is equal to the opposite side, then the 
triangle has fixity. Р 

Proof. Suppose for Д (п,, na, na), n,*n4 = na; since ків а metric and group operation, 
Nna = пут, and пут, = (n,*n,)*n, = n, 

Сог. 4.41. A(n,, na пить) has fizity, 

Since + is а group operation, given n, and n,, there is exactly one element n, of М 
with туеп, = n, [1.е., with d(n,,n,) = пз]. So the space N contains one and only one 
point with an assigned distance from any chosen pomt. So N contains no isogceles 
triangle. 

Theorem 42. In N, any first distance triangle has fixity ond conversely. 

Proof. If A(n,, n3, т,) is the original triangle, then = = n,n,, у = nany. а = nn, 
are the sides, So A(x, y. з) is the first distance triangle 

Now ay = (nym,)*(n,*n,) = nen, = z. Similarly, y*s = 2 and ate = y. 

Conversely, if A(n,, na, n,) Ваз fixity then n,*n, = n, and A(n,. na na) is tho first 
distance triangle of A(n,, 0, n,). 

Definition 10. A subspace of N is a subset such that the distance between any two 
elements of the subset belongs to it, Evidently any two elements a and b- together 
with their distance a*b and 0 will form a subspace of N. So the subspace of a Newmanian 
space generated by two elements contains at most four points. Subspaces of N are 
subgroups with respect to the composition * whose elements are all of order 2. _ Every 
subspace of N must contain 0. 
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Theorem 4.8 B and E are subspaces of М. 

For, b,*b,-— b,°b, в В and e,*e, = в. +в, є E. 

Remark, Ав d(n,, nj) = d(b,, b,) --d(e,, e,), the distance d(n,.n,) between апу 
two points п, and n, has two components, one along the Boolean space В and the other 
along the principal axis. These components are distances between the corresponding 
projections on them. 


Theorem 4.4. If Е, із а subspace of E and B, that of B, then Вү+Ё, is a 
subspace of М. 


Proof. ТЇ ү, = (Bi, ви, үз = (Ba, €a) are any two points of В, +H, where 8,8, є В, 
ande, 2, e E,, thend(y,, Ya) = d(B,, Ва) + 4(в,, в.) в В, +E, (as В, and E, are subspaces). 

B. Projection. The coorrespondence ф:п-эп? maps N on to B homomorphically. 

For, ifz,y e N, then (=+0)2 = z2--342 and (x2)(y2) = (c +=) (у +y) = (ву + ху) 
+ (у-шу) = 2у2 +ту2= zy2. Also, :22)2 = x2 +12 =22 = Sm — zifz e В. Во the 
homomorphism ¢ is an endomorphism of N on to B such that 9? = 9, i.e., ф is idempotent 


and, therefore, is a projection of № on B. By this projection (b * E) is mapped on 
to b in B. 


DeHnition 14. The image onB of апу element n e N under 9 is called the 
projection of n on В. The Newmanian axis b--E whieh is mapped on to b e B, isa 
projecting ray. So we get 

Theorem 8.1. If one projeots the space N on B, the projecting rays are 
Newmanian axes. 


It ean be observed that for any point of the. axis b,--E, the Boolean co-ordinate 
is b,; so the equation of the axis b, + E can be written as b = b,. 

Similarly, the mapping у: n >n2’ is an endomorphism of N on to E. 

For, if п, =, +e ng =b+6, then (n, n,)2' = n,2’+n,2’ and (n,2’)(n,2’) 
= Kb, +6,)2'}{(b,+6,)2'} = 6,6, = (bb, + 6,6,)2’ = (n,n) Е. Also (62’)2’ = eX = в. So 
4° = ү, which shows that y is a projection of Non Е. В+в is projected on 6 by y. 
The image of n under y is called the projection of п on Е. 

It is іо be noted that В + в is not в line. We shall discuss about В +в in another 
papes. 

6. Metric betweenness. Definition 12. In N, n, is defined to be metrically between 
n», and n, if and only if d(n,, п.) +ат,, na) = d(n,, na). The relation is symbolically 
wrillen ав (ni, na, n,) M. TItisa betweenness relation in the wide sense (not in the 
usual sewse). 1% fails to have in many cases the specia! inner point property 
[Blumenthal (1958), р. 58]. - 

Indeed, (n,, п», п,)М and (Ni, ny, п,) М may persist without having п, = п,. It is . 
élear that the relation has the other basic property namely symmetry of the outer points 

. via (ny, %, naM if and only if (m,,n,, n,)M. Nevertheless we adopt this terminology 
in this wide sense. г 2 б 
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Theorem 6 1. п, із metrically between n, and n, if and only if their corresponding 
projections on В are во. - 
Proof. Suppose n, = b,+6,, n, = b,-e,, n, = byte, where b, b, b, are the 
corresponding projections on B. Then, (n,, ne, пз)М if and only if mna tnan, = n^n; 
i.e if and only if {(b,+b,) + (e,*e5)] + [(b,*b,) + (e5*6,)] = (b,*b,) + (e,*0,) ; $ &., if and only if 
{(b,*b,) + (batbs)} + (6,46, + в„*в„) = (b,*ba) + (6,63); ie., if and only if {(0,*6, + (b,*b,)] 
+ (e, +в.) = (b,*b,) + (e, +е,); i.e , if and only if b,*b,+b,*b, = b,*b,; îe., if and only :f 
(by, ba, БМ. | | | 
Proposition 6.1. If (n, n3, n)M holds, then three points n,, nq, n, are linear; and 
conversely, if three points are linear, one of them ts metrically between the other (wo. 
[The proof follows from the definitions of linearity and metric betweenness]. 


Cor. 6.11. If b,, 5, b, are linear т B, then апу three points of the axes 
b, +H, b,-- E and b,-- E, each lying on an axis are linear, 

Proof. From the above theorem, 16 follows immediately. 

Any three points of two axes b, + E and b,-- E ave linear. For, if the three points 
lie upon one axis, then 16 is obvious. If two points say л, = (b,, 61) na = (b, е), 
lie upon the first axis and the other point n, = (bz, е,) lies upon the second one, then 
(b, 6,)*(b, + сз) + (6, +6:)+(b3 + 63) = {b,*b, + (e, e,)] + {(®,*5„) + (63+ 6,)} = (0 +b*b:) + (e 
+65) = (b, +6,) (b +64); i.e., d(n,, na)  d(n,, п.) = d(n,, л); Similarly is the proof for one 
point lying on the first axis and two points lying on the 2nd опе. Бо we get - 


Theorem 6.2. The join .b,+E)U(b,+E) of two azis b,+ E and b,+E forma 


a line. 


Theorem 6.3. If 5, ba b,are linear in В, then (b, + Е) 0 (6, +Е) U(b,- E) is а 
line of N.- 
{ 


Proof. From above № follows that any three points оп апу two of the axes 
b, +E, b,4 E, b,-- E are linear. Also from Cor. 6.11 it follows that if the three points 
lie on the three axes then also they are linear. This shows that any three points of 
(b, + E) U (b, + E) U (b, + E) are linear; во it forms a line. | 


16 is to be noted that the join (b, + EYU (b, +E) cf the axes b, + E and 6, + E is not а 
Newman algebra with respect to the ‘compositions of М. But E U (b + E) is a Newman algebra 
which is the dirct sum of [0, b] and Е. Henceit is a subalgebra of N as well as а 
subspace of the space № 6+Е is not a subspace although it is а Newman algebra; 
but 0-- E = E is a subspace. ` 


Theorem 6.4. Three linear points of N fail to have special innerpoint property if 
and only if they lie upon one or two Newmanian axes. 

Proof. Tin, = bi +6;, na = ba t63, n, = 0, +6,; (ny. п,. n,)M and (n,,n, n,)M hold 
where n,=n,, then we have (b,,5,,5,)M and (b,,b3,0,)M (from theorem 6.1) ; i ¢.,b,*b,+b,*b, 
= b,+by...(1) and b,*b,+b,*b, = b,*b,...(2). From (1) and (2), 6,*b,+b,*b,+5,*b, = b,*b,, 





194 | KAMALARANJAN ROY 


Or, b,*b, +b,*b, = b,*b, [ав bab, = b,*b,]; во from (1), b,*b, = b,*b,. Aae 
group operation, either b, = b, = b, or b, = b,. So the three points lio on one ог two axes. 


The converse case can be proved easily by reversing the argument; for, if n,, n,,n, lie 


on one or twe axes; i.e., if b, = b, = В, сг b, = b,#b,, then (1) and (2) hold and во 
(n,, n4. п,)М and (п, ng, naM hold. 


Definition 13. Ifa betweenness relation R has the property that (р, q, )R and 
(р, x, 9)В imply (т, а, т)В, the relation is said to have transitivity t, If the same “two 
relations im ply (р, x, т)В, the relation is said to have transitivity t,. 


Remark. In an autometrized Boolean algebra В metric betweenness and lattice 
betweenness coincide [Blumenthal (1958); Ellis (1951)]. Evidently metric betweenness 
has $, and t, in В [Nordhaus and Lapidus, (1954), theorems 8.6 and 8.7] ; i.e., (b,.5,,0,)M 
and (b,, b, b.) M imply (b, ba, b,)M and (b,, b, b,)M- 


Theorem 6.8. Metric betweenness in N has the transitivity t, and transitivity ta. 


Proof. Suppose n, = В, +6, n4 = bat €z, n, = 6, +6, n = b +6, and (n,, n4, п) М, 
(и, п, п, М hold. Evidently we have (b,,b,.b,)M and (b,, b, b,)M (from theorem 
6 1). So, from the above remark, (b, bz, b,)M and (b,, b. b,)M. Therefore (n, na, n,)M and 
(п, п, п.) М hold (theorem 6.1). А 

In conclusion, I thank Dr. A, C. Choudhury for suggesting this problem and giving 
me necessary guidance during the preparation of this paper. | 
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LOVE WAVES IN GRANULAR MEDIUM 
` Ву 


(томАрнАВ Paria, Kharagpur, West Bengai 
(Heceiwed— May 8, 1960) 


1. Introduction. The mechanics of granular medium hag been the subject of 
much investigation in recent times because of its application in soil mechanies, mining 
engineering, petroleum Prospecting, flow of fluids through sand, packing of granular 
aggregrate and во on. The frst investigation by Hara (1985) as extended and 
experimentally verified by lida (1938, 1939) as well as subsequent works of Takahashi 
and Bató (1949, 1950) and Gassmann (1951, 1953) were all based on Hertz's theory 
of contact of elastic spheres. The experimental work of Hughes and his coworkers 
(Hughes and Jones, 1950; Hughes and Cross, 1951; Hughes and Kelly 1952) and 
Matsukawa and Hunter (1956) may be mentioned in this connection. A study by 
Bandt (1955), though essentially the same as those of previous investigators, strikes a 
new hne and agrees more or less with the observations of Nasu (1940) and Fatt (1958, 
195%). By generaiizing Hertz’s theory in which only the normal component of the contact 
force between the spheres are taken into account, Cattaneo (1985), Mindlin (1049), Mindlin 
and Deresiewiez (1953) and Johnson (1955) have tried to introduce varying oblique and 
‘tangential forces. An incremental stress-strain relation has also been proposed by 
Duffy and Mindlin (1957). Details of these investigations and some references on 
the subject may be found in the review article by Deresiewicz (1958). By a quite 
different approach with the statistical idea of the stochastic process Litwiniszyn (1956. 
1957a, 1957b) has attempted to describe a granular medium and calls it a stochastic 
mediun. Oshima (1954, 1955) on the other hand uses the concept of averages to reduce 
the granular medium to а continuous medium by introducing additional physical constants. 
In the present paper the theory of Oshima has been applied to discuss the propagation 
of Love waves in the granular medium. By a procedure similar to those 1n the theories 
of Love waves in elastic or hypoelastic bodies (Paria, 1958) the wave-velocity equation 
has been obtained in the form of a determimant of ninthorder, Tne roots of this equation 
are in general complex and the imaginary part of an appropriate root measures the 
attenuation of the waves. The numerical solution of the wave-velocity equation will 
be given in a subsequent paper. 7 r 


2. Basic Equations, The state of deformation in the granular medium 15 described 
-+ 
by the displacement vector u(u, v, w) of the centre of gravity of a gram and the rotation 
an ors 


vector £(£, 1,6) оЁ the grain about its centre of gravity (Oshima, 1954, 1955). Let 
Tam, Tay, Tas denote the components of: the resultant force acting on a surface element 
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of unit area perpendicular to the z-axis. The strese tensor ту written in Cartesiat 
coordinates as 


Tap Туу Tay (1) 
Tas Ту; Ts 


is not symmetrical, that is, тути However this can be written as the sum of a 
symmetrical and an antisymmetrcal tensor as 


Ty = Cyt o'i (2) 
where Or = Чт, + тя) (3) 
оңу = Fry Ta). (4) 


The symmetric tensor oy = cj, 18 1elated to the symmetric strain tensor 
eg m egi = {(и + иу) (5) 


by the Hooke’s Jaw and thus in isotropic medium we have 


Tre = Ав + Зву Tys = Әруз 
суу =AetQwey сә = 26,5 (6) 
Ogg = Ае t 2u6g, Cay = 2uezy 

where 8 = 655+ Eyy + Caz (7) 


and (Л, д} are Lamé constants. The anti-symmetric stresses o^; are related to the 
cotation components (&, 1, ©) ав 


, 9 р 
и =-4%, oha = AL, o'a = — A (8) 


where A is the coefficient of friction between the individual grains and і denotes time. 
The relations 


Сад = Cy = 0l, = 0 (9) 


hold by definition, Besides tbe non-symmetric stress tensor ту there is also the 
non-symmetric siress couple or the secondary stress tensor Mj, with components 


Ma My, M, 
My My М, (10) 
Ma My Ma 


which is related to a non-symmetric strain tensor or the secondary strain tensor vij 88 


My = Bry (11) 
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where B is в third elastic constant. The tensor yg is defined as 


Yao = PEE Туу = a ort Yu = EET 


ð (<) ў 
Тув = g 79 Ya = 550% +6, Yay = S (my n) 


Ө 
Yey = a, or +1) Үзе = SH D, Туз = MGE, 
дш Ov Qv Ou 
h = e ane QU i 
where Wz Әу Әз? у Өг oz , ac Oy" 


The six equations of motion are 


Oran Orys Hu = Ә?и 
& ' Oy бє ОВ 








Стар Oryy + Otay = 52р 
8r Әу 9: СӨР 
Oras gs Otys ES Ores = 0 aw 











and Tys — Tyt ae Oy * 8s 
M M,, ӘМ, 
LEE Y +. 8 ү 0 


эм OMss 
Tay — Туз + OM ay t = 0. 
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(12) 


48) 


(14) 


(15) 


„The sets of equations (14) and (15) when expressed in terms cf the vectors m v, w) 


and EG, т, 5) take the forms 


TRES = oot 
ot Ot? 
ae. a oe 
ау тикш = 0 
о 


respectively, where 


AO NE NR ? 9 3 
МЕБ 3 V =(V v) ez? By? 3 2 


6 -2028Р.- 4 
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8. Love Waves, We consider a semi-infinite medium bounded by the plane 
а = 0, and take the positive direction of the z-axis into the medium. A layer of thickness 
unity of different material is spread over the surface 4 = 0 so that the upper surface of 
the layer is given by в=-1 (in dimensionless ccordinates), Let (A, p, A, B, о) and 


(A, А, L B, o) be the physical constants of the layer and the semi-infinite medium 
respectively. We consider the possibility of the propagation of a purely transverse wave 
(of Love type) in the medium such that the disturbance penetrates only в little distance 
into the interior. We assume the displacement and rotation components as 


u = w = 0, v = F(s) exp fi(kz — pt), i=(—1)t (18) 
(5, 1, Y= i&G), miG)t Q2] exp {ilka — pt) (19) 


where V, £,, т, 6, are functions of # only, p is а real positive constant and kis in general 
complex. The equations (16) now reduce to a single equation 


ву + Ag (8-5) „5 
- Os бг 
which simplifies further to 
a 
p++ [P е v zr P up pas 20 
(D+ Рр +, Dex (20) 


while equations (17) imply - 


401 4 Bos, = 
ai Vin = 0 (21) 


S eBv(e 2) 
— А2 + By’ — } = 0. 
$8 PV ta 


The first and third equations of (21) with the help of (18) and (19) reduce to 
(D+ Рок), = D+) Y 
(> + E -p у = —ik(D - AS)Y (22) 
The elimination of baad t, from (20) by the use of (22) gives 
(D+ [+ idp -i)v = МР (ра деву (23) 
в В p 


the solution of which is 
Vle) = Cye™ + Oge-™ 4 Dyo™ Dec  ^ (24) 
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where C,, Ca, D,, D, are independent of а and (+m,, +m,) are the roots of the equation 





(m+ ор? —12 ("+ P Lie) = SAP (та аа, (25) 
n А 
if we suis kis MP ра (26) 
the solutions of (22) are 
в, D(D?-k? 
&, (2) = С,в®з + 6-й 4 Dak (a) 


цв 
$ (2) = C,6% + 0,6 EP V(s). 


If the value of V(s) as given by (24) is substituted in these equations we have 
Ela) = C,e + C,67 + m,m, (C, ems — 06-ти) +m,m?,(D,6™! — D6) (27) 
la) = Сей + 0,6% — Пат», (0 m4 C,6 752 + m? (Рети + D,e7 2] (28) 
where m, = (m, -k (m +87), m3, = (m, Е?) / (m, +h), 


If we substitute in (20) the values of V, &, and t, from (24), (27) and (28) it is 
found that the coefficients of в*” and et™ jn the resulting equation are identically 
zero by virtue of the equation (25), and we obtain the reduced equation 


— (Св — C64) + k(C,e% + Cie") = 0, 


Since the above relation holds for all values of z, the coefficients of e and et 
must vanish separately and hence 


C, = (h[R)C,, C, = —(h[X)0,, (29) 


"The assumptions (18) and (19) imply that 


Cm = 0 = 0, oy = perl (30) 
С’ = ірАчей Р) g^, = —ipA g e029) (81) 

М» = Bet- Dy: 
Mso = Вет (ё,- Dy) | (82) 


Ma = Bot? D(C, +) 


In the subsequent discussion a quantity (except в, Капа р) with a bar over it will 
denote its value in the semi-infinite medium s >> 0 while a qnantity without а bar will 
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denote its value in the layer -l<2<0. Guided by the relations (24), (27), (28) and 
(29) we write, for the lower mass z > 0, the relations 


Fle) = C,e79^5-- Do (83) 
2, (a) = Ĝe t —m,m, "0,07 — тута? Des (84) 
Ele) = Ouen бт, tse e m, Dei} (85) 
with T, =—(h/k)C, (86) 


If the real parts of m, and m, are positive while the imaginary part of h is negative 


each of V(s), (в) and t(z) vanishes as 2—co. 


4. Boundary Conditions. The value of т as assumed in (19) will satisfy the 
gecond equaticn of (21), the continuity conditions 


ТЕТ са O^, My = M, oœ z=0, 
and the free surface conditions 


Tso = 0, My=0 on 2 ——1 


provided л = 0, as is evident from the first equations of (81) and (32). The continuity 
conditions 


Vie) = Vie), de) = He), t) = Elz) on 2 = 0 


give respectively 


C,+C,+D,+D, = a+ D; (87) 

О, + C, mms! (C,— С.) + mm, (D, —D,) = C- mm, 0, mm? D, (88) 
1 

C, C, ilm, (C, C.) - m4 (D, +D} = 0, ikl, +m ED) (89) 


which follow from equatiors (24), (27), (28), (88), (84) and (85). It is seen from the 
last equations of (30) and (81) that the continuity condition my = ту on 2 = 0 implies 


uDV—ipAg, =pDV—ipA— on #=0 
which yields - 





(1 ЖЕ Es њуљ, (С, -С,) + (1 x AP m и, —Dj)— P (C, tC) 





+8 [(1- Ри), + (1 c Hg ть, + рс] =0; (40) 
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Again, utilizing the last two relations of (82) and the continuity conditions 


Ми = M, Ми = M, on # = 0, 


we, have 
\ 


Bh(C,—C,)—Ap{m,2,C, + C) + m,°(D, + D,)} + BAC, + Apne, tme D) =0 (41) 
iBh(C,— С.) — Apkim,*(C, —G,) + m,2(D,—D,)} + iBhC,— Apk(m,?C, + m,?D,) = 0 (42) 
where m, = т, | (m? +), mè = ту [(m,* + №"). 

The boundary conditions 

Tay = My = Ми = on 8 ——1 
which are equivalent to 
BDV —ipA£, = D(£j DT) = D(t, +ikV) 20 on 8 =—1 


as seen from the last equations of (80) and (81) and the last two equations of (82). These 
three conditions give 


- m,” )m, (0,0 Ов") +(1- рта," Dem) — Е (С,в-%-+О,в®) = 0 


(48) 
h{C,e* — Ое) -2P {m,7(C,e-™ + Сов") + т, е" +D, в") = 0 (44) 
һ(Ов-® — бей) — APE (m (Ces — вт) +m,%(D,e-™ —D,e™)} = 0, (45) 


8. Wave-velocity Equation. If we put 
Е, = С,+С, E,=C,-C,, E,=D,+D,, Е, = р,-р, 
Е; = 0,+0.. E,=C,-C, < 
во that 2C, = Е,+Е,, 20, = E,—E, 2р, = Е,+Е, р, = B,—E, | 
20, = Е,+Е, 20,2 E-E, 


and use the relations (29) and (86), then the equations from (87) to (45) take the forms 


E,+E, = 0,+D, ; (87а) 
Е; +m,m, Е’ +т,т. ЗЕ, = O.—m,m,?0,—m,mZD, (88а) 
ҺЕ, (т Е, + mZE,) RO, (ту, тар, = 0 (89а) 


m mn,E,t m,m,E,— idp E, + mn татар, + гє 0.) = 0 (40а) 
0H ГА 
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BhE,—Ap(m,*H, +m?) + ВЕС, + Ap(m,?C, +m,2D,) = 0 (41a) 





iBh*E,— Apk*(m >E, + mB.) —iBh*G, —Apk?(m,2C,+m,2D,)= 0 (42a) 


m,m,(H, cosh m, — E, sinh m,) +mym,(E, cosh m, — Е, sinh ma) 


— ‘A? (в, cos h- iE, sin k) = 0 (49a) 
и 


h(E, cos h — iE, gin h) — ав fm," (E, cosh m, — E, sinh m,) 


+ т,2(Е, cosh m,—E,sinh mj] = 0 (44а) 


(1 Н E Apk? 2 . 
h*(E, cos А Е, sinh) — -B- {m,7(E, cosh m, — E, sinh m,) 


+m (E, cosh m,— E, sinh m,)} = 0 (45a) 


where т. = 1-2 Mm, m, = 1— iAp та. (46) 

Tho above nine ielations from (87а) to (45а) may be considered as the linear 
homogeneous simultaneous equations in the nine variables E Е,,...Е,, Ca, D, and ge 
and consequently these variables can be eliminated determinantally to give an equation 
in k апр p which is the wave-velocity equation. Now in order to obtain this equation 
we arrange the different terms of the equaticns from (87a) to (45a) in such a way that 
they involve the unknown coefficients E,, E,,...E,, б Be C, in the order as written. 
When these are eliminated we get the wave velocity equation involving a determinant 
of ninth order as follows. 


= 1 0 1 0 0 0 —1 —1 0 7 
0 mm? 0 тт? 1 0 mm, mm? —1 
—im,’ k? 0 — ии 2k? 0 0 h т? ата h 
0 тутт 0 түт,» ED: о Emm, "mm, idp 
u m p p 
—Am p 0 -Amp 0 0 Bh Amp Арт Bh 
0 —Атяр 0 —Amj9pk* iBh? 0 —Am,*pk? -Am pk? iBh? Б“ 
—m,m,X тут; х —m,m,x mm, x Ар Ар. 
sinh m, cosh m, sinh m, cosh ti, = Poem cem {0 » 9 
-Am px Am px —ÁAm,'px Am px —ihBx hBx 
| cosh m, sinhm, coshm, sinhm, sinh cos h 0 0 0 
[Amato x —Am,"pk* x Am,2pk x —Am, pk’ x Bx —ih?Bx 
= sginhm, coshm, sinhm, coshm, cosh sinh 0 0 0 Li. 
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As p is assumed to be a known real positive quantity this equation determines № 
terms of p. Since, k is in general a complex number its imaginary parb contributes to 


the attenuation of waves. The numerical solution of this equation will be communicated 


n a subsequent publication. Р 2e 
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BOOK REVIEW 


Shaukat Abbas—Elements of Calculus, Educational Book Depot, Hyderabad 
(W. Pak,), 1958, xiv4-804 pp. Ев. 5/8, 


This book cn Differential and Integral Calculus is meant for students the Inter- 
mediate Classes of Pakistani Universities and as such it does not contam detailed 
discussion of the topics involved, though rigour has not always been sacrificed, The 
author seems to be quite aware of the limitations of such a book and he has been partly 
successful in presenting the subject matter in such a manner as can be understood by 
students of the Intermediate Classes. However the reviewer believes that the author 
should have illustrated the ideas of limit and continuity by means a fair number of graphs 
as the book 1s meant for beginners, The number of illustrative examples worked out is 
fairly large. 

The quality of printing 18 not good, 
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